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Introduction

QCD is the theory for strong interaction. In this manuscript, we will concentrate on the short distance dynamics
of QCD, that is on the perturbative approach, which is applicable whenever one can show that a hard scale is
available in the process under investigation.

The factorization between short distance and long distance dynamics of QCD has been studied since the
very beginning of QCD. In the standard Operator Product Expansion, either for space-like (DIS) or for time-like
processes (e+e− annihilation), one is able to justify this factorization, relying on the twist expansion in a fully
controlable manner. This gives a systematic way of isolating long distance matrix elements from short distance
coefficient functions. The physical observables are then expressed as convolution (in longitudinal momentum
space) of these quantities, to be desentangled by suitable Mellin transformations. Given a renormalization
scheme, these quantities satisfies renormalization group equations, and the corresponding anomalous dimensions
have been computed to higher and higher orders, now up to 3 loops. The solution of these renormalization
group equations can be expressed in Mellin space relying on the asymptotic freedom of QCD. This treatement
provides a very efficient treatment, at the level of one percent typically, both for pure QCD studies and for
studies of the electroweak sector of the standard model, where precision measurements requires clean evaluation
of QCD effects.

Both experimentally and theoretically, efforts where first devoted to the study of inclusive observables, in
particular to Deep Inelastic Scattering (DIS), which settled down the fact that QCD was the correct theory
for strong interaction. The studies related to exclusive processes were mainly devoted to hadronic form factors
and fixed angle elastic scattering, for which several tools were elaborated during pre-QCD times and then
incorporating perturbative QCD developpements, combined with non-perturbative tools like QCD sum-rules.

Since a decade, interest for exclusive processes has been renewed. This was partially due to the possibility
to access the detailled angular momentum content of the nucleon, after it has realized by Ji [1] that the quark
orbital contribution could be extracted through Deep Virtual Compton Scattering. Since then, much effort have
been devoted to exclusive processes, which began to be accessible in high resolution detectors at high luminosity
accelarators (CEBAF, etc...). This gives the possibility to study the structure of hadron through the use of
(virtual) photon probes, from pure diagonal observables (parton distributions) extended now more and more
to non diagonal observables (Generalized Parton Distributions (GPDs), Generalized Distribution Amplitudes
(GDAs), Transition Distribution Amplitudes (TDAs), etc...).

In a rather parallel way, and somehow independent approach for a long time, tremendous efforts were
initiated in the sixties in order to understand the strong interaction in the very large center of mass energy limit
(large s and fixed t Regge limit), and led to the introduction of the concept of Pomeron, and later on of Odderon.
Such problems were addressed again almost immediately after QCD was settled down, within the framework
of Quantum Field Theory, for observables for which perturbation theory could be trustable (excluding proton-
(anti)proton cross-sections for example), leading to the seminal work of Balitski, Fadin, Kuraev and Lipatov
(BFKL) [2–5] on the hard Pomeron. The starting of HERA in 1992 renewed the interest for these questions,
and the so-called small-xBj physics (which corresponds to the large s limit à la Regge) started to be tested by
H1 and ZEUS collaborations, in e±p DIS.

The natural question which was first adressed, apart from the formal interest of studying QCD in the Regge
limit, was to know whether this was needed by the data, or asked in a pessimistic way, if standard renormalization
group treatment could not be sufficient even at very low values of xBj . At the same time, HERA was considered
to be the best place to see the onset of unitary corrections, which should manifest themselves through non-linear
saturation effects, first emphasized in the comprehensive Gribov, Levin and Ryskin review [6]. In this spirit,
the discovery of the geometrical scaling phenomenum in HERA data can most probably be considered as a
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manifestations of saturation effects.

It has been realized that even with the very high statistics of HERA data, such a question of clearly seeing
linear perturbative QCD evolution à la BFKL could not be answered based on inclusive data. This explains
the increasing interest for exclusive processes when considering QCD in the Regge limit, making some bridge
between the “low energy” community involved in GPD-like physics and the “high-energy” community involved
in small-xBj physics. Meanwhile, it was also the reason why we got interested to exclusive processes, which
at early time of HERA was considered to us as another world, rather low energy oriented, and (for unjustified
but cultural reasons) not fascinating. Though, while used at first stage as a tool to investigate further the
perturbative Regge dynamics, we soon realized that the study of hard exclusive processes was a very active
field, with a strongly based starting-from-first-principle approach. This was the reason why we started, in a
continuous way, to get strongly interested in both domain, trying to use and develop concepts and implementing
phenomenological idea from one side to another one, and vice-versa.

This manuscript is thus a footprint of this activity (in a reversed historical perspective). The production of
ρ−meson will be one of our main Ariadne’s thread, which will be investigated through many aspects: twist 2
factorization within GPDs, GDAs, TDAs, factorization beyond leading twist in relationship with polarization
effects, diffractive production in the perturbative Regge limit...

The manuscript starts in Part. I by first giving, in Chap. 1, basics on standards tools, including a discussion
of the Feynman rules for QCD in various popular covariant and non-covariant gauges to be used, as well
as graphical rules for color factors (the so-called bird-tracks of Cvitanovic). These rules as well as crossing
symmetry are then illustrated in classical QED examples in Chap. 2, which also provide a starting point for our
understanding of hard processes.

The Part. II intends to provide a description of lepton-nucleon scattering, both in the elastic and inelastic
regime. In Chap. 3, we first emphasize the common tools for these processes, including basics on hadronic
tensors and the developement of a consistent farmework for the γ∗N sub-process, including a comprehensive
discussion of virtual photon polarizations. We end-up with a brief survey of phenomenology, and then focus
forthe first time on hard processes, introducing hard counting rules.

The Part. III is at the heart of this manuscript. Our purpose is to give an (incomplete) overview of the
collinear approach of hard exclusive processes.

In Chap. 5, we will review the basics of factorization of exclusive processes, at leading twist, from form-
factors to DVCS. We will introduce the whole set of GPDs and discuss their basic properties. We will then
turn to the extension of DVCS to hard electroproduction of vector mesons. As an application, we will show
how one may access the GPD helicity-flip through a very exclusive process, which should however become soon
accessible.

In Chap. 6, we will extend the collinear approach to less diagonal quantities than GPDs. First, we will
elaborate on the properties of GDAs, for which we will present with some details the evolution equations and
their solutions. We will illustrate the factorization of GDA in the case of the γ γ∗ → γ γ exclusive process at
threshold, for which we will exhibit an evolution equation with an anomalous contribution. Next, we will extend
the notion of GPD to the case of an exchange of mesonic or baryonic quantum numbers in t−channel, leading
to the introduction of TDAs. Both extensions will be then illustrated in the exclusive process γ∗ γ∗ → ρL ρL ,
for which we exhibit factorizations involving a GDA or TDA depending on the energy and on the photon
polarizations. Further, we will show how collinear factorization at dominant twist 2 provides a way to get
access to hybrid exotic mesons, in electroproduction and in γ γ∗ collisions, with presumable high counting rates.

In Chap. 7, we will present a non-covariant scheme (Light-Cone Collinear Factorization) when dealing with
factorization beyond leading twist, and show its equivalence with the Covariant Collinear Factorization at twist
3.

The developements of QCD based on the dynamics specific to the perturbative Regge limit will be presented
in Part IV.

In Chap. 8 we will review the theoretical status of QCD in the perturbative Regge limit, including BFKL
Pomeron, Odderon, impact factor representation, higher order corrections and saturation effects.

In Chap. 9 the various tests of BFKL dynamics will be rewieved, in hadron-hadron collider, at HERA and
at LEP2. This includes in particular our very recent complete NLLx study of Mueller Navelet jets.

In Chap. 10 we will show in detail how it is possible to use in a very efficient way the Light-Cone Collinear
Factorization for the practical computation of the twist 3 γ∗ → ρT impact factor.

The Chap. 11 will be devoted to studies the possibilities offered by γ(∗)γ(∗) colliders for studying QCD in
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the perturbative Regge limit. In particular, we will give some basics on photon colliders and on ILC project.
We will then concentrate on two situations. The first one deals with the diffractive production of ρ mesons in
γ∗γ∗ collisions. The second one present a study of an exclusive observable sensitive to the Pomeron-Odderon
interference, in order to find the elusive hard Odderon.

This manuscript will concentrate on perturbative QCD, only barely considering non-perturbative aspects
when needed for phenomenology. We will try to be rather explicit when needed.
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A little warm-up
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Chapter 1

What remains when everything is left...

In these lectures, we will mainly use the conventions of Peskin-Schroeder [7]1. The Feynman rules given below
allows one to evaluate iM, where M is the scattering amplitude for a given process. By definition, this is a
matrix element element of2 S − 1 = i T i.e.

(2π)4δ4(Pf − Pi)Mif = 〈f |T |i〉 . (1.1)

1.1 Feynman rules for QED and QCD

In all what follows, we denote by e the electric charge of the electron (i.e. the electron charge is e = −|e| in this
convention)3. As usual, Ψ̄ = Ψ†γ0.

1.1.1 QED

We write the covariant derivative as

Dµ = ∂µ + ieAµ (1.2)

The abelian Yang-Mills lagrangian then reads, in covariant gauge,

LQED = Lγ + Lgaugefixing + LDirac

= − 1
4 (Fµν)

2 − 1
2 ξ (∂

µAµ)
2 + ψ̄(i /D −m)ψ

(1.3)

and thus

LQED = −1

4
(Fµν)

2 − 1

2ξ
(∂µAµ)

2

︸ ︷︷ ︸
+ ψ̄(i /∂ −m)ψ︸ ︷︷ ︸ + (−) e ψ̄γµψAµ︸ ︷︷ ︸

⇒ photon propagator ⇒ electron propagator interaction term

(1.4)

The rules of gaussian integration (both for bosonic field A and fermionic field ψ̄ and ψ) allows one to evaluate
perturbatively the correlation functions build from

ei
∫

d4xLQED = ei
∫

d4xL0

[
1− ie

∫
d4x ψ̄γµψAµ + · · ·

]
.

1They are identical to those of Itzykson-Zuber [8] for QED; for QCD, they differ due to a change of sign for gS
2This definition is more or less universal. However, one might encounter in the literature the definition S = 1+T (A. H. Mueller,

for example in his dipole model for small-xBj), as well as S = 1− i T (PDG).
3Notations maybe somehow confusing. While Peskin, Schroeder and Itzykson, Zuber use e = −|e| for the electron charge, Muta

denote e = |e| the positive quantum of electric charge!
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One deduces the vertex µ

− ieγµ . (1.5)

The above lagrangian corresponds to the electron case, of charge e = −|e|. For a particle of charge Q|e| (Q = −1
for the electron), starting from the covariant derivative

Dµ = ∂µ + i Q |e|Aµ , (1.6)

one gets the interaction vertex
µ

− i Q |e|γµ . (1.7)

The electron and photon propagators reads respectively:

p i

/p−m (1.8)

µ ν

p

−i
p2 + iε

[
gµν − (1− ξ)pµpν

p2

]
(1.9)

The case ξ = 0 is named Landau gauge while the case ξ = 1 is called the Feynman gauge. One should note, from
the gauge fixing term (1.3), that it is only in the Landau gauge that the covariant gauge enforce the propagating
field to satisfy the transversality condition A · k = 0, in accordance with (1.9) which has an explicit transverse
form. In Feynman gauge, the photon propagator also contains spurious modes along k (called gaugeons by
Cvitanovic [9]).

1.1.2 QCD: covariant and non-covariant gauges

Let us briefly summarize the structure of the QCD lagrangian. One introduces the hermitian generators ta in
the fundamental representation of SU(Nc) (in QCD Nc = 3 but 1/Nc may be a useful expansion parameter
for non-perturbative studies, as was shown by ’t Hooft [10]). These N2

c − 1 = 8 generators, labelled by a, are
Nc×Nc hermitian matrices with vanishing trace. Quarks fields transform under the action of ta and antiquark
fields4 under (ta)∗. This means that quark and antiquark fields are vectors with Nc components (denoted
conventionally as Ψi and Ψ̄i with i = 1 · · ·Nc). By definition, these matrices satisfy the Lie algebra structure

[ta, tb] = i fabc tc (1.10)

where the structure constants fabc are completely antisymetric5.
The gluonic field has N2

c − 1 possible colors: from point of view of color, its is a vector with N2
c − 1

components6. Each of these components is denoted by Aa (a = 1 · · ·N2
c − 1). The gauge field dynamics is then

encoded through the field strengh tensor

F a
µν = ∂µA

a
ν − ∂νAa

µ + g fabcA
b
µA

c
ν . (1.11)

Based on the Yang-Mills construction, the coupling between gluonic field and matter is defined through the
covariant derivative

Dµ = ∂µ − igT aAa
µ . (1.12)

4For Nc ≥ 3 the representation generated by ta and (ta)∗ are not equivalent: one should distinguish color and anticolor.
5An explicit realization of ta and fabc plays no role in practice.
6It is said to transform according to the adjoint representation ofSU(Nc).
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In order to quantify the theory, one should fix the gauge. This is a technical requirement when trying to
compute the propagator from the quadratic part of the action in terms of the gluonic field. In covariant gauge,
the appearance of a non-trivial determinant leads to the introduction of Faddeev-Popov ghosts (denoted as c),
which transforms as gluon from color point of view. These fields violate spin-statistics (they are fermions, in
order to reproduce the determinant through grassmann gaussian integration, which behave like scalar under
Lorentz group). They never appear as external fields, but only as virtual states in closed internal loops of
Feynman diagrams7.

The whole Yang-Mills lagrangian the reads

L = −1

4
F a
µνF

aµν + Lgaugefixing + ψ̄(iγµDµ −m)ψ + c̄� c+ g∂µc̄bfbcaA
a
µcc

Covariant gauge

In covariant gauge, the gauge fixing term reads

Lgaugefixing = − 1

2 ξ
(∂µA

µ
a)

2
, (1.13)

from which one can easily derive the following Feynman rules:

i j

p

i

/p−mδij

a b

p

−i
p2 + iε

[
gµν − (1− ξ)pµpν

p2

]
δab

a b

p
−iδab
p2 + iε

i j

a, µ

igγµtaij

a, ν1

b, ν2 c, ν3

k1

k2 k3

gfabc [gν1ν2(k1 − k2)ν3 + δν2ν3(k2 − k3)ν1 + δν1ν3(k3 − k1)ν2 ]

7Physically, following Feynman, a physical gluon, of zero mass, has two polarizations, like the photon. When appearing in virtual
contributions (loops), four polarizations may propagate. Unitarity imposes that among them, the two non-physical polarization
should disappear. These spurious modes are indeed compensated by the ghost and antighost. See for example [11] p.268.
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a, ν1

b, ν2

c, ν3

d, ν4

−ig2
[
fabef cde (gν1ν3gν2ν4 − gν1ν4gν2ν3)
+facef bde (gν1ν2gν3ν4 − gν1ν4gν2ν3)
+fadef bce (gν1ν2gν3ν4 − gν1ν3gν2ν4)

]

b c

a, µ

p −gfabcpµ

(1.14)

As for QED, note that as expected from the gauge fixing term (1.13), it is only in the limit ξ = 0 (Landau
gauge) that one should recover pµA

µ = 0 , which means at the level of the gluonic propagator Dµν(p) that the
transversity condition

pµD
µν(p) = 0 (1.15)

is satisfied, as can be seen from Eq. (1.14).

Non covariant gauges

General axial gauges:

The gauge fixing term reads

Lgaugefixing = − 1

2 ξ
(nµA

µ
a)

2 . (1.16)

These gauges are very convenient since they are free of ghosts. The gluonic propagator reads

Dab
µν =

−i
p2 + iε

[
gµν −

nµpν + pµnν

n · p +
ξ p2 + n2

(n · p)2 pµ pν

]
δab (1.17)

A usual choice for nµ is provided by the spatial axis nµ = (0, 0, 0, 1). Note that the on-shell transversity
condition is of course satisfied:

pµD
µν(p) = 0 for p2 = 0 (1.18)

Axial or temporal gauge: ξ = 0

The previous expression then reduces to

Dab
µν =

−i
p2 + iε

[
gµν −

nµpν + pµnν

n · p +
n2

(n · p)2 pµ pν
]
δab (1.19)

for which, similarly to the Landau gauge in the case of covariant gauges, the condition

nµD
µν(p) = 0 (1.20)

is satisfied, due to limiting case of the gauge fixing term. Again the on-shell transversity condition (1.18) is
satisfied.

General planar gauges:

The gauge fixing term reads

Lgaugefixing = − 1

2 ξn2
(nµA

µ
a) ∂

2 (nνA
ν
a) , (1.21)
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leading to the following gluonic propagator:

Dab
µν =

−i
p2 + iε

[
gµν −

nµpν + pµnν

n · p + (1− ξ) n2

(n · p)2 pµ pν
]
δab (1.22)

which again fulfill the on-shell transversity condition (1.18).
Like the axial gauges, these gauges are free of ghosts. For that reason, they are usually called physical gauges.

Light-cone gauge: ξ = 0, n2 = 0

Dab
µν =

−i
p2 + iε

[
gµν −

nµpν + pµnν

n · p

]
δab (1.23)

for which, similarly to the Landau gauge in the case of covariant gauges, the condition

nµD
µν(p) = 0 (1.24)

is valid, as well as the on-shell transversity condition (1.18). This gauge is widely used, in particular for the
perturbative analysis of Deep Inelastic Scattering or Deep Virtual Compton Scattering.

Removing color indices for simplicity, the propagator can be conveniently expanded on the two transverse
polarization vectors according to

Dµν =
−i

p2 + iε

[
g⊥µν − p2

nµ nν

(p · n)2
]

(1.25)

where

g⊥µν = −
2∑

λ=1

ǫ∗λµ ǫλν . (1.26)

These polarizations are both transverse with respect to p nd n.

General Coulomb gauges:

The gauge fixing term reads

Lgaugefixing = − 1

2 ξn2

[
(n2∂µ − n · ∂ nµ)A

µ
a

]2
, (1.27)

leading to the following gluonic propagator:

Dab
µν =

−i
p2 + iε

[
gµν −

n · p(nµpν + pµnν)

(n · p)2 − n2 p2
− ξ p2 − n2((n · p)2 − n2p2)

((n · p)2 − n2p2)2
pµpν

]
δab (1.28)

which again fulfill the on-shell transversity condition (1.18).

Coulomb gauges: ξ = 0, n2 = 1

The propagator (1.28) then reduces to

Dab
µν =

−i
p2 + iε

[
gµν −

n · p(nµpν + pµnν)− pµpν
(n · p)2 − n2 p2

]
δab (1.29)

which satisfies the condition

[pµ − (p · n)nµ]D
µν(p) = 0 (1.30)

in accordance with the limiting case of the gauge fixing term. Choosing nµ = (1, 0, 0, 0) which picks out the
time direction, we have pµ−(p ·n)nµ = (0, ~p): this is in agreement with the usual understanding of the Coulomb

gauge which states that ~∇ · ~A = 0 . Again the on-shell transversity condition (1.18) is satisfied.
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1.1.3 External lines

incoming fermion
p

u(p)

outgoing fermion
p

ū(p)

incoming antifermion

p

v̄(p)

outgoing antifermion

p

v(p)

incoming photon

p

µ
ǫµ(p)

outgoing photon

p

µ
ǫ∗µ(p)

(1.31)

1.2 From scattering amplitudes to cross-sections

Consider the process

(p1 J1) + (p2, J1)→ (k1 j1) + · · · (kn jn) , (1.32)

where p1 and p2 are the intial momenta, of respective spins J1 and J2, and k1, k2 · · · kn are the momenta of the
n final particles, of respective spins j1 · · · jn.

The cross-section of the process then reads, denoting by λ1 and λ2 the incoming particle helicities, and
µ1, µ2 · · ·µn the outgoing particle helicities,

σ =
1

2K(s)

∫
dΠn |M(p1 λ1, p2 λ2 → k1 µ1, · · · , kn µn)|2 . (1.33)

2K(s) is the flux factor, defined as the product of the target particle density and of the flux of incoming particles,
and dΠn is the n-body phase space. These two quantities will be detailled hereafter.

In the case where the final states polarization is not measured, the cross-section is obtained by summing
over all these polarizations. If additionally the intial state polarization is not measured, the cross-section is
obtained by averaging over these polarizations. The cross-section then reads

σnon pol. =
1

2K(s)

1

(2J1 + 1)(2J2 + 1)

∑

λ1λ2, µ1...µn

∫
dΠn |M(p1 λ1, p2 λ2 → k1 µ1, · · · , kn µn)|2 . (1.34)
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1.2.1 Flux factor

One may show that8

K(s) =
√
λ(s, m2

1, m
2
2) =

√
4[(p1 · p2)2 −m2

1m
2
2] . (1.35)

This relationship is also true for a process involving a virtual state of arbitrary virtuality. The “squared” masses
m2

1 and m2
2 should then be replaced by the corresponding virtualities. In particular, they might be negative, as

it is the case of the scattering process γ∗P with a virtual space-like photon.
The factor K(s) is written as a function of the Mandelstam variable s = (p1 + p2)

2 , since p1 · p2 =
(s−m2

1 −m2
2)/2. In the usual case where m1 and m2 are positives, one may further write

λ(s, m2
1, m

2
2) = 4[(p1 · p2)2 −m2

1m
2
2] = [2(p1 · p2)− 2m1m2][2(p1 · p2) + 2m1m2]

= [s−m2
1 −m2

2 − 2m1m2][s−m2
1 −m2

2 + 2m1m2] (1.36)

i.e.9

λ(s, m2
1, m

2
2) = [s− (m1 +m2)

2][s− (m1 −m2)
2] . (1.37)

Two particular cases are of special interest:

λ(s, 0, M) = (s−M2)2 : one of the masses vanishes

λ(s, 0, 0) = s2 : the two masses vanishes.
(1.38)

In the center of mass frame, the flux factor has a particularly simple expression10, which turns out to be very
useful11:

2K = 4 p∗i W
∗ . (1.39)

where W ∗ = E∗1 + E∗2 is the total center of mass energy.

Proof:

Starting from {
E∗21 − p∗2i = m2

1

E∗22 − p∗2i = m2
2

with p∗i ≡ p∗1 = p∗2 , one deduces

2K = 4
[
(E∗1 E

∗
2 + p∗2i )2 − (E∗21 − p∗2i )(E∗22 − p∗2i )

]1/2
= 4

[
(E∗1 + E∗2 )

2p∗2i )
]1/2

= 4 (E∗1 + E∗2 ) p
∗
i .

1.2.2 Phase space

dΠn is the phase space, which has a relativistic invariant form given by

dΠn =
n∏

j=1

d3kj
(2π)32 k0j

(2π)4 δ4




n∑

j=1

kj − p1 − p2


 . (1.40)

Let us consider now the 2 body → 2 body reaction

(p1 J1) + (p2 J2)→ (p3 J3) + (p4 J4) , (1.41)

8The notation λ is standard in the literature.
9The function λ(s, m2

1, m
2
2) only depends on s and on the squared masses, a fact which is hidden in the way the rhs of (1.36)

is written. One should note that the function λ(s, m2
1, m

2
2) is indeed symmetric with respect to m2

1 ↔ m2
2 , as expected.

10In remains valid including cases where initial states are virtual, even with negative virtualities.
11We use starting from now the rather standard notation according to which a quantity with superscript * is measured in the

center of mass frame.
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for which

dΠ2 =
d3p3

(2π)32 p03

d3p4
(2π)32 p04

(2π)4 δ4 (p3 + p4 − p1 − p2) . (1.42)

The phase space, which involves 6 variables, reduces to a two-variable differential element due to the global
energy-momentum conservation. After integration over p4 , it thus simplifies to12

∫
d3p4

dΠ2

d3p4
=

p23 dp3 d
2Ω

(2π)3 2E3 2E4
(2π) δ(W − E3(~p3)− E4(~p3)) , (1.43)

with13

E3(~p3) = p03 =
√
~p 2
3 +m2

3 and E4(~p3) = p04 =
√
~p 2
4 (~p3) +m2

4 , where ~p4(~p3) = ~p1 + ~p2 − ~p3 . (1.44)

d2Π2 can thus be written as a function of d2Ω only.
In the center of mass frame, this phase space has a particularly simple expression:

∫
dp ∗3 d

3p4
dΠ2

d3p4 dp ∗3
=

p∗3
16π2W ∗

. (1.45)

Proof:

Starting from ∫
d3p4

dΠ2

d3p4
= d2Ω∗

p∗23 dp∗3
16π2E∗3 E

∗
4

δ (W ∗ − E∗3 (~p ∗3 )− E∗4 (~p ∗3 )) , (1.46)

one can write,14 using (1.44) in the case where ~p ∗1 + ~p ∗2 = 0 and introducing

p ∗3 (E
∗
3 ) =

√
E∗ 23 −m2

3 , (1.47)

∫
d3p4

dΠ2

d3p4
= d2Ω∗

p∗23 dp∗3
16π2E∗3 E

∗
4

∣∣∣∣
d [E∗3 (~p

∗
3 ) + E∗4 (~p

∗
3 )]

dp ∗3

∣∣∣∣
−1
δ (p ∗3 − p ∗3 (E∗3 ))

= d2Ω∗
p∗23 dp∗3

16π2E∗3 E
∗
4

1
p∗
3

E∗
3
+

p∗
3

E∗
4

δ (p ∗3 − p ∗3 (E∗3 ))

= d2Ω∗
p∗3 dp

∗
3

16π2W ∗
δ (p ∗3 − p ∗3 (E∗3 )) . (1.48)

The differential cross-section thus reads

d2σ

d2Ω∗
=

1

2K(s)

p∗3
16π2W ∗

|M(p1, p2 → p3, p4)|2 , (1.49)

that is, from (1.39), and denoting p∗f = p∗3 and p∗i = p∗1 ,

dσ

d2Ω∗
=
p∗f
p∗i

1

64 π2s
|M(p1, p2 → p3, p4)|2 , (1.50)

since s =W ∗2 . Note that p∗i and p∗f have a very simple relativistic invariant form: indeed, from (1.39), for any
reaction 2 body → n body

p∗i =

√
λ(s, m2

1, m
2
2)

2
√
s

, (1.51)

12One denotes p3 = |~p3|, which should not be confused in this context with the four-vector p3.
13Since the external kinematical parameters completely fix the total momentum ~p1 + ~p2 and the total energy W (which are

reference-frame dependent), one gets a phase space which is indeed dependent of only two independent variables.
14Recall that δ(f(x)) =

∑

i

1
|f ′(xi)|

δ(x − xi) where xi are the roots of f(x) = 0 .
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and in the case of the reaction 2 body → 2 body, one has further

p∗f =

√
λ(s, m2

3, m
2
4)

2
√
s

. (1.52)

For an elastic scattering, which by definition satifies m1 = m3 and m2 = m4 (or m1 = m4 and m2 = m3) one
gets as expected p∗i = p∗f , as in classical mecchanics.

1.2.3 Mandelstam variables

The reaction 2 body → 2 body
(p1 J1) + (p2 J2)→ (p3 J3) + (p4 J4) (1.53)

is completely caracterized15 by the Mandelstam variables defined by

s ≡ (p1 + p2)
2 = (p3 + p4)

2

t ≡ (p1 − p3)2 = (p2 − p4)2

u ≡ (p1 − p4)2 = (p2 − p3)2 ,

(1.54)

the various equivalent expressions coming from energy-momentum conservation. These variables are illustrated
on Fig. 1.1. Each of these variables can be considered as a variable “s′′ for a crossed-channel process:

1

2

3

4

s

t

u

Figure 1.1: Mandelstam variables for a 2 body → 2 body process.

“ s ”variable ” t “variable “ u ”variable
s-channel: 1 + 2→ 3 + 4 s t u

t-channel: 1 + 3̄→ 2̄ + 4 t s u

u−channel: 1 + 4̄→ 3 + 2̄ u t s

(1.55)

Indeed, a particle i of momentum pi with p
0 > 0 should be considered as its antiparticle ī, of momentum −pi

when p0 < 0. The same amplitude M(s, t, u) thus describes these 3 reactions, as well as every desintegration
process 1 body → 3 body (for example 1→ 2̄ + 3 + 4) and every back reaction (for example 3 + 4→ 1 + 2), by
analytic continuation on variables s, t, u.

One immediately deduces from energy-momentum conservation the relation

s+ t+ u =
∑
i

m2
i . (1.56)

Proof:

15If spin effects are not taken into account.
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This is proven by computing 2(s+ t+ u), summing the 6 terms of (1.54) and then using the energy-momentum
conservation:

2 (s+ t+ u) = 3
∑

i

m2
i + 2 p1 · p2 + 2 p3 · p4 − 2 p1 · p3 − 2 p2 · p4 − 2 p1 · p4 − 2 p2 · p3

= 3
∑

i

m2
i + 2 p1 · p2 + 2 p3 · p4 − 2 (p1 + p2) · (p3 + p4)

= 3
∑

i

m2
i + (s−m2

1 −m2
2) + (s−m2

3 −m2
4)− 2s = 2

∑

i

m2
i .

Consequently, the scattering amplitude only depends on two independent variables. One conventionally writes

M =M(s, t) .

In the center-of-mass frame, an elementary calculation 16 shows that

E∗1 =
s+m2

1 −m2
2

2
√
s

, E∗3 =
s+m2

3 −m2
4

2
√
s

,

E∗2 =
s+m2

2 −m2
1

2
√
s

, E∗4 =
s+m2

4 −m2
3

2
√
s

.

(1.57)

Using the relations (1.51) and (1.52) (as well as their analogous expressions for crossed-channels: in the
t−channel one should consider λ(t,m2

1,m
2
3) and λ(t,m

2
2,m

2
4) and for the u−channel one should consider λ(u,m2

1,m
2
4)

and λ(u,m2
2,m

2
3)) and the preceeding expressions for center-of-mass energies (and their corresponding expres-

sions for crossed reactions), one deduces the following threshold conditions17:

voie s: 1 + 2→ 3 + 4 : s ≥ (m1 +m2)
2 and (m3 +m4)

2

voie t: 1 + 3̄→ 2̄ + 4 : t ≥ (m1 +m3)
2 and (m2 +m4)

2

voie u: 1 + 4̄→ 3 + 2̄ : u ≥ (m1 +m4)
2 and (m2 +m3)

2

(1.58)

It is often useful to write the differential cross-section (1.50) in terms of relativistic invariants. For that purpose,
let us rewrite the diffusion angle18 θ for the s−channel process:

t = (p1 − p3)2 = m2
1 +m2

3 − 2 p1 · p3 = m2
1 +m2

3 − 2E1E3 + 2 |~p1||~p3| cos θ . (1.59)

that is

cos θ =
t−m2

1 −m2
3 + 2E1E3

2 |~p1||~p3|
. (1.60)

As a function of u variable, the diffusion angle reads

cos θ =
m2

2 −m2
4 − s− u+ 2E1E3

2 |~p1||~p3|
. (1.61)

In an arbitrary reference frame, for fixed s and E1, the variables E3 and |~p3| are cos θ-dependent, which makes
the discussion somehow tricky. In the center-of-mass frame, one may write

cos θ∗ =
t−m2

1 −m2
3 + 2E∗1E

∗
3

2 p∗1 p
∗
3

(1.62)

cos θ∗ =
m2

2 +m2
4 − s− u+ 2E∗1E

∗
3

2 p∗1 p
∗
3

, (1.63)

16For example, in order to express E∗
1 , it is enough to combine (1.51) and E∗2

1 = ~p ∗2
1 +m2

1.
17The condition is based on the fact that p∗1, p

∗
3, and every energy E∗

i should be positive.
18Denoted as θ13 or θs in the litterature: this is the scattering angle between particles 1 and 3, i.e. the scattering angle in the

s−channel.
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in which E∗1 , E
∗
3 , p

∗
1 and p∗3 are fixed for a given s by (1.57) and (1.51, 1.52). One then realizes, based on

Eqs.(1.62) and (1.63) that

forward reaction (θ∗ = 0) ⇐⇒ maximal value19 (in algebraic value) for t

backward reaction (θ∗ = π) ⇐⇒ maximal value (in algebraic value) for u
(1.64)

In this center-of-mass frame, one thus deduces from (1.62, 1.63) and (1.51, 1.52, 1.57) that the angle θ∗ can
be expressed based on these invariants:

cos θ∗=
t−m2

1 −m2
3 + 2E∗1E

∗
3

2 p∗1 p
∗
2

=
s2 + s(2t−m2

1 −m2
2 −m2

3 −m2
4) + (m2

1 −m2
2)(m

2
3 −m2

4)√
λ(s,m2

1,m
2
2)λ(s,m

2
3,m

2
4)

=
s(t− u) + (m2

1 −m2
2)(m

2
3 −m2

4)√
λ(s,m2

1,m
2
2)λ(s,m

2
3,m

2
4)

. (1.65)

Remark:

One can see based on this relation that in the large energy limit where s≫ −t, m2
i , called Regge limit, θ∗ → 0

since λ(s,m2
i ) ∼ s2 : in this limits, the forward scattering drives the behaviour of the scattering amplitude.

For a given s, the constraint −1 ≤ cos θ ≤ 1 determine the physical region for t :

t− ≤ t ≤ t+ avec (1.66)

t± = m2
1 +m2

3 −
1

2s
{(s+m2

1 −m2
2)(s+m2

3 −m2
4)∓

√
λ(s,m2

1,m
2
2)λ(s,m

2
3,m

2
4)} . (1.67)

The discussion gets enlighted in the case of equal masses (m2
i = m2). One then gets λ(s, m2, m2) = s(s− 4m2)

and

cos θ∗ = 1+
2t

s− 4m2
. (1.68)

The physical region for the reaction is then given by the conditions

s ≥ 4m2 and t− = 4m2 − s ≤ t ≤ t+ = 0 . (1.69)

One can check that

u = −s− 4m2

2
(1 + cos θ)

t = −s− 4m2

2
(1− cos θ) ,

and one recovers the fact that
• t negative, small in absolute value, corresponding to θ∗ small (forward)
• u negative, small in absolute value, corresponding to π − θ∗ small (forward).

Coming back to our problem of writing the differential cross-section (1.50) in terms of relativistic invariant.
From (1.62) one gets

d cos θ∗ =
dt

2 p∗1 p
∗
3

. (1.70)

and thus, since d2Ω∗ = dφ∗ d cos θ∗, and using (1.50),

dσ

dt dφ∗
=

dσ

2p∗1 p
∗
3 d

2Ω∗
=

1

128π2 s p∗ 21

|M(s, t, φ)|2 . (1.71)

19Usually denoted by |t|min in the literature, csince it is in general close to 0, and thus t is practically almost always negative,
and |t| is then in general larger than this value |t|min. One gets |t|min = |t+| , with t+ defined by (1.67).
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In the case where the studied scattering is symmetrical with respect to the collision axis, one can integrate over
φ∗ and thus

dσ

dt
=

1

64π s p∗ 21

|M(s, t)|2 . (1.72)

It is often useful to write the cross-section in the lab frame, in which the probe is at rest. Instead of writing
explicitely the boost allowing to rely one reference frame to another one, it is more simple to use the relativistic
invariant t. Let us introduce

q = p1 − p3 = p4 − p2 . (1.73)

Then
t = q2 = (p1 − p3)2 = m2

1 +m2
3 − 2E1E3 + 2 |~p1||~p3| cos θ . (1.74)

The relation p4 = p2 + q allows to write

m2
4 = m2

2 + 2 q · p2 + q2

and thus
t = q2 = −2q · p2 +m2

4 −m2
2 = −2m2(E1 − E3) +m2

4 −m2
2 (1.75)

in the lab frame where the particle 2 is at rest. One thus deduces from (1.74) and (1.75), since |~p3| =
√
E2

3 −m2
3 ,

that

dt = −2E1 dE3 + 2 |~p1|
E3 dE3

|~p3|
cos θ + 2 |~p1||~p3|d cos θ = 2m2 dE3 , (1.76)

and thus finally, after eliminating dE3,

dt =
2m2 |~p1| |~p3|2

(m2 + E1)|~p3| − E3 |~p1| cos θ
d cos θ . (1.77)

In the limit where m1 and m3 are negligible with respect to E1 and E3 , this expression simplifies into

dt =
2m2E1E3

m2 + E1(1− cos θ)
d cos θ .

Using (1.74) and (1.75), one gets

2E1E3(1− cos θ) = 2m2(E1 − E3) +m2
2 −m2

4

and thus finally

dt =
2E2

3

1 +
m2

2−m2
4

m2 E1

d cos θ . (1.78)

In the limit where the energy E1 is large with respect to m2
2, m

2
4 , one writes

dt = 2E2
3 d cos θ . (1.79)

From the identity
d2Ω

d2Ω∗
=

d cos θ

d cos θ∗
(1.80)

and equating the two expressions (1.70) and (1.77) obtained for dt, one deduces in the limit where m1 = m3 = 0
and m2 = m4 , that

d2Ω

d2Ω∗
=
p∗ 21

E2
3

. (1.81)

It remains to evaluate p∗1, which reads, from (1.51) and using (1.38),

p∗1 =
s−m2

2

2
√
s

=
m2E1√

s
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since s = (p1 + p2)
2 = m2 + 2m2E1 , and one finally gets

d2Ω

d2Ω∗
=
m2

2

s

E2
1

E2
3

. (1.82)

Combining this result with the expression (1.50), one finally gets the relation

dσ

d2Ω
=

E2
3

m2
2E

2
1

1

64 π2
|M(s, t)|2 (lab. frame). (1.83)

1.2.4 Sum over spins

Let us first remind that the bispinors us(p) and vs(p) are solution of the Dirac equation, and that bispinors
ūs(p) and v̄s(p) are solution of the conjugated equation, i.e.

(/p−m)us(p) = ūs(p) (/p−m) = 0

(/p+m) vs(p) = v̄s(p) (/p+m) = 0 . (1.84)

The bispinors are normalized according to20

ūs(p)us
′

(p) = 2mδs s
′

, v̄s(p) vs
′

(p) = −2mδs s
′

, (1.85)

and are orthogonal among themselves:

ūs(p) vs
′

(p) = v̄s(p)us
′

(p) = 0 . (1.86)

In many situations, it is useful to sum over fermion polarizations. In that case, the following relations are of
particular interest: ∑

s

us(p) ūs(p) = /p+m, (1.87)

and ∑

s

vs(p) v̄s(p) = /p−m. (1.88)

1.2.5 Trace computations: γ-gymnastics

The computation of cross-sections, after enumerating the various topologies of diagrams and translating them
in analytic formulas, reduces, when fermionic contributions enter these diagrams, to a trace computation21 of
products of Dirac matrices. This part of the computation gets very soon very painful, when diagrams become
complicate.

We here give a few useful identities 22. Let us first recall that the γ5 matrix, which allows for defining the
fermion helicity, reads

γ5 = γ5 = i γ0γ1γ2γ3 . (1.89)

It is thus a product of an even number of γ matrices. The matrix σµν is defined23 by

σµν =
i

2
[γµ, γν] . (1.90)

20Normalisation used in Peskin-Schroeder. In Itzykson-Zuber, the normalisation does not involve a factor 2m .
21In the russian literature, one commonly uses the notation Sp for traces, as an abreviation of the German word“Spur”. Matrices

of type /p are usually denoted by p̂.
22Derived and discussed in details in Peskin-Schroeder or Itzykson-Zuber for example.
23This notation is standard. A noticeable exception: in Relativistic Quantum Theory of Lifchitz and Pitayevski (Landau series),

one uses σµν = 1
2
[γµ, γν ] .
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The set of the 16 matrices I, γµ, σµν , γ5 σµν , γ5 provides a basis for the Dirac matrices. They satisfy the
following relations:

{γµ, γν} = 2 gµν (1.91)

γ25 = I (1.92)

{γ5, γµ} = 0 (1.93)

[γ5, σµν ] = 0 . (1.94)

Hermitian conjugates are easily obtained by intertwining with the γ0 matrices:

γ0 γµ γ0 = γµ† = γµ (1.95)

γ0 γ5 γ
0 = −γ†5 = −γ5 (1.96)

γ0 (γ5 γ
µ) γ0 = (γ5 γ

µ)† = γµ γ5 (1.97)

γ0 σµν γ0 = (σµν )† = σµν (1.98)

Contractions of Γ matrices can be performed based on the following relations:

/ab/ = a · b − i σµν aµbν (1.99)

γλ γλ = 4 (1.100)

γλ γµ γλ = −2 γµ (1.101)

γλ γµ γν γλ = 4 gµν (1.102)

γλ γµ γν γρ γλ = −2 γρ γν γµ (1.103)

γλ γµ γν γρ γσ γλ = 2 (γσ γµ γν γρ + γρ γν γµ γσ) (1.104)

An special identity is of practical use:

γσ γµ γν + γν γµ γσ = 2 (gσγ
µ

γν − gσν γµ + gµν γσ) (1.105)

which is proven by anticommuting two last matrices in both terms of the sum of the left-hand side of the
previous equation.

We give here the main formulas allowing for computing traces of products of γ−matrices:

Tr I = 4 (1.106)

Tr γµ = 0 (1.107)

Trσµν = 0 (1.108)

Tr (odd number of matrices γ) = 0 (1.109)

Tr γµγν = 4 gµν (1.110)

Tr γµγνγργσ = 4 (gµνgρσ − gµρgνσ + gµσgνρ) (1.111)

Tr γ5 = 0 (1.112)

Tr γµγνγ5 = 0 (1.113)

Tr γµγνγργσγ5 = −4 i ǫµνρσ (1.114)

where ǫµνρσ is the completely anti-symmetrical Levi-Civita tensor, with24 ǫ0123 = +1 and ǫµνρσ = −ǫµνρσ .
The computation of traces is done in practice, when diagrams gets more complicated, using algebraic com-

puters25.

1.3 Loops

1.3.1 Dimensional regularization

This very powerful method is due to ’t Hooft and Veltmann. It is specially convenient for gauge theories, isnce it
does not break the gauge invariance. Technically, this is based on the fact that it is compatible with translations

24This convention depend on the authors. The convention chosen here is the one of Peskin-Schroeder and Itzykson-Zuber.
25One can quote for example the Mathematica package FeynCalc.
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when performing change of integration variables. This is one the very important modern tools of perturbative
computations in field theories.

Principle:

One computes a Feynman diagram as an anytical function of the space-time dimension d. For d small, the
loop integrals become UV convergent. Then , when performing the d → 4 limit, the final expressions for the
physical quantities become finite, based on the renormalizability of the theory. The same regularization method
can be applied to deal with IR divergencies.

Several conventions can be used. See for example [8] page 377. We here give a consistent set of conventions.

Metric

We use the metric gµν = (+,−, · · ·−) .

By definition gµν is the invese matrix of gµν . Since the trace of the identity matrix I is equal to d, one thus
have

gµνgµν = gµµ = d. (1.115)

This relation is useful to reduce an integral which numerator has a non-trivial tensorial structure to a scalar
integral: indeed ∫

ddk

(2π)d
f(k2)kµkν =

gµν

d

∫
ddk

(2π)d
k2f(k2) . (1.116)

Clifford algebra for γ matrices

{γµ, γν} = 2gµν , (1.117)

from which one deduces, from (1.115),

gµν (γ
µγν + γνγµ) = γνγ

ν + γνγν = 2γνγν

= 2d

and thus

γµγ
µ = d . (1.118)

Similarly γµγνγµ = −γµγµγν + 2γµgνµ (by anticommuting γν and γµ) that is

γµγνγµ = (2− d)γν . (1.119)

γµγνγργµ = −γµγνγµγρ + 2γργν = (−2 + d)γνγρ + 2γργν .

Rewritting the last term of this sum in the form −2γνγρ + 4gρν , one thus gets

γµγνγργµ = (d− 4)γνγρ + 4gνρ . (1.120)

Finally,

γµγνγργσγµ = −γµγνγργµγσ + 2γσγνγρ = −(d− 4)γνγργσ − 4gνργσ + 2γσγνγρ ,

which also reads, after anticommuting γν and γρ in the last term of the previous equation which becomes
−2γσγργν + 4γσgνρ,

γµγνγργσγµ = −(d− 4)γνγργσ − 2γσγργν . (1.121)
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Trace computation:

If one impose that

Tr I = 4 (1.122)

(other choice are possible), then, from (1.117),

Tr γµγν = 4gµν . (1.123)

Remark:

γ5 cannot be constructed in an unambiguous way in arbitrary dimension. In practice, the choice

γ5 = iγ0γ1γ2γ3 (1.124)

in dimension d leads to

{γ5, γµ} = 0 for µ = 0, 1, 2, 3

[γ5, γ
µ] = 0 for the d− 4 other dimensions.

(1.125)

This is a sufficient prescription when the theory is free of anomalies. One can also deal with axial anomalies
with this prescription (see for example Chap.19 of Ref. [7]). C

Integration measure (euclidean and minkowskian)

Assuming that the tensorial function which should be integrated has been reduced to a set of elementary scalar
functions, based on the use of suitable projectors and based on identities of type (1.116), we now consider the
computation of the integral of scalar function. The next step is to reduce the computation of a minkowskian
integral to the computation of an euclidean one, using a Wick rotation:

∫
ddkM
(2π)d

f(k2M ) = i

∫
ddkE
(2π)d

f(−k2E) . (1.126)

From now, we consider the computation of a generic euclidean integral of generic form

∫
ddk

(2π)d
f(k2) . (1.127)

One should pay attention to the factor +i when using the results given below in order to compute an integral
in Minkowski space.

The practical problem is now to evaluate the angular part of the integration in Eq. (1.127). Extending the
spherical coordinates allows to write

∫
ddk

(2π)d
f(k2) =

Sd

(2π)d

∫ ∞

0

dk kd−1 f(k2)

where Sd =
∫
dΩd is the surface of the unit sphere Sd−1 here embedded in a space of dimension d.

Examples:

S1 = circle embedded in R2

S2 = sphere embedded in R3

S3 = sphere embedded in R4.

Then

Sd =
2πd/2

Γ(d/2)
. (1.128)
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In particular,

d Γ
(
d
2

)
Sd

1
√
π 2

2 1 2π

3
√
π
2 4π

4 1 2π2

Proof of (1.128):

Starting from the well-known gaussian integral, we can write

(∫ +∞

−∞
e−x

2

dx

)d

= πd/2 =

∫ +∞

−∞
dx1 · · · dxd e−(x

2
1+···+x2

d) =

∫
dd~x e−~x

2

= Sd

∫ ∞

0

rd−1e−r
2

dr =
1

2
Sd

∫ ∞

0

ρ
d
2−1e−ρdρ =

1

2
Sd Γ

(
d

2

)

where we denote ρ = r2.

Useful expansions

εΓ(ε) = Γ(1 + ε) = Γ(1) [1 + εψ(1) + · · · ]
with ψ(1) = −γE, where γE is the Euler constant, and

ψ(z) ≡ Γ′(z)

Γ(z)
.

1.3.2 Feynman parameters

This method provides a systematic way of dealing with integrals over momenta which appear in field theory.
The basic idea is to group in a single term the various denominators of the propagators of a given loop. Two
equivalent methods are of common use, one due to Schwinger, and one due to Feynman, which we now present.

A simple example

Consider the diagram of Fig. 1.2 for φ4 theory.

p+ q

q

p1

p2
p = p1 + p2

Figure 1.2: A simple loop diagram of φ4 theory.

The corresponding amplitude is proportional to

A =

∫
ddq

(2π)d
1

q2(p+ q)2
.

In order to group the two propagators, we use the relation

1

AB
=

∫ 1

0

dx

(Ax+B(1 − x))2 .
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Proof:

∫ 1

0

dx

[Ax +B(1− x)]2 =

∫ 1

0

dx

[(A−B)x+B]2
=

−1
(A−B)x +B

∣∣∣∣
1

0

· 1

A−B =
1

AB
.

This allows to write

∫
ddq

(2π)d
1

q2(p+ q)2
=

∫ 1

0

dx

∫
ddq

(2π)d
1

[x(p+ q)2 + (1− x)q2]2 .

One now complete the square in order that the denominator would be of the form [ℓ2 + cste]2:

x(p+ q)2 + (1− x)q2 = (q + xp)2 + x(1− x)p2

which naturally led to introduce ℓ = q+xp . This now allows to intergrate over q, since ddq = ddℓ. Note that this
requires, in particular when dealing with dimensional regularization, that the integration prescriptions should
respect the translation invariance. The remaining intergration is thus

A =

∫ 1

0

dx

∫
ddℓ

(2π)d
1

[ℓ2 + x(1 − x)p2]2 .

The integrand has a spherical symmetry with respect to ℓ, thus the integration can be performed easily, after
performing a Wick rotation ℓ0 → iℓ0E to make the integral euclidean. The only non-trivial integration is the one
with respect x. In the present case, it can be reduced to integrals of type B Euler functions (see the relation
(1.132) for the general result concerning these kind of integrals).

General method

The method relies on the identity

1

Aα1
1 · · ·Aαn

n
=

Γ(α1 + · · ·+ αn)

Γ(α1) · · ·Γ(αn)

∫ 1

0

dx1 · · · dxn δ
(
1−

n∑
1
xi

)
xα1−1
1 · · ·xαn−1

n

[A1x1 + · · ·Anxn]α1+···αn
, (1.129)

where the parameters αi are arbitrary real or complex numbers. In dimensional regularization, α1 · · ·αn are
generically non-integer. The n integration variables xi are called Feynman parameters.

Proof:

1

Aα
=

1

Γ(α)

∫ ∞

0

e−tA tα−1dt car Γ(y) =

∫ ∞

0

e−tty−1dt . (1.130)

thus
1

Aα1
1 · · ·Aαn

n
=

1

Γ(α1) · · ·Γ(αn)

∫ ∞

0

e−(t1A1+···+tnAn) tα1−1
1 · · · tαn−1

n dt1 · · · dtn .

Inserting ∫ ∞

0

dλ δ(λ − t1 − · · · − tn) = 1 ,

and performing the change of variables 



t1 = λx1
...
tn = λxn ,



1.3. LOOPS 29

one gets

1

Aα1
1 · · ·Aαn

n
=

1

Γ(α1) · · ·Γ(αn)

∫ ∞

0

dλ

∫ ∞

0

dx1 · · · dxn λα1+···+αn−1xα1−1
1 · · ·xαn−1

n

× δ
(
1−

n∑

1

xi

)
e−λ[x1A1+···+xnAn] ,

since

δ(λ − λx1 − · · · − λxn) =
1

λ
δ(1− x1 − · · · − xn) .

The integration over λ provides the term

Γ(α1 + · · ·+ αn)

(A1x1 + · · ·+Anxn)α1+···+αn

based on Eq. (1.130). Due to the constraint 1−
n∑
1
xi = 0, one can reduce the integration over xi between 0 and

1, which terminates the proof.

On should take care on the practical use of Eq. (1.129): due to the conditions 0 ≤ xi ≤ 1, the integration over
a given variable xi, say xk, when using δ(1−∑ xi), leads to introduce a function

θ

(
1−

k−1∑

i=1

xi −
n∑

i=k+1

xi

)

which should not be forgotten.

Some useful examples

Applying Eq. (1.129) to the case n = 2,

1

AαBβ
=

Γ(α + β)

Γ(α)Γ(β)

∫ 1

0

dx xα−1(1 − x)β−1
[xA+ (1− x)B]α+β

one gets
∫

ddk

(2π)d

(
k2
)a

(k2 − C)b = i

(
1

4π

) d
2

(−1)b−aCa−b+ d
2
Γ
(
a+ d

2

)
Γ
(
b− a− d

2

)

Γ
(
d
2

)
Γ(b)

, (1.131)

where i arises from the Wick rotation. In particular,

∫
ddk

(2π)d
1

(k2 − C)a = i

(
1

4π

) d
2

(−1)aC−a+ d
2
Γ
(
a− d

2

)

Γ(a)
. (1.132)

The result (1.131) can be easily obtained based on the integral representation of the Euler B function

∫ 1

0

dx xα−1(1 − x)β−1 ≡ B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)

with

Γ(1 + x) = xΓ(x) .
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1.3.3 Relating dimensional regularization and cut-off regularization

In the computation of divergent UV integrals, it is possible in many cases to use an explicit cut-off (denoted as
Λ), when this cut-off does not break any symmetry. This is for example the case of the φ4 theory, which is not
a gauge field. The natural question is then to relate the logarithmic divergency of type lnΛ, arising through
this regularization, to the 1/ǫ pole appearing in dimensional regularization.

A generic example is given by the integral corresponding to the diagram of Fig. 1.2, in the limit where the
momentum in the s-channel vanishes.

We want to extract the UV divergent part of the amplitude, and thus study
∫

ddk

(2π)d
1

k4
=

2πd/2

(2π)d
i

Γ(d/2)

∫ Λ

dk
kd−1

k4
. (1.133)

This integral is both UV and IR divergent, and we assume here that the IR sector has been regularized.

Integral with an explicit IR cut-off

A first method in order to deal with this integral is to introduce a cut-off in the IR, considering rather

A =
2πd/2

(2π)d
i

Γ(d/2)

∫ Λ

ρ

dk
kd−1

k4
, (1.134)

where ρ > 0.

Method with a UV cut-off:

We compute the integral (1.133) in dimension 4, with a cut-off Λ :

A =
i

8π2

∫ Λ

ρ

dk

k
=

i

8π2
(ln Λ− ln ρ) ∼ i

8π2
ln Λ . (1.135)

Note that this method corresponds to the limits taken in the order limΛ→∞[limǫ→0A].

Method with dimensional regularization:

It corresponds this time to consider the order of limits limǫ→0[limΛ→∞A]. One indeed computes now the
diagram in dimension d = 4− ǫ, without any UV cut-off. It reads

A =
i

8π2

∫ Λ

ρ

dk

kǫ+1
=

i

8π2

(
−1

ǫ
Λ−ǫ +

1

ǫ
ρ−ǫ
)
, (1.136)

which should be evaluated in the limit Λ→∞ with ǫ fixed. The first term tends to 0. The only remaining term
is

i

8π2

1

ǫ
ρ−ǫ ,

which should now be expanded in the limit ǫ→ 0+, thus finally reducing to

A =
i

8π2

1

ǫ
. (1.137)

This explicitly shows, comparing Eqs. (1.137) and (1.135), that a logarithmic divergency lnΛ corresponds to
a 1/ǫ pole.

Integrale with an explicit regulator in the IR sector

One can introduce an explicit regulator in the IR by putting a mass, according to

B =
2πd/2

(2π)d
i

Γ(d/2)

∫ Λ

ρ

dk
kd−1

(k2 +∆)2
, (1.138)

where ∆ > 0 (this regulator plays the role of a squared mass). An explicit computation leads to identical results
with Eqs. (1.137) and (1.135).
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A specific result of dimensional regularization

In the explicit IR cut-off approach with a dimensional regularization for the UV sector, we have avoided the
discussion of the IR divergency of the integral (1.134). In turns out that in dimensional regularization, this
integral vanishes. We will show now that

∫
ddk

(2π)d
1

(−k2)α = 0 avec α > 0 . (1.139)

Proof:

The Wick rotation allows to write

∫
ddk

(2π)d
1

(−k2)α =
2πd/2

(2π)d
i

Γ(d/2)

∫ Λ→∞

ρ→0

dk
kd−1

(k2)α
. (1.140)

To go further, one introduces an arbitrary cut-off c (ρ < c < Λ) to separate the UV sector from the IR sector,
and thus writes ∫ Λ

ρ

dk
kd−1

(k2)α
=

∫ c

ρ

dk kd−2α−1 +

∫ Λ

c

dk kd−2α−1 . (1.141)

Let us treat separately the two above integrals. The first one converges in dimension d > 2α, while the second
one converges for d < 2α. We thus denote d = 2α− ǫIR for the first integral and d = 2α− ǫUV for the second
one. Of course, at the end of our computation, one should make ǫIR = ǫUV since the computation is made in
a given space-time dimension! To insure the convergency of these two integrals when considered separately, we
have to assume that ǫIR < 0 and ǫUV > 0. We thus get

∫ Λ

ρ

dk
kd−1

(k2)α
=

∫ c

ρ

dk k−1−ǫIR +

∫ Λ

c

dk k−1−ǫUV (1.142)

=

(
− 1

ǫIR
c−ǫIR +

1

ǫIR
ρ−ǫIR

)
+

(
− 1

ǫUV
Λ−ǫUV +

1

ǫUV
c−ǫUV

)

which simplifies, in the limit ρ→ 0 and Λ→∞, in
∫ Λ

ρ

dk
kd−1

(k2)α
= − 1

ǫIR
c−ǫIR +

1

ǫUV
c−ǫUV . (1.143)

This expression has a pole in ǫIR = ǫUV = 0 since it reduces, in the limit ǫIR → 0 and ǫUV → 0, to

∫ Λ

ρ

dk
kd−1

(k2)α
∼ − 1

ǫIR
+

1

ǫUV
. (1.144)

Since we have only encountered poles, we are allowed to use the expression (1.144) in order to define by analytical
continuation the result of the integral we started with. The constraints ǫIR < 0 and ǫUV > 0 can now be removed
(this is the essence of a continuation), and one can now make the identification ǫIR = ǫUV = ǫ, from which we
deduce, using (1.144) that the starting integral vanishes.

1.4 Optical theorem and Cutkosky rules

1.4.1 Unitarity

Any quantum field theory which is properly defined should be unitary. This means that starting from a given
physical situation (for example an initial state made of two hadrons), the sum over all probabilities to obtaining
the various possible final states should be equal to unity. This reads

S · S† = S† · S = 1 . (1.145)
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Let us rewrite this last identity using the scattering matrix T : from S = 1 + i T one gets

(1 − i T †)(1 + i T ) = 1

and thus
T † T = −i(T − T †)

i.e. in matrix form
(T †)fn Tni = −i(T − T †)fi . (1.146)

This reads26 ∑

n

M∗nfMni (2π)
4δ4(Pn − Pi) = −i(Mfi −M∗if ) . (1.147)

In the specific case where i = f (initial and final states are identical), this identity reduces to

(T †)in Tni = −i(T − T †)ii ,

or equivalently

T ∗ni Tni = −i (T − T ∗)ii = 2 ImTii =
1

i
DiscTii , (1.148)

and thus ∑

n

|Mni|2 (2π)4δ4(Pn − Pi) = 2 ImMii . (1.149)

The total cross-section of a process i→ X reads

σtot =
1

2
√
λ(s, m1, m2)

∑

n

(2π)4δ4(Pn − Pi) |Mni|2 , (1.150)

that is, after taking into account Eq.(1.149),

σtot =
1√

λ(s, m1, m2)
ImMii(s, t = 0) . (1.151)

This is the optical theorem, which relates the total cross-section of the process to the imaginary part of the
forward elastic scattering amplitude. In the case where masses vanishes or can be neglected, this theorem
reduces to

σtot =
1

s
ImMii(s, t = 0) . (1.152)

1.4.2 Cutkosky rules

The Cutkosky rules [12] allows to evaluate the discontinuity of a Feynman amplitude (for i and f which may be
different, and the rules thus may be applied appart from the optical theorem) in a rather simple way, in the case
of a cut arising from the physical-region singularity27. The discontinuity DiscTif = 2 i∆Tif of the scattering
amplitude in the s-channel running from s0 to +i∞ is defined as

Disc Tif ≡ lim
ǫ→0

[Tif (s+ iε)− Tif (s− iε)] (1.153)

Let Tif(G) be a contribution to the scattering amplitude, for a diagram G. The value of ∆Tif(G) in a given
channel associated with a specific cut n (which makes a separation between the left part G1 and the right part
G2 of the diagram G) is given by

∆Tif(G) =
1

2
Tin(G1)

T †nf(G2)

∏

kj∈cutn
(2π) θ(k0j ) δ(k

2
j −m2

j) , (1.154)

26Equivalentely, starting from S · S† = 1, one gets
∑

n
Mfn M∗

in (2π)4δ4(Pn − Pi) = −i(Mfi −M∗
if
) .

27In the case of singularities away form the physical region, the situation is much more complicated, and discussed in Ref. [13]
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where for simplification we give the expression for a scalar field theory, e.g. ϕ3 theory. For arbitrary theories,
one should just include the appropriate numerators in the product of cuts propagators. In the example of
ϕ3 theory, denoting by I the number of internal lines, I1 the number of internal lines to the left of the cut
and V1 the corresponding number of vertices, I2 the number of internal lines to the right of the cut and V2 the
corresponding number of vertices, I−I1−I2 being the number of cut lines and L the number of loops (including
the one with cut lines), this leads to28

∆Tif(G) =
1

2
(−i)V1−V2

∫ L∏

i

d4ql
(2π)4

I1∏

I1=1

i

k2l1 −m2
l1
+ iε

I2∏

I2=1

−i
k2l2 −m2

l2
− iε

I∏

I1+I2+1

(2π) θ(k0j ) δ(k
2
j −m2

j) (1.155)

where ql are the loop momenta. Note the simplicity of the rule: the left-hand part (with respect to the cut)
is computed with the usual Feynman rules (both for vertices, propagator including the iε prescription, while
right-hand part is computed with a complex conjugation, both for vertices and propagator (with implies that
the iε prescription turns into a −iε prescription). The contribution arising from the cut line can be understood
easily in the case of a single propagator, based on the identity

1

k2 ± iε = P
1

k2
∓ iπδ(k2) , (1.156)

which implies that

Disc
1

k2 ± iε = ∓ 2πiδ(k2) , (1.157)

supplemented with the condition k0 > 0 since we are closing on the physical region singularity. A proof of
(1.154) can be found in Ref. [8].

1.5 Fierz decomposition

In 4-dimension, there are 16 independent Dirac:

ΓS Γµ
V Γµν

T Γµ
A ΓP

I γµ σµν = i
2 [γ

µ, γν] γ5γµ i γ5
(1.158)

Let us denote29

Γα ≡ (Γα)−1 . (1.159)

One can check that
(γµ)−1 = γµ ≡ ΓV µ , (σµν )−1 = σµν ≡ ΓTµν ,

(γ5γµ)−1 = γµγ
5 ≡ ΓAµ , (iγ5)−1 = −iγ5 ≡ Γ−1P .

(1.160)

The hermitian conjugate of a Γα matrix is obtained by intertwining it with the γ0 matrix:

γ0(Γα)†γ0 = Γα

which shows that every quantity of type Ψ̄ΓαΨ are hermitian. When considered as to non-local operators, these
are the basic objects used for describing the soft part involved in the factorization of hard exclusive processes,
as we shall see in Chap. 5.

Proof:

[Ψ̄ΓαΨ]† = Ψ†Γα†(Ψ†Γ0)† = Ψ†γ0γ0Γα†γ0Ψ = Ψ†γ0ΓαΨ = Ψ̄ΓαΨ .

28Note that the rules in the form given in Ref. [7] are not correct as soon as the uncut part of the diagram involve loops.
29For the γµ matrices, this is compatible with the fact that (γµ)−1 = γµ (in the sense of covariant calculation based on the

metric tensor gµν).
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Starting from (1.160), one immediately gets that

TrΓαΓβ = 4δαβ . (1.161)

Any 4× 4 matrix can be expanded in the Γα basis, and the previous identity allows for an simple expression of
the coefficients of this expansion:

X = xα Γα =
1

4
Γα Tr (XΓα) =

1

4
Γα Tr (XΓα) . (1.162)

The matrix element Xb̄ā thus satisfies (denoting bispinor indices with latine letters and labelling the Dirac
matrices with greek letters)

Xb̄ā = δbb̄ δaāXba =
1

4
Γα b̄āXba Γ

α
ab (1.163)

and thus, after identification of the coefficient of Xba ,

δbb̄ δaā = 1
4Γα b̄ā Γ

α
ab , (1.164)

which is the Fierz decomposition of the identity in the tensor product space (see for example [8] page 160). This
identity is illustrated in Fig. 1.5

aā

bb̄

=
1

4

aā

bb̄

Γα Γα

Figure 1.3: Fierz identity

1.6 Kaleidoscope: introducing color

In this part, we will shortly present a graphical langage, which turns out to be very useful when computing
color factors.

A graphical representation of the Lie algebra generators in the fundamental representation taij is given by

a

i j
≡ taij .

(1.165)
The fundamental lines carry an arrow to distinguish the two representations N and N̄ which are not equivalent
forq N ≥ 3.

The graphical representation for the generator (ta)∗ij is given by

a

i j
≡ (ta)∗ij .

(1.166)
Since ta is hermitian,

(ta)†ij =

a

j i
= taij =

a

i j
(1.167)
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One can of course, through a turn around by π, write

a

j i
=

a

i j

(1.168)
thus hermiticity (1.167) implies that

a

i j
=

a

i j

(1.169)
After setting these rules, a given ordered product of generators drawn graphically can be translated algebraically
following the arrows backward, as one would do for Dirac γ matrices.

The generators are normalized conventionally thourgh the relation30

Tr (ta tb) = 1
2δ

ab . (1.170)

This relation, similar to (1.161), allows to derive the Fierz identity

taij t
a
kℓ =

1

2

(
δiℓ δjk −

1

N
δij δkℓ

)
. (1.171)

Proof:

The basis of the proof is identical to the one used for spinors:

I ans ta (a = 1, · · · , N2 − 1) provide a basis for hermitian matrices N × N. For a given arbitrary hermitian
matrix A, one can thus write

A = c0 I + ca ta . (1.172)

Using (1.170), one gets the expression of the coefficients appearing in the decompostion (1.172), in the form

c0 =
TrA

N
et ca = 2Tr[taA] . (1.173)

This leads to write (1.172) in the form, focusing to the coefficient ij ,

TrA

N
δij + 2 takℓAℓk t

a
ij = Aij

i.e., for every Aℓk ,

Aℓk

[
1

N
δkℓ δij + 2 taij t

a
kℓ − δiℓ δjk

]
= 0

which ends the proof after identifying the coefficients of Aℓk .

This Fierz identity reads graphically:

30This choice is of course compatible with the relation (1.10).
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j

i ℓ

k

=
1

2




j

i ℓ

k

− 1

N

j

i ℓ

k

 (1.174)

or equivalently, in the form of the decomposition of identity acting in the tensor product space N ⊗ N̄ :

j

i ℓ

k

=
1

N

j

i ℓ

k

+ 2

j

i ℓ

k

(1.175)

Let us consider now a few typical color factors, which we will encounter several times.

From (1.171) one easily extract31

(ta ta)ij = taik t
a
kℓ =

∑

k

1

2

(
δijδkk −

1

N
δik δkj

)
=

1

2

(
N − 1

N

)
δij =

N2 − 1

2N
δij ,

for which a graphical proof can be given:

=
1

2


 − 1

N


 =

1

2


N − 1

N


 =

N2 − 1

2N

Thus the Casimir operator in the fundamental representation is given by

(ta ta)ij =
N2 − 1

2N
δij ≡ CF δij i.e.

a a

j i
= CF

j i
(1.176)

Let us now show that

(
ta tb ta

)
ij
= − 1

2N
tbij i.e.

b

aaj i
= − 1

2N j i

b

(1.177)

Proof:

Using Fierz identity one gets

(
ta tb ta

)
ij
= taij′ t

b
j′k′ tak′j =

1

2

(
δij δj′k′ − 1

N
δij′ δk′j

)
tbj′k′ = − 1

2N
tbij

since tbj′j′ = 0 (generators are traceless).

31This result is mathematically expected: tata is a Casimir for SU(N) , thus from Schur lemma it should be a multiple of identity.
In order to get this multiplicative factor CF , it is enough to compute the trace of tata , which is equal to CF N (Tr I = N). Since

Tr(tata) = 1
2
δaa = N2−1

2
(number of generators= N2 − 1), thus CF = N2−1

2
.



1.6. KALEIDOSCOPE: INTRODUCING COLOR 37

Graphically:

= =

1
2




− 1
N




=
1

2




− 1

N



= − 1

2N

where we have used the fact that = Tr tb = 0 .

Graphical rule can also be given in order to compute color factor for non-abelian diagrams. Similarly to what
we wrote for the fundamental representation of SU(N), see Eq. (1.165), we denote the generator T a in the
adjoint representation, whose matrix elements are given by

T a
bc = i facb = −i fabc , (1.178)

as
a

b c
≡ T a

bc = −i fabc .
(1.179)

Let us now derive the following identity, which thus gives the expression of the Casimir operator in the
adjoint representation.

facd f bcd = N δab ≡ CA δ
ab i.e.

a b

c

d

= CA
a b

(1.180)

Proof:

The first proof is purely algebraic:

Tr
(
[ta , tc] [tb , tc]

)
= Tr

(
i facd td i f bce te

)

= −facd f bceTr(td te) = −1

2
facd f bcd , (1.181)

thus

facd f bcd = −2Tr
(
[ta , tc] [tb , tc]

)

= −2Tr
(
ta tc tb tc + tc ta tc tb − tc ta tb tc − ta tc tc tb

)

= −2Tr
(
2 ta tc tb tc − (ta tb + tb ta) tc tc

)
(1.182)
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where we have used the invariance of the trace under cyclic permutation, which finally gives, using relations
(1.176) and (1.177), as well as normalizations (1.170),

facd f bcd = −2Tr
(
− 1

N
ta tb − N2 − 1

2N
2 ta tb

)
= 2N Tr (ta tb) = N δab . (1.183)

The graphical proof requires to relate the adjoint representation to the fundamental one. This relies on the
relation

Tr([ta , tb] tc) =
i

2
fabc (1.184)

which can be written graphically as

i

2
fabc =

a

b c
−

a

b c
. (1.185)

Thus,

−fabc fa′cb = fabc fa′bc

=
a a′

b

c

= −(−2i)2

 a

b

c

− a

b

c


 a′

b

c

−
a′

b

c 


= 4


 a a′− a a′ − a a′

+
a a′




= 8


 a a′− a a′


 (1.186)

Each of these terms can now be evaluated separately using the Fierz identity:

1

a a′

=
1

2

a a′
− 1

2N

a a′

=
N2 − 1

4N

a a′
− 1

8N

a a′
=

(
N2 − 1

8N
− 1

8N

)
a a′

(1.187)

and

c,

a a′

=
1

2

a a′

− 1

2N

a a′

=
1

4

a a′
− 1

4N

a a′
− 1

8N

a a′

=

(
− 1

8N
− 1

8N

)
a a′

. (1.188)

where we have used the fact that the first terms in the right-hand-side of the second line of the above equation
vanishes since generators are traceless. Thus, inserting Eq. (1.187) and Eq. (1.188) inside Eq. (1.186) one gets

= N (1.189)

q.e.d.



Chapter 2

A few typical processes in QED

2.1 Introduction

A nucleon is a bound state (of quarks), subject to strong interaction. This is a strongly bounded state. Indeed,
consider the ratio of bounding energy / energy (or mass) of typical constituents in microscopic physics:

Atom :
a few eV

0.5 MeV
∼ 10−5 (for an electron bound to a nucleus)

Nucleus :
8 MeV

940 MeV
∼ 10−2

Nucleon :
1 GeV
<∼ 1 GeV

≥ 1

Of course, the higher this ratio, the higher the bounding energy of constituents.
Consequences :

• it seems rather doubtful to consider these constituent as quasi free.

• one cannot consider the system as made of a fixed number of constituents: this means pair creation and
thus enforce the use of relativistic quantum field theory

However, it turns out that this definitive conclusion is rather premature. For example the total cross-section
e+e− → hadron can be predicted with an excellent precision by just considering the process e+e− → qq, which
means in practice that one can almost neglect strong interaction effects which are responsible for hadronization!

Indeed, using the total cross-section e+e− → µ+µ− in the ultrarelativistic limit, computed at Born order in
QED

σe+e−→µ+µ−

total =
4πα2

3E2
c.m

, (2.1)

which equals

σe+e−→µ+µ−

total =
86, 8 nbarn

(Ec.m. in GeV)2

one can easily obtain the total cross-section σe+e−→qq
total :

σe+e−→qq
total = Nc (

∑

i

Q2
i )σ

e+e−→µ+µ−

total (2.2)

that is

R ≡ σe+e−→qq
total

σe+e−→µ+µ−

total

(2.3)

which is equal to

R(0) = 3
∑

i

Q2
i (2.4)

39
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taken into account that quarks can have 3 colors for the gauge group SU(Nc = 3). Note that this R ratio is
defined with respect to the cross-section for e+e− → µ+µ− and not e+e− → e+e− , in order to avoid the crossed
process with a photon exchange in t−channel, which has no equivalent for the processe+e− → hadron. Far from
thresholds, this prediction is excellent, as one can check on Fig. 2.1.

• Below the threshold of c-quark production:

Ru,d,s = 3

[(
2

3

)2

+

(−1
3

)2

+

(−1
3

)2
]
= 2 .

• Between c-quark production threshold and b-quark production threshold:

Ru,d,s,c = 3

[(
2

3

)2

+

(−1
3

)2

+

(−1
3

)2

+

(
2

3

)2
]
=

10

3
.

• Above the b-quark production threshold:

Ru,d,s,c,b = 3

[(
2

3

)2

+

(−1
3

)2

+

(−1
3

)2

+

(
2

3

)2

+

(−1
3

)2
]
=

11

3
.

The QCD corrections are known at 3 loops and give

R = R(0)

[
1 +

αs

π
+ C2

(αs

π

)2
+ C3

(αs

π

)3
+ · · ·

]
or C2 = 1.411 and C3 = −12.8 . (2.5)

2.2 e−e+ → µ−µ+ annihilation: the archetype for reactions at e+e−

colliders

Consider, in the tree-like approximation of QED, the annihilation e−e+ → µ−µ+ , illustrated in Fig. 2.2.
The amplitude for this process reads, in Feynman gauge,

iM = v̄s
′

(p′)(−ieγµ)us(p)
(−igµν

q2

)
ūσ(k) (−ie γν)vσ′

(k′)

=
ie2

q2
(v̄(p′)γµu(p)) (ū(k)γµv(k

′)) , (2.6)

where s, s′ (resp. σ, σ′) are the spin of the electron and positron (resp. µ− and µ+).
To evaluate the cross-section for this process, one should compute |M|2. A very convenient identity allows

to simplify this computation. Consider indeed the complex number1 v̄γµu :

(v̄γµu)∗ = (v̄γµu)† = u†(γµ)†(γ0)†v = u†(γµ)†γ0 v = u†γ0 γµ v = ū γµ v (2.7)

(remember that Ψ̄ = Ψ†γ0). Thus

|M|2 =
e4

q4
(v̄(p′)γµu(p) ū(p)γνv(p′)) (ū(k)γµv(k

′) v̄(k′)γνu(k)) . (2.8)

Suppose now that we are interested in the cross-section for the unpolarized process. We should thus average
over the spins of the incoming electron and positron and sum over the spins of the outgoing, i.e. compute

1

2

∑

s

1

2

∑

s′

∑

σ

∑

σ′

|M(s, s′ → σ, σ′)|2 .

1It is thus invariant under transposition.
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Let us consider the first factor of (2.8) (which thus concerns the “electron” part of the amplitude), and let us
write explicitly the spinor indices (they will be removed later) Using the fact that the coefficients of quadri-
spinors are C−numbers, one can freely move them inside the algebraic relation, which allows to write

∑

s, s′

v̄s
′

a (p′)γµabu
s
b(p)ū

s
c(p)γ

ν
cdv

s′

d (p′) =
∑

s′

vs
′

d (p′)v̄s
′

a (p′)γµab
∑

s

usb(p)ū
s
c(p)γ

ν
cd

= (/p′ −m)daγ
µ
ab(/p+m)bcγ

ν
cd = Tr[(/p′ −m)γµ(/p+m)γν ] .

after using the identities (1.87, 1.88). One thus finally gets

1

4

∑

s, s′, σ, σ′

|M(s, s′ → σ, σ′)|2 =
e4

4 q4
Tr[(/p′ −me)γ

µ(/p+me)γ
ν ] Tr[(/k +mµ)γµ(/k

′ −mµ)γν ] . (2.9)

The calculation thus reduces to compute the trace of a product of Dirac matrices. Applying the relations
(1.109), (1.110) and (1.111), one immediately gets

ℓµν(e) ≡
1

2
Tr[(/p′ −me)γ

µ(/p+me)γ
ν = 2 [p

′µpν + p
′νpµ − gµν(p · p′ +m2

e)] (2.10)

and

ℓ(µ)µν ≡
1

2
Tr[(/k +mµ)γµ(/k

′ −mµ)γν ] = 2 [kµk
′
ν + kνk

′
µ − gµν(k · k′ +m2

µ)] . (2.11)

We will regularly use the above tensors, called leptonic tensors.
The square of the average amplitude (2.9) can be immediately obtained from (2.10) and (2.11), after con-

tracting µ, ν indices. One finally gets

1

4

∑

spins

|M|2 = ℓµν(e)ℓ(µ)µν

=
8 e4

q4
[
(p · k)(p′ · k′) + (p · k′)(p′ · k) +m2

µ(p · p′) +m2
e(k · k′) + 2m2

em
2
µ

]
. (2.12)

To go further, one should choose a reference frame. Let us consider now the center-of-mass frame, and let us
neglect starting from now the electron mass with respect to any other quantity which is involved. Denoting
by E the energy of each particule, and θ the scattering angle (angle between the e− momentum and the µ−

momentum (see Fig. 2.3)), one may write

q2 = 4E2 (= s =W ∗ 2) , p · p′ = 2E2 , (2.13)

p · k = p′ · k′ = E2 − E|~k| cos θ , p · k′ = p′ · k = E2 + E|~k| cos θ . (2.14)

The formula (2.12) thus reads

1

4

∑

spins

|M|2 =
8 e4

16E4

[
E2(E − |~k| cos θ)2 + E2(E + |~k| cos θ)2 + 2m2

µE
2
]

= e4

[
1 +

m2
µ

E2
+

(
1− m2

µ

E2

)
cos2 θ

]
, (2.15)

since |~k|2 = E2 −m2
µ .

We can now write the cross-section for the process: using (1.50), we thus have

dσ

d2Ω∗
=
|~k|
E

1

64π2s

1

4
|M|2 =

α2

4s

√
1− m2

µ

E2

[
1 +

m2
µ

E2
+

(
1− m2

µ

E2

)
cos2 θ

]
. (2.16)

The total cross-section follows after integration with respect to d2Ω∗ = dφ d cos θ , using

1∫

−1

(1 + cos2 θ) d cos θ =
8

3
,
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and thus

σe+e−→µ+µ−

tot =
4πα2

3 s

√
1− m2

µ

E2

[
1 +

1

2

m2
µ

E2

]
(c.m. frame) (2.17)

which reduces, in the high energy limit (E ≫ mµ),to

σe+e−→µ+µ−

tot ∼ 4πα2

3 s
, (2.18)

The cross-section (2.2) for the process e+e− → q q̄ discussed in the introduction follows immediately, taking
into account that each quark carries Nc = 3 colors, which should be summed up, and replacing the electronic
charge −|e| by Q |e| (Q = 2/3 for u, c, t and Q = −1/3 for d, s, b.).

This is not enough to justify the fact that this computation can describe with a good precision the cross-
section for e+e− → hadrons. This justification relies on asymptotic freedom, i.e. on the fact that for large s,
corrections to the process e+e− → q q̄ , corresponding to taking into account gluon radiation, virtual corrections,
etc... are strongly suppressed, based on the fact that the scale of the strong coupling αS which is typically
involved when evaluating these perturbative corrections is of the order of s : for s ≫ ΛQCD, the coupling is
small, and the corrections are thus small.

A justification based on field theory is possible: it is based on the proof that this ratio R is dominated by
the short distance behaviour of the correlator of a non-local product of two currents. One should then expand
systematically this product of operators on a basis of local operators (Wilson approach). We will discuss later
this approach for Deep Inelastic Scattering, which we will now consider, considering again a typical QED process.

2.3 The diffusion e−µ− → e−µ− : the reference process for the parton
model

We now consider the process e−µ− → e−µ− , illustrated by Fig. 2.4. The amplitude of this processus reads

1

4

∑

s, s′, σ, σ′

|M(s, s′ → σ, σ′)|2 =
e4

4 q4
Tr[(/p′1 +me)γ

µ(/p1 +me)γ
ν ] Tr[(/p′2 +mµ)γµ(/p2 +mµ)γν ]

=
e4

q4
1

2
Tr[(−/p′1 −me)γ

µ(/p1 +me)γ
ν ]

1

2
Tr[(/p′2 +mµ)γµ(−/p2 −mµ)γν ] . (2.19)

One can see on this relation that this amplitude can be obtained from the amplitude (2.9) of the process
e−e+ → µ−µ+ by the change of variables

p→ p1 , p′ → −p′1 , k → p′2 , k′ → −p2 . (2.20)

It reads
1

4

∑

spins

|M|2 =
e4

q4
ℓµν(e)ℓ(µ)µν (2.21)

with2

ℓ(e)µν ≡ +
1

2
Tr[(/p′1 +me)γµ(/p1 +me)γν ] = 2 [p1µ p

′
1 ν + p′1µ p1 ν + (m2

e − p1 · p′1) gµν ] , (2.22)

and

ℓ(µ)µν ≡ +
1

2
Tr[(/p′2 +me)γµ(/p2 +me)γν ] = 2 [p2µ p

′
2 ν + p′2µ p2 ν + (m2

µ − p2 · p′2) gµν ] . (2.23)

The computation of (2.19) then immediately follows:

1

4

∑

spins

|M|2 =
8 e4

q4
[
(p1 · p′2)(p′1 · p2) + (p1 · p2)(p′1 · p′2)−m2

µ(p1 · p′1)−m2
e(p2 · p′2) + 2m2

em
2
µ

]
. (2.24)

2These leptonic tensors can be obtained, up to sign, starting from the leptonic tensor of the process e−e+ → µ−µ+ through the
change of variables (2.20).
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This time, in view of an application which will follow within the parton model, we will evaluate this cross-section
in the laboratory frame of µ−. We thus introduce

p1 = (E, ~p1) , p′1 = (E′, ~p ′1) , p2 = (M, 0) . (2.25)

The diffusion angle is denoted byθ. Again, we will neglect the mass of the electron, and we can thus write that
|~p1| = E and |~p ′1| = E′ . The exchanged photon, of virtuality

q2 = (E − E′)2 − (~p1 − ~p ′1)2 = −2EE′(1− cos θ) = −4EE′ sin2 θ
2
, (2.26)

is space-like. One conventionally introduces Q2 = −q2 .
The various scalar products involved in (2.24) read

p1 · p2 = p′1 · p′2 = mµE , p′1 · p2 = p1 · p′2 = mµ E
′ , p1 · p′1 = E E′(1− cos θ) , (2.27)

which implies that
1

4

∑

spins

|M|2 =
8 e4

q4
m2

µ

[
E2 + E′2 − 2EE′ sin2

θ

2

]
. (2.28)

This expression can be simplified using the fact that the process is elastic: since p′2 = p2 + q ,

p′22 = p22 + 2 p2 · q + q2

implying that

Q2 = −q2 = 2 p2 · q = 2 p2 · (p1 − p′1) = 2mµ (E − E′) . (2.29)

One thus deduces that

1

4

∑

spins

|M|2 =
16 e4

q4
m2

µEE
′
[
(E − E′)2
2E E′

+ cos2
θ

2

]
=

16 e4

q4
m2

µE E
′
[
cos2

θ

2
+

Q2

2m2
µ

sin2
θ

2

]
, (2.30)

and thus finally, using (1.83),

dσ

d2Ω

e−µ−→e−µ−

=
α2

4E2 sin4 θ
2

E′

E

[
cos2

θ

2
+

Q2

2m2
µ

sin2
θ

2

]
(c.m. frame) . (2.31)

2.4 Mandelstam variables, crossing

If one introduces the Mandelstam variables for the processes e−e+ → µ−µ+ and e−µ− → e−µ− which we have
just studied

s = (p+ p′)2 t = (p− k)2 u = (p− k′)2 (2.32)

s̃ = (p1 + p2)
2 t̃ = (p1 − p′1)2 ũ = (p1 − p′2)2 , (2.33)

one realizes that the transformation (2.20) corresponds to the crossing

(s, t, u)→ (t̃, ũ, s̃) . (2.34)

If one uses from the beginning the following notations for momenta

e−(p)µ−(−k′)→ e−(−p′)µ−(k) ,

and comparing this process to the process e−e+ → µ−µ+ (see Fig. 2.5) this crossing turns out to be explicit.
We will show that it corresponds to the crossing (s, t, u) → (t, u, s). More generally, these three processes
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corresponding to the s, t and u channels are the following:

s−channel: e−(p) + e+(p′)→ µ−(k) + µ+(k′)

e−

e+

µ−

µ+

e−

e+

µ−

µ+

t−channel: e−(p) + µ+(−k)→ e−(−p′) + µ+(k′)

e−

µ+

e−

µ+

e− e−

µ+ µ+

u−channel: e−(p) + µ−(−k′)→ µ−(k) + e−(−p′)

e−

µ− e−

µ− e− µ−

µ− e−

(2.35)
The crossing allowing to pass from e−e+ → µ−µ+ to e−µ− → e−µ− is performed as follows:

a

e−

e+

µ−

µ+

s↔ t−→

e− e−

µ+ µ+

s↔u−→

e− e−

µ− µ−

Me−e+→µ−µ+

(s, t, u) Me−e+→µ−µ+

(t, s, u) Me−e+→µ−µ+

(t, u, s)

=Me−µ+→ e−µ+

(s, t, u) =Me−µ−→ e−µ−

(s, t, u)

(2.36)

or equivalently

3
4

e−

e+

µ−

µ+

s↔ u−→

e− µ−

µ− e−

u↔ t−→

e− e−

µ− µ−

Me−e+→µ−µ+

(s, t, u) Me−e+→µ−µ+

(u, t, s) Me−e+→µ−µ+

(t, u, s)

=Me−µ+→ e−µ+

(s, t, u) =Me−µ−→ e−µ−

(s, t, u)

(2.37)

which indeed corresponds to the transformation (s, t, u)→ (t, u, s).
This can be of course checked algebraically on the amplitudes calculated previously. Making the Mandelstam

variables of the s−channel process explicit

s = (p+ p′)2 = 2m2
e + 2 p · p′ = (k + k′)2 = 2m2

µ + 2 k · k′ ,
t = (p− k)2 = m2

e +m2
µ − 2 p · k = (p′ − k′)2 = m2

e +m2
µ − 2 p′ · k′ ,

u = (p− k′)2 = m2
e +m2

µ − 2 p · k′ = (p′ − k)2 = m2
e +m2

µ − 2 p′ · k ,

one thus deduces that

2 p · p′ = s− 2m2
e , 2 p · k = m2

e +m2
µ − t , 2 p · k′ = m2

e +m2
µ − u

2 k · k′ = s− 2m2
µ , 2 p′ · k′ = m2

e +m2
µ − t , 2 p′ · k = m2

e +m2
µ − u .

(2.38)

The amplitude (2.12) of the process e−(p) e+(p′)→ µ−(k)µ+(k′) can thus be written

1

4

∑

spins

|M|2 =
2 e4

s2
[
(t−m2

e −m2
µ)

2 + (u−m2
e −m2

µ)
2 + 2m2

µ(s− 2m2
e) + 2m2

e(s− 2m2
µ) + 8m2

em
2
µ

]
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and thus, using s+ t+ u = 2 (m2
e +m2

µ) ,

1

4

∑

spins

|M|2 =
2 e4

s2
[
t2 + u2 + 2 (m2

e +m2
µ)(2 s−m2

e −m2
µ)
]

(e−e+ → µ−µ+) (2.39)

The same game for the process e−(p)µ−(−k′)→ e−(−p′)µ−(k) leads to

1

4

∑

spins

|M|2 =
2 e4

t2
[
(u−m2

e −m2
µ)

2 + (s−m2
e −m2

µ)
2 − 2m2

µ(2m
2
e − t)− 2m2

e(2m
2
µ − t)

+8m2
em

2
µ

]

and thus

1

4

∑

spins

|M|2 =
2 e4

t2
[
s2 + u2 + 2 (m2

e +m2
µ)(2 t−m2

e −m2
µ)
]

(e−µ− → e−µ−) (2.40)

One can check algebraically on these two expressions that one indeed gets (2.40) starting from (2.39) and making
(s, t, u)→ (t, u, s).

To end up, let us give the expression of the cross-section of the process e−µ− → e−µ− using the Mandelstam
variables (which directly provides the expression of the cross-section in the center-of-mass frame through the
relation (1.70): dt = 2 p∗i p

∗
f d cos θ

∗), which expression will be our starting point in order to build the parton
model. From (1.72),

dσe−µ−→e−µ−

dt
=

1

64 π s p∗ 2i

1

4

∑

spins

|M|2 (2.41)

and thus, combining (2.40) with the expression (1.51) of p∗i ,

dσe−µ−→e−µ−

dt
=

2π α2

t2 λ(s, m2
e, m

2
µ)

×
{
s2 +

[
s+ t− 2 (m2

e +m2
µ)
]2

+ 2 (m2
e +m2

µ)(2 t−m2
e −m2

µ)
}
.

(2.42)



46 CHAPTER 2. A FEW TYPICAL PROCESSES IN QED

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

1 10 10
2

σ
[m

b
]

ω

ρ

φ

ρ′

J/ψ

ψ(2S)
Υ

Z

10
-1

1

10

10
2

10
3

1 10 10
2

R ω

ρ

φ

ρ′

J/ψ ψ(2S)

Υ

Z

√

s [GeV]

Figure 2.1: Total cross-section e+e− → hadron and R ratio. In dashed-green the parton model prediction.
In red, the 3-loop QCD prediction, combined with a Breit-Wigner parametrization of the bound states J/Ψ,
Ψ(2S), Υ(nS) (n = 1, 2, 3, 4).
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Figure 2.2: Annihilation e−e+ → µ−µ+ .
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e− e+

µ−

µ+

p = (E, 0, 0, E) p′ = (E, 0, 0,−E)

k = (E,~k)

k′ = (E,−~k)

θ

Figure 2.3: Annihilation e−e+ → µ−µ+ in the center-of-mass frame.

e−e−

µ− µ−p2 p′2

p1 p′1

q

Figure 2.4: Diffusion e−µ− → e−µ− in the tree-like approximation.

e−

e+

µ−

µ+

p

p′

k

k′

q

e−e−

µ− µ−−k′ k

p −p′
q

Figure 2.5: Diffusions e−e+ → µ−µ+ and e−µ− → e−µ− at Born order, with the same kinematics.
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Part II

Elastic and inelastic scattering of
leptons on the nucleon
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Chapter 3

Nucleon form factor: a test of the
internal structure of hadrons

3.1 Kinematics of lepton-nucleon diffusion

Let us consider the diffusion of a lepton, for example an electron (it could also be a muon, as it is currently
realized at COMPASS), on a nucleon. The kinematical variables are fixed according to the following relations,
in accordance with Fig. 3.1

q = k − k′, ν = p · q/M , W 2 = p2n = (p+ q)2 . (3.1)

W is thus the total center-of-mass energy of the γ∗ (or Z0)-nucleon sytem. W satisfies the inequality

W 2 = q2 + 2M ν +M2 ≥M2 , (3.2)

the equality W 2 =M2 corresponding to elastic scattering.
In the laboratory frame, the momenta of the target nucleon and of the outgoing lepton reads

pµ = (M, 0, 0, 0) , kµ = (E, ~k) , k′µ = (E′, ~k′) . (3.3)

The quantity ν = E − E′ thus measures the loss of energy of the lepton, or equivalently the energy of the
exchanged boson in the laboratory frame. Neglecting the lepton mass, which we will systematically do, we have

q2 = (k − k′)2 ≃ −2 k · k′ = −4EE′ sin2 θ
2
≤ 0 , (3.4)

where θ is the lepton scattering angle. One can check on this relation that the exchanged photon (or the Z0) is
space-like or light-like, and it is traditional to denote, like for the process e−µ− → e−µ− which we have studied
in the previous chapter,

Q2 = −q2 . (3.5)

e−(k) e−(k′)

q

N(p)

X(pn)

Figure 3.1: Electron-nucleon diffusion.
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Several regime will be of interest.
The first regime, called Mott diffusion, is the regime where Q2 almost vanishes, and for which the recoil effect

of the proton is negligible, i.e. E ≃ E′ . The proton can thus be considered as point-like, uniquely caracterized
by its electric charge.

The regime giving access to global informations on the nucleon is the regime for which Q2 is small or of the
same order as its mass. In that case, the diffusion will be mainly elastic, ultimately inelastic (production of
the nucleon in an excited state). One thus gets acces to the distribution of charges and of magnetic moment
inside the nucleon (which are typically exponential as functions of the distance to center), and in particular to
its radius.

In the regime where Q2 ≫ M2 , called deep scattering, one will get access to the internal structure of the
nucleon with a very precise resolution, typically of the order of 1/Q , i.e. much smaller than the nucleon radius,
and will directly probe its constituents, the quarks. Perturbative QCD is then useful to extract information on
this cross-section.

For Q2 large, the cross-section is experimentally dominated by inelastic events, corresponding toW 2 ≫M2 .
The nucleon indeed faces a very violent collision and the probability that it dislocates is very high. This is named
Deep Inelastic Scattering.

Finally, in the regime where W 2 ≫ Q2 ≫ M2 , which is called the perturbative Regge limit, ou small-xBj

regime, the process is completely governed by radiative emmission of see quarks and gluons.
Note that the regime W 2 ≫ M2 , called Regge limit, can only be described through perturbative methods

if Q2 ≫ Λ2
QCD.

3.2 Hadronic current and form factors

3.2.1 Parametrization of the electromagnetic current of an extended hadron

Suppose that Q2 is sufficiently small with respect to MZ0 and let us expand the QED lagragian at lowest order
with respect to interaction

Lint = (−|e|Ψ̄e γµ Ψe + |e|Jem
µ )Aµ (3.6)

where Jem
µ is the hadronic part of the electromagnetic current. The scattering amplitude of the process then

reads1

Mn = e2 u(k′, λ′)γµu(k, λ)
1

q2
〈n|Jem

µ (0)|p, σ〉 (3.7)

where λ, λ′, σ respectively denotes the polarization of the incoming electron, of the outgoing electron, and of
the incoming nucleon.

We shall first study the elastic case, which corresponds to the situation where X(pn) = nucleon. We denote
by Q the nucleon electric charge, in units of |e|. The matrix element of the electromagnetic current can be
decomposed according to

〈N(p′)|Jem
µ (0)|N(p)〉 = u(p′)

[
γµ F1(q

2) + iσµνqν
κ

2M
F2(q

2)
]
u(p) . (3.8)

This is the most general2 way of parametrizing a 3-point correlation function eeγ which obeys current conser-
vation and parity invariance, and thus forbids the presence of a γ5 matrix. The coefficients F1(q

2) and F2(q
2)

are real in the scattering channel q2 ≤ 0 we are interested in here.3 This expression indeed fulfill current
conservation. In fact, each of these terms corresponds to a current which is separately conserved: contracting
qµ with the first term gives

qµu(p′)γµu(p) = (p′ − p)µu(p′)γµu(p) = u(p′) (/p′ − /p)u(p) = 0

after using Dirac equation (initial and final states are real and thus staisfies this equation, with the same mass),
and the second is concerved using antisymmetry of σµν , which vanishes after contracting with the symmetric
tensor qµν .

1The current is a function of the position x, but using translation invariance, one can choose x = 0 .
2A term like u(p′)(p′µ + pµ)u(p) is a priori possible, since it obeys current conservation. But it is redundant since it can be

reexpressed in the form (3.8) after using the Gordon identity (3.9).
3This can be justified based on unitarity constraint (1.147) which becomes trivial in the scattering channel.
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The conservation of the current implies the conservation of total electric charge. Considering the scattering
of the particle on an electrostatic field (for which q0 = 0), with a slow spatial variation, and thus concentrated
around ~q = 0, one normalizes this scattering to the one on a coulombic potential. This limit allows to show that
for the electron, F1(0) = 1 (in all order in perturbation), which corresponds to electric charge conservation (in
units of e = −|e|)4. In the case of hadronic physics, normalizing with respect to the charge |e|, this constraint
immediately extends to F1(0) = Q where Q is the electric charge in units of |e| .

The first term in the decomposition (3.8) is called Dirac current, while the second is the Pauli term (also
named anomalous magnetic current, for reasons to be given soon).

This first term, which has the form of a current u(p′)γµu(p) , both describes electric and magnetic interaction.
Indeed, from the Gordon identity5

ū(α)(p′) γµ u(β)(p) =
1

2m
ū(α)(p′)[(p′ + p)µ + iσµν(p′ − p)ν ]u(β)(p) , (3.9)

one can deduce a new expression for the current u(p′)γµu(p) as the sum of two terms, qui are separately
conserved:

ū(p′) γµ F1(q
2)u(β)(p) =

F1(q
2)

2m
ū(p′)(p′ + p)µu(p) + i

F1(q
2)

2m
ū(p′)σµν(p′ − p)νu(p) . (3.10)

The first term is a 0 spin contribution, which is the only possible contribution when trying to parametrize for
example the pion form factor 6.

The second term is magnetic contribution. Again, the evaluation in the classical limit of a scattering on a
slowly varying magnetostatic field allows to show that this term is responsible for the appearance of a magnetic
moment ~µ, which is conventionally written as

~µ = g
( q

2m

) ~σ
2

(3.11)

where ~s = ~σ/2 is the spin operator of the spin 1/2 particle, and q is its electric charge. g is named Landé factor.
Collecting the two contributions coming from F1(0) and F2(0) , g reads

g = 2 [F1(0) + κF2(0)] = 2Q+ 2 κ , (3.12)

with the arbitrary normalization F2(0) = 1. In the Dirac theory of a point-like particle of spin 1/2 , and of charge
Q, g = 2Q. The deviation with respect to this value is thus due to the possible existence of a contribution coming
from the second term of (3.8), therefore named anomalous magnetic current. Let us fix the notations. Defining
Bohr and nuclear magneton by

µB = − |e|~
2me

(3.13)

µN =
|e|~
2mp

, (3.14)

we have

µlepton =
glepton

2
µB = µB(1 + κlepton) (3.15)

µBaryon =
gBaryon

2
µN = µN (Q+ κBaryon) . (3.16)

4It is traditional in QED to use units of e = −|e|.
5We make the polarization indices explicit in order to highlight the bi-spinorial structure of this equation. Analogous equations

exist betweeen negative energy solutions of Dirac equation, as well as between positive and negative energy solutions.
6This is in accordance with the vertex contribution ππγ of scalar QED, which is of the form −ie(pµ + p′µ), with p incoming and

p′ outgoing.
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3.2.2 Leptons and nucleons magnetic moments

We gather below experimental values for the magnetic moments of e−, µ−, p et n.

particle µexp. precision κ µpoint−like µquarks

e 1.0011596... 4. 10−12 .0011596... 1

µ 1.0011659... 6. 10−10 .0011659... 1

p 2.7928473... 10−8 1.7928473... 1 2.82..

n −1.9130427... 2.5 10−7 −1.9130427... 0 −1.88..

(3.17)

As far as lepton are concerned, the comparison with Dirac model show that these measurements are compatible
with the fact that lepton are pointlike particles. The theoretical corrections, known with the same precision
as experimental measurements, shows that leptons are point-like particles, based on current knowledge. The
first correction, coming from the virtual QED one loop contribution (triangle diagram) to the vertex eeγ, leads
to κe = α

2π . Contributions from weak interactions should also be taken into account, as well, at higher orders,
that hadronic contributions. One should note that high precision measurements of these magnetic moments
are very important, since the ultimate experimental and theoretical precisions could give access (if hadronic
contributions are well under control) to signals of physics beyond standard model.

For baryons, experimental results clearly show that they cannot be considered as point-like. In the right
column, we provide the expected values for magnetic moments, based on the constituent quark model7, for which
the total magnetic moment is the sum of the magnetic moment of quarks8 which make the baryon content9.
Taking into account the proton and neutron wave function, we get

µp =
1

3
(4µu − µd) , et µn =

1

3
(4µd − µu) (3.18)

which indeed fulfill isospin symmetry. The same model can be successfully extended to other baryons.

3.2.3 Electric and magnetic form factors

It is customary to introduce Sachs electric and magnetic form factors

GE(q
2) = F1(q

2) +
κ q2

4M2
F2(q

2) (3.19)

GM (q2) = F1(q
2) + κF2(q

2) . (3.20)

To enlight this definition, it is instructive to use the Breit frame, which is the center-of-mass frame of the system
of incoming and outgoing particles, for which ~p + ~p ′ = ~0 , and thus p0 = p′0 . In this frame, the target get its
momentum reversed when interacting with the photon. The photon energy q0 which has been transfered, as
well as the transfer of 3-dimensional momentum are both zero. This frame is thus particularly convenient in
order to get a physical picture of the scattering process, for which the external field behaves like a static and
uniform field. One can show that the form factors GE and GM can be understood as the Fourier transform of
the electric charge and magnetic moment distributions of the proton10.

Naturally, this image remains true in the laboratory frame, in the non-relativistic limit, to the condition
that the transfered momentum should be negligible with respect to the mass of the nucleon, i.e. |~q| ≪ mp .

The contraints F1(0) = Q then leads to

GE(0) = Q et GM (0) =
µ

µN
= Q+ κ . (3.21)

7In this model, the constituent quark mass for u and d is fixed to be m = 333MeV.
8For each quark i, one thus have µi = Qi

|e|
2mi

with Qi = 2/3 or −1/3.
9One does not consider here excited states and therefore neglect orbital momentum effects

10Note that the electric charge distribution term GE(Q2) (3.19) receives a contribution from the Pauli term, since this later has
a non-vanishing coupling with the electrostatic field Aµ = (φ,~0), except in the case of ~q exactly equal to zero.
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3.2.4 Summary

We here gather the various equivalent forms of the hadronic current (3.8). To make the expressions simpler, we
do not write explicitly the spinors11, and we introduce

〈N(p′)|Jµ
em(0)|N(p)〉 = u(p′) Γµ

em u(p) . (3.22)

The following expressions can be proven using the Gordon identity (3.9). Denoting P = p+ p′ with

P 2 = 4M2 + 2p · q = 4M2 − q2 , (3.23)

we have

Γµ
em = 2M(GE −GM )

Pµ

P 2
+GM γµ = −κF2

2M
Pµ +GMγ

µ (3.24)

= 2M

(
GE −

q2

4M2
GM

)
Pµ

P 2
+ i

GM

2M
σµνqν =

F1

2M
Pµ + i

GM

2M
σµνqν (3.25)

= (4M2GE − q2GM )
γµ

P 2
− i2M

P 2
(GE −GM )σµνqν = γµ F1 + iσµνqν

κ

2M
F2 . (3.26)

In the point-like limit, for which

F1(q
2) = Q , F2(q

2) = 1 , κ = 0 , and GE(q
2) = GM (q2) = Q , (3.27)

the current reads

Γµ
em = Qγµ =

Q
2M

Pµ +
iQ
2M

σµνqν spin 1/2 point-like particle . (3.28)

For comparison, the current of a spin-0 particle, e.g. a pion, is

〈m(p′)|Jµ
em(0)|m(p)〉 = Pµ F spin 0 particle (3.29)

where F is a scalar function which satisfies F (0) = Q . Thus the current reduces to

〈m(p′)|Jµ
em(0)|m(p)〉 = QPµ spin 0 point-like particle (3.30)

for a point-like particle.

3.3 Cross-section and hadronic tensor

3.3.1 From hadronic and leptonic tensors to cross-sections

In order to get ready for DIS which we will study in Chap. 4, we now give the expression of the differential
unpolarized cross-section, for an arbitrary final state (thus applicable for elastic or inelastic processes). It reads,
according to (1.33) and (1.38),

dσn =
1

2M2E

d3k′

(2π)32k′0

n∏

i=1

d3ki
(2π)3 2 ki0

1

4

∑

σλλ′

|Mn|2(2π)4δ4(p+ k − k′ − pn) (3.31)

where we have separated the phase space of the final state as the product of the outgoing lepton phase space

and of produced hadrons, and where pn =
n∑

i=1

ki is the total momentum of the produced hadronic system. The

amplitudeMn is given by (3.7). We can thus write dσn as

dσn =
e4

q4
1

2E

d3k′

(2π)32k′0

1

2

∑

λλ′

u(k′, λ′)γµu(k, λ)u(k, λ)γνu(k′, λ′)

× 1

2M

n∏

i=1

d3ki
(2π)3 2 ki0

1

2

∑

σ

〈p, σ|Jem
µ |n〉〈n|Jem

ν |p, σ〉(2π)4δ4(p+ k − k′ − pn) . (3.32)

11The given relations are thus equivalent when considering the matrix element 〈N(p′)|Jem
µ (0)|N(p)〉
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If one integrates over produced hadronic states (the cross-section is then called inclusive), we can write

dσ =
e4

q4
1

2E

d3k′

(2π)32k′0
2πWµνℓµν (3.33)

where ℓµν is the leptonic tensor (2.22)

ℓµν =
1

2
(/k′ γµ /k γν) = 2

(
kµ k

′
ν + k′µ kν +

q2

2
gµν

)
(3.34)

(since q2 = 2m2
e − 2k · k′) and Wµν is the hadronic tensor12

Wµν =
1

4M

∑

σ

∑

n

∫ n∏

i=1

d3ki
(2π)3 2 ki0

〈p, σ|Jem
µ |n〉〈n|Jem

ν |p, σ〉(2π)3δ4(pn − p− q) . (3.35)

We thus have, after simplication,

d2σ

d2Ω dE′
=
α2

q4
E′

E
ℓµνW

µν , (3.36)

where we have used the writing of the phase space element of the outgoing lepton in the form

d3k′

(2π)32k′
=
d2Ω dE′ E′

16π3
. (3.37)

3.3.2 The special case of elastic scattering

In the elastic case, the kinematics is fixed by the measurement of the energy E′ of he outgoing lepton or
equivalently by the measurement of the diffusion angle θ . This is a consequence of the relation of elasticity
p′ = p+ q which turns into

p′2 =M2 = (p+ q)2 = 2p · q + q2 +M2

that is

2p · q + q2 = 0 or equivalently M(E − E′) = 2E E′ sin2
θ

2
. (3.38)

One immediately gets from this relation that

E′ = E
1

1 + 2 E
M sin2 θ

2

, (3.39)

and thus, in the limit of forward elastic scattering, the exchanged photon becomes real and soft (i.e. its energy
and momentum go to zero): this is the eikonal limit.

The elastic cross-section can be obtained easily by replacing in the relation (3.36) the tensor Wµν by the
elastic tensor

W el
µν =

1

4M

∑

σ

∫
d3p′

(2π)3 2 p′0
〈p, σ|Jem

µ |p′〉〈p′|Jem
ν |p, σ〉(2π)3δ4(p′ − p− q)

=
1

4M

∑

σ

1

2 p′0
〈p, σ|Jem

µ |p′〉〈p′|Jem
ν |p, σ〉δ(p′0 −M − q0) . (3.40)

In this elastic case, the energy E′ is completely fixed by the kinematics, i.e. by the measurement of the
scattering angle θ and by the knowledge of the incoming lepton energy E. The relation with the inelastic case
can be obtained when noting that

1

p′0
δ(p′0 −M − q0) =

1

p′0
δ [p′0(E

′)−M − E + E′] =
E′

M E
δ [E′ − E′(E, θ)]

=
1

M
δ

(
ν +

q2

2M

)
. (3.41)

12One conventionally absorbs a factor 1/(2M) in the definition of the hadronic tensor, corresponding to the target density, and
a factor 2π towards a natural discussion of the elastic limit.
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Proof:

This is done in a similar way as the proof of (1.45):

δ [p′0(E
′)−M − E + E′] =

∣∣∣∣
d(p′0(E

′) + E′)

dE′

∣∣∣∣
−1
δ [E′ − E′(E, θ)] . (3.42)

But since ~p = 0 ,

p′0 =
√
~p ′2 +M2 =

√
~q 2 +M2 =

√
(~k ′ − ~k )2 +M2 = (E2 + E′2 − 2EE′ cos θ +M2)1/2

and thus
d[p′0(E

′) + E′]

dE′
=
E′ − E cos θ + p′0

p′0
=
E +M − E cos θ

p′0
=
M E

p′0E
′

where the relation 2p · q + q2 = 0 has been used, giving E′(E +M − E cos θ) =M E .

The expression (3.41) can be obtained similarly starting from (3.38), which reads

ν +
q2

2M
= E − E′ − 2E E′

M
sin2

θ

2

from which follows

∂
(
ν + q2

2M

)

∂E′
= −1− 2E

M
sin2

θ

2
= − E

E′
(3.43)

and thus

δ

(
ν +

q2

2M

)
=

∣∣∣∣∣∣

∂
(
ν + q2

2M

)

∂E′

∣∣∣∣∣∣

−1

δ [E′ − E′(E, θ)] = E′

E
δ [E′ − E′(E, θ)] . (3.44)

Denote

Hel
µν =

1

2

∑

σ

〈p, σ|Jem
µ |p′〉〈p′|Jem

ν |p, σ〉 . (3.45)

We can thus write

W el
µν =

1

4M2
δ

(
ν +

q2

2M

)
Hµν

el , (3.46)

and the elastic cross-section reads, using (3.36),

d2σel

dΩ dE′
=
α2

q4
E′

E
ℓµν Hel

µν δ

(
ν +

q2

2M

)
. (3.47)

that is, after integration over E′ , and using (3.41)

d2σel

dΩ
=
α2

q4
E′2

E2
ℓµν Hel

µν . (3.48)

where E′ = E + q2

2M . Of course, we could have obtained this result from (1.83), which directly provides the
expression of any two-body cross-section in the laboratory frame.

We can now procede in the full computation of the elastic cross-section. The first stage is based on the
evaluation of the hadronic tensor Hµν

el .
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3.3.3 Computation of the elastic hadronic tensor

The computation, whose algebraically painful part is the evaluation of the trace of a product of Dirac matrices,
can be made rather simple or tedious depending on the way the hadronic current is written. The writing of
the current as the sum of a scalar contribution and of a contribution with a γ patrix, according to (3.24), turns
out to be the most economical one, since the computation will involve the product of a maximal number of 4
γ matrices. Conversely, if one starts from the current expression in the form (3.26) as the sum of a Dirac term
and a Pauli term, one is led to compute the trace of terms 13 which contains up to 6 γ matrices!

Starting from (3.24), we thus obtain

Hµν
el =

1

2
Tr

[
(/p′ +M)

(
−κF2

2M
Pµ +GM γµ

)
(/p+M)

(
−κF2

2M
Pν +GM γν

)]

=
κ2 F 2

2

4M2

1

2
Tr [(/p′ +M)Pµ(/p+M)Pν ] +G2

M

1

2
Tr [(/p′ +M)γµ(/p+M)γν ]

−κF2GM

2M

(
1

2
Tr [(/p′ +M)Pµ(/p+M)γν ] +

1

2
Tr [(/p′ +M)γµ(/p+M)Pν ]

)
(3.49)

and thus

Hµν
el =

κ2 F 2
2

4M2
2(p · p′ +M2)PµPν +G2

M hµν − 2 κF2GM PµPν , (3.50)

where

hµν = 2

(
pµp
′
ν + p′µpν +

q2

2
gµν

)
(3.51)

is the analog of the leptonic tensor (3.34). Using (3.19) and (3.20) as well as the relation 2 p · p′ = 2M2 − q2 ,
this expression simplifies into

Hµν
el = − κF2(GE +GM )(4M2 − q2)PµPν +G2

M hµν . (3.52)

In the point-like case, for which κ = 0 and GM = Q, one recover as expected that

Hµν
el = Q2 hµν , (3.53)

which is the analog of the muon leptonic tensor.

3.3.4 Structure of the hadronic tensor and projectors

Let us come back for a moment to the general form of the hadronic tensor (3.35). This symmetric tensor14

should fulfill, based on the hadronic current conservation, the constraint

qµW
µν = 0 . (3.54)

One thus deduces the general form of this tensor, which is traditionally written as

Wµν(p, q) = −W1

(
gµν − qµqν

q2

)
+
W2

M2

(
pµ − p · q

q2
qµ
)(

pν − p · q
q2

qν
)

(3.55)

where W1 and W2 are called nucleon structure functions.
This decomposition, which seems to be purely algebraic at first sight, contains much physical information.

Indeed, the differential cross-section (3.36) is obtained after contraction of the leptonic tensor with the hadronic
one.

13If one proceeds in this way, it is worth noting the presence of a factor i in the writing (3.26). One should thus, when using the
relation (2.7) to evaluate the modulus square of the amplitude (with the usual average over initial spin and sum over final one),
write this one as 1

2
(/p′ +M)(γµ F1 + iσµνqν

κ
2M

F2)(/p +M)(γµ F1 − iσµνqν
κ

2M
F2) .

14This follows from the current hermiticity.
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Let us introduce the transverse projector

T µν = gµν − qµqν

q2
, (3.56)

which satisfies T µνqν = 0 , and the longitudinal projector

Lµν =
qµqν

q2
(3.57)

which satisfies Lµνqν = qµ . They obey, as any projector, the relationship

T µνTνρ = T µ
ρ et LµνLνρ = Lµ

ρ

as well as the completeness relationship
gµν = T µν + Lµν . (3.58)

Using this decomposition as well as the leptonic and hadronic current conservation, the contraction among
leptonic and hadronic tensors can be expressed in the form

ℓµνW
µν = ℓµν g

µµ′

gνν
′

Wµ′ν′ = ℓµν T
µµ′

T νν′

Wµ′ν′ . (3.59)

The tensor T µν is the projector on the hyperplane orthogonal to qµ , which can itself be decomposed as the sum
of a projector on the subspace orthogonal to pµ and qµ and of a projector on the subspace orthogonal to this
first subspace and to qµ :

T µν = Pµν
L + gµν⊥ . (3.60)

3.3.5 Photon polarizations

Let us make the previous projectors more explicit, and let us give them a physical significance. For that purpose,
we first explicitely construct Pµν

L . The subspace spawn by the quadrivectors qµ and pµ is a two-dimensional
plane, and its subspace orthogonal to qµ is a line. The only linear combination of qµ and pµ which is orthogonal
to qµ has the form

ǫµL = c

(
pµ − p · q

q2
qµ
)
, (3.61)

with c an arbitrary R−number. Its norm is thus

ǫ2L = c2
(
M2 − (p · q)2

q2

)
≥ 0 . (3.62)

The polarization vector ǫL is thus time-like, which will normalized to be +1. We thus set

ǫµL =
1√

M2 − (p·q)2
q2

(
pµ − p · q

q2
qµ
)
, ǫ2L = +1 . (3.63)

This vector is just the longitudinal polarization vector 15 of the virtual exchanged photon. The corresponding
projector thus reads

Pµν
L = ǫµL ǫ

ν
L . (3.64)

The projector which is orthogonal to the projectors Pµν
L and Lµν is thus a projector on a subspace of dimension

2 built from space-like vectors orthogonal to both pµ and qµ .We will denote it as gµν⊥ . It can formally be written
as

gµν⊥ = −
∑

i=1,2

ǫ(i)µ ǫ(i) ν ∗ (3.65)

15The notation ǫ0 will be also equivalently used.
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where ǫ(i) are two euclidean vectors orthogonal among themselves and to p and q. These two vectors define
the transverse polarisations of the virtual exchanged photon. One should note the complex conjugation, which
matter for circularly polarized photons (when using the helicity basis).

To summarize, we have obtained the following decomposition of identity:

gµν = gµν⊥ + Pµν
L + Lµν = − ∑

i=1,2

ǫ(i)µ ǫ(i) ν ∗ + ǫµL ǫ
ν
L + qµ qν ,

ǫ(i) ∗ · ǫj = − δij , ǫi · ǫL = 0 , ǫ2L = +1 ,

(3.66)

a writing which exhibits 3 orthogonal projectors16.
It is useful to explicitely fix the polarizations introduced above. Let us use the proton rest frame, and choose

for the arbitrary z axis

ez = e3 =
~q

|~q| . (3.67)

One thus have
q = (ν , 0⊥ ,

√
Q2 + ν2) . (3.68)

let us first consider transverse polarizations. In the case of linear polarizations, one can choose

ǫ(1) = e1 = (0, 1, 0, 0) et ǫ(2) = e2 = (0, 0, 1, 0) linear pol. . (3.69)

For circular polarizations, also called helicities, one can choose 17

ǫ(+) = − i√
2
[e1 + i e2] = − i√

2
(0, 1, i, 0) ≡ ǫ(R)

ǫ(−) =
i√
2
[e1 − i e2] =

i√
2
(0, 1,−i, 0) ≡ ǫ(L)

circular pol. .

(3.70)

The indices R and L correspond to the fact that these polarization vectors, when dressed with their temporal
evolution factor e−i ω t , thumb pointing toward the direction of propagation, respectively turn like the right
and left hand with growing time. The choice which is made here has the following advantages, convenient for
practical computations:

ǫ(λ) ∗ = ǫ(−λ) . (3.71)

These vectors are correctly normalized and orthogonal among themselves, and using the property (3.71) one
gets

ǫ(+) ǫ(+) ∗ = ǫ(+) ǫ(−) = −1 ,

ǫ(−) ǫ(−) ∗ = ǫ(−) ǫ(+) = −1 .
(3.72)

Finally, one can check that

ǫ(+)
µ ǫ(+) ∗

ν + ǫ(−)µ ǫ(−) ∗ν = ǫ(+)
µ ǫ(−)ν + ǫ(−)µ ǫ(+)

ν = e1µ e1 ν + e2µ e2 ν = −g⊥µν (3.73)

since e1 and e2 have a norm equal to −1 .
16Mathematically, the fact that a space-like virtual photon can have one longitudinal polarization of positive norm and two

transverse polarizations of negative norm comes from the study of the representation of the Poincaré group: one can indeed show
that the representations of tachyonic type q2 < 0 are characterized by their negative squared mass, which is the case for our space-
like virtual photon, and by representations of the corresponding little group of the Poincaré group (defined as being the sub-group
which leaves q invariant), here SO(1, 2), which representations are themselves characterized by these 3 polarizations. Conversely,
for the case of a free spin-1 massive particle like the ρ or the W±, the little group is SO(3) and the 3 polarizations are all space-like.

17Landau conventions. This choice is not absolute, since they are defined up to a phase. For example in Peskin [7], ǫ
(R)
Peskin = i ǫ(R)

et ǫ
(L)
Peskin

= −i ǫ(L) .



3.3. CROSS-SECTION AND HADRONIC TENSOR 61

The longitudinal polarization (3.63) can be written, in the same frame, as

ǫµL =
1

Q
(
√
ν2 +Q2 , 0⊥ , ν) . (3.74)

3.3.6 Hadronic tensor and elastic structure functions

We have seen that the decomposition (3.55) of the hadronic tensor can be written, using projectors T and PL

(which are not orthogonal among themselves)

Wµν(p, q) = −W1 T
µν +

(
1− (p · q)2

M2q2

)
W2 P

µν
L . (3.75)

The writing (3.59) of the contraction of the leptonic and hadronic tensors shows that the numerators gµµ
′

and
gνν

′

of the photon propagators which connect these two tensors can be replaced by the tensors T µµ′

and T µµ′

,
which are the projectors on the 3 polarizations of the exchanged photons. It is thus natural, from a physical
point of view , to rewrite the tensor Wµν in the form

Wµν(p, q) = −W1 g
µν
⊥ +

[
−W1 +

(
1− (p · q)2

M2q2

)
W2

]
Pµν
L . (3.76)

We can now determine the coefficients W el
1 et W el

2 . These are straightforwardly obtained18 after projecting
(3.52) on the basis PL, g⊥ .

Using the fact that P = 2p+ q , one deduces that

Pµν
L PµPν = 4pµ pν ǫ

µ
L ǫ

ν
L = 4M2 − q2 . (3.77)

Since PµPν has no transverse component, this implies that

PµP ν = (4M2 − q2)Pµν
L . (3.78)

Besides, the tensor (3.51) can be rewritten as

hµν = 2

[
pµ(pν + qν) + (pµ + qµ)pν +

q2

2
gµν

]
. (3.79)

Similarly,
1

2
hµνT

µν =
1

2
hµνg

µν = 2M2 + 2p · q + 2q2 = 2M2 + q2 , (3.80)

and

hµνP
µν
L = 4(p · ǫL)2 + 2

q2

2
= 4M2 − q2 + q2 = q2 , (3.81)

that is
1

2
hµνg

µν
⊥ =

1

2
hµν(T

µν − Pµν
L ) = q2 (3.82)

and thus
hµν = q2gµν⊥ + 4M2Pµν

L . (3.83)

Finally, the hadronic tensor (3.52) reads, using (3.19) and (3.20),

Hµν
el = 4M2G2

E P
µν
L +G2

M q2 gµν⊥ ,

= 4M2

(
G2

E −
q2

4M2
G2

M

)
Pµν
L + q2G2

M T µν .

(3.84)

18Beware on the fact that TrPL = 1 and Tr g⊥ = 2 .
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The first expression justifies a posteriori the introduction of the electric and magnetic form factors, which do
not interfere at the level of the cross-section since the tensors PL and g⊥ are orthogonal among themselves. The
second one allows, by comparison with (3.75), to deduce the expression of the elastic form factors, which reads,
combining (3.46) and (3.84),

W el
1 = − q2

4M2
G2

M δ(ν +
q2

2M
) ,

W el
2 =

G2
E −

q2

4M2
G2

M

1− q2

4M2

δ(ν +
q2

2M
) ,

(3.85)

which reduce in the point-like limit to

W el
1 pt = − q2

4M2
Q2 δ(ν +

q2

2M
) , (3.86)

W el
2 pt = Q2 δ(ν +

q2

2M
) . (3.87)

In order express the differential cross-section (3.36), one should now decompose the leptonic tensor (3.34) in
terms of the tensors g⊥ and PL (or in terms of T and PL. We follow the same line as for the tensor h , and write

ℓµν = 2

[
kµ(kν − qν) + (kµ − qµ)kν +

q2

2
gµν

]
, (3.88)

from which we get

ℓµν P
µν
L = ℓµν

pµpν

M2 − (p·q)2
q2

=
4E E′ cos2 θ

2

1− (p·q)2
M2 q2

, , (3.89)

and
1

2
ℓµν T

µν =
1

2
ℓµν g

µν = q2 = −4EE′ sin2 θ
2
. (3.90)

Remark:

These expressions are sufficient to determine the cross-section. However, it is instructive physically to explicit
the decomposition of ℓ in the basis g⊥ , PL . From (3.89) and (3.90) one gets

1

2
ℓµν g

µν
⊥ =

1

2
ℓµν (T

µν
⊥ − P

µν
L ) = −E

2 + E′2 + 2E E′ sin2 θ
2

1− (p·q)2
M2 q2

, (3.91)

since
(p · q)2
q2

= −M
2 (E − E′)2

4E E′ sin2 θ
2

,

and thus

ℓµν =

[
1− (p · q)2

M2 q2

]−1 [
−
(
E2 + E′2 + 2E E′ sin

θ

2

)
gµν⊥ + 4E E′ cos2

θ

2
Pµν
L

]
. (3.92)

Let us consider the limit q2 → 0 . In this limit, one easily check that

ℓµν ∼
q2→0

E2 + E′2

ν2
q2 gµν⊥ +

4E E′

ν2

[
qµ qν − q2

ν M
(pµqν + qµpν) +

q4

ν2M2
pµpν

]
(3.93)

and thus, based on current conservation allowing to leave out terms like qµ or qν , we immediately see that the
dominant term corresponding to the emission of a longitudinal photon is suppressed by a factor of 1/q2 when
compared with the term responsible for transverse photon emission, in agreement with the fact that in the limit
q2 → 0 , emitted photon from the lepton should be on-shell, and therefore transverse.
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3.3.7 Expressions of cross-sections

Evaluating the inelastic cross-section is now straightforward, by just contracting the hadronic tensor written in
terms of T and PL according to (3.55), with the leptonic tensor. Using (3.89) and (3.90) we get

ℓµνW
µν = 4EE′

[
2W1 sin

2 θ

2
+W2 cos

2 θ

2

]
(3.94)

and thus

d2σ

d2Ω dE′
=

α2

4E2 sin4 θ
2

[
2W1 sin

2 θ

2
+W2 cos

2 θ

2

]
. (3.95)

Using (3.85) and the kinematical relation (3.38), one gets the differential cross-section for elastic scattering,
which reads19

d2σel

d2Ω
=

α2

4E2 sin4 θ
2

1

1 + 2E
M sin2 θ

2

{
Q2

2M2
G2

M sin2
θ

2
+
G2

E + Q2

4M2G
2
M

1 + Q2

4M2

cos2
θ

2

}
. (3.96)

This relationship was obtained by M. Rosenbluth (1950) [14]. In the pointlike case, for which GE = GM = Q,
this cross-section reduces to

(
d2σel

d2Ω

)

pt

=
Q2α2

4E2 sin4 θ
2

1

1 + 2E
M sin2 θ

2

{
Q2

2M2
sin2

θ

2
+ cos2

θ

2

}
. (3.97)

One of course recovers the cross-section (2.31) for e−µ± scattering, performing Q2 = 1 et M = mµ .
In the Mott regime where Q2 ≪M2 and thus E − E′ ≪M from (3.39),

(
d2σ

d2Ω

)

Mott

=
Q2α2 cos2 θ

2

4E2 sin4 θ
2

. (3.98)

The cross-section (3.96) thus reads

d2σel

d2Ω
=

(
d2σel

d2Ω

)

pt

[
G2

E + Q2

4M2G
2
M

1 + Q2

4M2

+
Q2

2M2
G2

M tan2
θ

2

]
1

Q2
(
1 + Q2

2M2 tan2 θ
2

)

=

(
d2σ

d2Ω

)

Mott

[
G2

E + Q2

4M2G
2
M

1 + Q2

4M2

+
Q2

2M2
G2

M tan2
θ

2

]
1

Q2
(
1 + 2E

M sin2 θ
2

) .

(3.99)

3.4 Phenomenology

Measuring
dσe−N→e−N

elastic

d2Ω
at fixed Q2 and varying E, i.e. the beam energy, as well as θ, one can extract GE and

GM . Indeed, when expressing q2, given by (3.4), through (3.39), one gets

Q2 =
4E2 sin2 θ

2

1 + 2 E
M sin2 θ

2

, (3.100)

and thus
2E

M
sin2

θ

2
=

Q2

2ME −Q2
, (3.101)

19The notation τ = Q2/(4M2) is frequently used.
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from which one easily obtains

d2σel

d2Ω
=

α2

M2Q4

(2ME −Q2)3

2ME(1 + Q2

4M2 )

{
G2

E

[
1− M Q2

2E(2ME −Q2)

]

+G2
M

Q2

4M2

[
1 +

M Q2

2E(2ME −Q2)
+

Q4

4ME(2ME −Q2)

]}
. (3.102)

This is the usual so-called Rosenbluth method to measure GE and GM . It is efficient in order to extract GM for
arbitrary values of Q2, while due to the factor Q2/M2 which multiplies G2

M (all other terms in the bracket are
of the order of unity), the precision on GE strongly decreases beyond Q2 =M2, that is for Q2 typically larger
than 1 GeV2 .

The practical method which is used at JLab for the proton relies on the polarization technique of A. I. Akhiezer
et M. P. Rekalo (1967) [15]. It is based on the fact that when both the beam and the target are polarized,
or if the beam is polarized and the polarization of the outgoing proton is measured, then the corresponding
cross-section provides a term like GE GM , allowing to extract the ratio GE/GM with a high precision. A JLab,
the scattering ~ep → e~p is used, in which the initial electron is longitudinally polarized, and the polarization of
the outgoing proton is measured, which has two non-vanishing components in the scattering plane: Pℓ which is
parallel to the emitted proton momentum, and Pt which is perpendicular. One then shows that

GE

GM
= −Pt

Pℓ

E + E′

2M
tan

θ

2
. (3.103)

Based on this technique, this ratio can be measured without changing neither the beam energy nor the diffusion
angle, thus getting rid of many sources of systematic errors.

One finds experimentally that data are compatible, at least for Q2 ≤ 1 GeV2 , with a dipole parametrization
corresponding to20

GE(q
2) ∼ GM (q2)

µp
∼ 1
(
1− q2

0,7 GeV2

)2 (3.104)

showing that the proton possesses an internal structure, and thus cannot be considered as point-like. The
previous dipole form can be interpreted as a charge and magnetic moment distribution with an exponential
decrease with the distance to the center, as can be checked by an elementary computation. The proton radius
extracted from these data is

rp ≃ 0.8 fm . (3.105)

For Q2 ≥ 1 GeV2 , the recent accumulated data at JLab exhibit a discrepancy with the dipole model, and the
picture of a proton described by an exponential distribution of charge and magnetic moments does not seem to
be sufficient, as can be seen in Fig. 3.2.

One can also see in this figure that the precision of data based on Rosenbluth method (SLAC data) has
however noticeably improved, and that error bars lead, for Q2 beyond 1 GeV2, to results which are experimen-
tally incompatible (JLab data are based on the polarization method). An explanation has been proposed based
on the fact that the above computations to get the Rosenbluth formula assume the exchange of a single photon
between the electron and the proton. Taking into account the exchange of two photons (which corresponds to a
sub-process similar to the process γ∗p→ γp appearing in diffractive physics, while here in a purely elastic con-
text) could reconcile these two results, by lowering the theoretical prediction for the ratio µpGEp/GMp at large
Q2 in the Rosenbluth method [16]. This computation requires a model for the coupling (hard photon)-nucleon,
which is naturally provided by the parton model, which will be studied in the next section.

As we have seen at the level of µpGE/GM , the asymptotical regime of a single parton interacting with a
single photon does not seems to be reached and the JLab and SLAC data probably correspond to a transition
regime between a non-perturbative and a perturbative regime, for which a dipole model stop to be valid while
not replaced by an analysis based on a naive QCD perturbative analysis (coupling of a single quark with the
hard photon), as one can see on Fig. 3.3. In the regime where Q2 is very large, the behaviour of form factors

20One denotes, as usual in the literature, µp = 1 + κp the proton magnetic moment expressed in units of µN .
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Figure 3.2: Ratio µpGE/GM for the proton, as a function of Q2 (in GeV2).

should be described by QCD in the perturbative regime. In this regime, for which the photonic probe directly
couples to a quark inside the proton, the prediction is

F1(Q
2) ≃ 1

Q4
(3.106)

F2(Q
2) ≃ 1

Q6
(3.107)

and thus

GE ∼ GM ∼
1

Q4
. (3.108)

It turns out that for DIS, the situation is phenomenologically much more favorable, the transition appearing as
soon as Q2 ≃ 1 GeV2 .
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Figure 3.3: Ratio Q2F2p/F1p as a function of Q2 (in GeV2). The lozenge are SLAC measurements (2000)
based on the Rosenbluth method, the black disks and the white squares are JLab measurements based on the
polarization method, respectively from (2000) and (2002). The continuous and dashed lines are predictions
based on non-perturbative models (resp. soliton model and vector meson dominance model. In this latter case
one describes the photon by its hadronic content with the same quantum numbers: ρ, · · · ).
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3.5 Introduction to hard counting rules

Since a decade, a tremendous effort is being performed to extract exclusive data in the hard regime which we
barely discussed at the end of the previous section. They are now coming with increasing precision (DVCS,
meson production, polarized experiments, ...) at moderate and high energy. During the same period, there have
been much theoretical developpements in hard exclusive processes, and the basis of collinear factorization were
settled down, starting from the DIS and Distribution Amplitudes (DAs). The first investigation in the spirit
of exclusive processes was the studies of form factors occuring in the hard reactions like γ∗π → π or γ∗p → p .
It was first shown that a counting rule [17, 18] could predict the scaling behaviour of the form factors for large
Q2. Mainly relying on dimension analysis, they ultimately led to the microscopic description of the coupling of
the hard photon probe to the constituent of the hadron, known since the end of the ’60s as quarks, in the spirit
of the parton model. In terms of Feynman diagram, the simplest possible configuration describing the hard

e−(k)
e−(k′)

γ∗

p

p′

hard partonic process

Figure 3.4: Parton model for describing a hadron form factor, in the elastic scattering e−p→ e−p. The dotted
part corresponds to the hard part of the process. Bold lines denote hard propagators.

coupling of a hard photon (denoted hereafter as γ∗, with a virtuality Q2) to a hadron which remains intact after
the scattering is illustrated in Fig. 3.4. This can be justified for an hard process, when the virtuality of the hard
photon probe is much higher than the any typical hadronization scale, relying on the fact that corrections are
suppressed by powers of the strong coupling, which is small due to asymptotic freedom. The main difference
with the usual partonic description of Deep Inelastic Scattering (DIS), illustrated in Fig. 3.5 and the elastic
case is due to the fact that the bound state, which for the illustrative example of the proton is to be understood
as a qqq Fock state in the parton model, should remain intact while it scatters off the γ∗. Therefore, gluonic
exchanges should occur in order that the partons “turns” and do not fragment. This explains why, contrarily
to the DIS case, for which scaling invariance occurs, the form factors dramatically falls off when Q2 increases,
due to the presence of hard propagators in the hard sub-process (bold line in Fig. 3.4).

This can be most easily understood when using the Breit frame. In the case of DIS, introducing the usual
Bjorken variable

xBj =
Q2

2p · q (3.109)

the momentum of the photonic probe reads, in the Breit frame,

q = (0 , 0⊥ , +2xBjP ) = (0 , 0⊥ , Q) (3.110)

which means that the parton (of momentum xP with x = xBj) which is scattered by the photon faces a turn
back of its momentum before and after the interaction:

pi = x p = (xP , 0⊥ , −xP ) pi + q = x p+ q = (xP , 0⊥ , x P ) .

−→ ←−
before scattering after scattering

(3.111)
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e−(k)
e−(k′)

q

pi

p

pi + qγ∗

hard partonic process

Figure 3.5: Parton model for the Deep Inelastic Scattering e−p→ e−X .

In the particular case of elastic scattering, xBj = 1 and ~q = −2 ~p. In the Breit frame, which is a particular
infinite momentum frame as we shall see in the next chapter, one can safely neglect any transverse momenta
(their order of magnitude is typically the hadronization scale) with respect to the longitudinal momenta in the
z direction (which is the direction of the boost when passing from the rest frame of the hadron to any infinite
momentum frame). In the parton model, each incoming parton thus carries a longitudinal momentum xi p
(
∑
xi = 1) while each outgoing partons have a longitudinal momentum x′i p

′ (
∑
x′i = 1).

Let us consider for a moment the hard part of Fig. 3.4. Each hard gluonic propagator contributes with a
factor ∼ 1/Q2 while the fermionic propagators contributes with a typical factor ∼ 1/Q . In order to get the
scaling of the whole amplitude [19], assuming factorization between the long and the short distance dynamics,
one may assume, like in the partonic model applied to DIS, that the fermions behave as free particles before
and after the hard interaction. This means technically that one can simply replace the incoming and outgoing
fermions by their free spinors. Since the spinor of a massless fermion or equivalently a massive fermion in a
large boosted frame is (see for example [7] page 47)

u(p) ∼
√
2E ξ (3.112)

where ξ is one of the 4 elementary spinors (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), each incoming (outgoing)
spinor contributes with a weight ∼

√
xi |~p | (∼

√
x′i |~p ′|), or equivalently, ∼

√
Q (except in the end-point regions

xi → 0 or x′i → 0 which we do not consider for the moment). Thus, in the case of the pion form factor, the
elastic amplitude scales like 1/Q3 (

√
Q)4 = 1/Q. Turning back to the structure of the matrix element of the

electromagnetic current for scalar particles, which reads, according to Eq. (3.29),

|〈p′|Jµ|p〉| ∼
const

Q
∼
∣∣∣∣(p+ p′)µ

const

Q2

∣∣∣∣ (3.113)

one deduces that the pion form factor should scale like 1/Q2 for asymptotic Q.
The same counting rule applies to the baryonic case, giving a typical behaviour like (1/Q2)2(1/Q)2(

√
Q)6 ∼

1/Q3 and thus

|〈B(p′)|Jµ|B(p)〉| ∼ const

Q3
∼
∣∣∣∣Ū ′γµU

const

Q4

∣∣∣∣ , (3.114)

where U and U ′ are baryonic spinors. From this one may deduce that the Sachs form factors should scale like
1/Q4.

More generally, considering the form factor of a hadron with n minimal constituents (n = 2 for a meson and
n = 3 for a baryon), one immediately generalize the previous counting rules: the lowest order diagram involves
n− 1 gluonic propagators (1/Q2 contribution) to force the constituents to turn due to the γ∗ scattering (which
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means that the corresponding Feynman diagram should be connected), with n− 1 fermionic propagators (1/Q
contribution). Each (anti)quark external line contributes with a factor

√
q, and an additional prefactor 1/Q

should be added when relating the amplitude to the form factor definition. This finaly leads to a contribution
1/Q2(n−1) 1/Q(n−1)Qn 1/Q and thus to the counting rule

Fn(q
2) ≃ C

(Q2)n−1
. (3.115)

Note that this counting rule can be obtained by dimensional analysis, without refering to the detailled structure
of the hard part as we have done above. For further use, it is instructive to get the same result by using the
Sudakov decomposition, or equivalently to use a light-cone basis. For any vector (v0, v1, v2, v3) one defines in
the usual manner

x+ =
1√
2
(x0 + x3)

x− =
1√
2
(x0 − x3)

x = (x2, x3) (with euclidian metric) . (3.116)

The scalar product between two vectors v1 and v2 reads

v1.v2 = v+1 v
−
2 + v−1 v

+
2 − v1 · v2 (3.117)

The Sudakov basis is defined through the introduction of two light-cone vectors p1(2) (+(−) directions) with21
2 p1 · p2 = s). In the particular example discussed here, a natural choice is given by choosing p2(1) as the
incoming (outgoing) hadron momentum, and Q2 = s. Any momentum is then expanded as

k = αp1 + β p2 + k⊥ ,
+ − ⊥ (3.118)

examplifying the relationship with the light-cone coordinates. In particular the momentum square reads

k2 = αβ s+ k2⊥ = αβ s− k2 = 2k+ k− − k2 . (3.119)

Within this basis, the hard part of the form factor can be drawn as illustrated in Fig. 3.6. In this light-cone
decomposition, external (on-shell) lines attached to the soft (non-perturbative) part carry momenta flying only
along + or − directions, while due to the kink, an exchange of both large + and − is needed within the hard
part. One can check on the example of Fig. 3.6 that the typical values of αβs is of the order of Q2, the hard
scale, for any propagators entering the hard part. Such a diagramatic analysis is at the heart of any proof of
collinear factorization.

A similar analysis based on counting rules can be applied to large angle elastic scattering processes ha hb →
ha hb, i.e. in the regime where all s, t u invariants are large [20], known as the Brodsky-Lepage regime, leading
to a similar counting rule as the one obtained for the form factor. One gets, for n external fermionic lines,

M≃ s−n
2 +2 (3.120)

from 1/sn/2−1 × 1/(
√
s)n/2−2 × sn/4 (there are n/2− 1 hard gluons, n/2− 2 hard quark and n external lines).

This leads to the following behaviour of the differential cross-section:

dσ

dt
∼
(
αS(p

2
⊥)

s

)n−2
(3.121)

up to some logarithmic corrections (with are governed by the ERBL equation). In particular, for ππ → ππ
large angle scattering, the prediction, with n = 8, is thus that

dσ

dt
≃
(
αS(p

2
⊥)

s

)6

(3.122)
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γ∗

+

+

+

−

−

−

+−

+−+−

+−

q + −

Figure 3.6: A typical contribution to the hard part of the hadron form factor. The + and − indicate the large
light-cone momentum flowing along the corresponding lines. Bold line denotes hard propagators.

However, in this latter case, the analysis is complicated by contributions which are disconnected, when
analysing the hard part from the point of view of Feynman diagrams [21], as illustrated in Fig. 3.7 for
π(p1)π(p2) → π(p′1)π(p

′
2) scattering. The underlying assumptions is that there exist particular configura-

tions in the hadron bound state in which each constituent is assumed to carry a fraction of the momentum
of the bound state, i.e. x and x̄ for the case of a meson (we denote x̄ ≡ 1 − x), with a negligible transverse
momentum. Such a configuration leads to an amplitude which dominates the pure hard configuration, when
evaluating the loop momentum integral, which is dominated by a pinching. It means that when writing the
diagram in a standard Feynman parameters representation (or equivalently in the Schwinger α representation)
in order to analyze the loop momentum integration, the leading contribution when s, t, u→∞ is not dominated
by end-point cointributions of these parameters, as usual for hard part occuring in collinear factorization (as it
would be the case e.g. in the form factor discussed above), but rather by configurations of these parameter inside
their domain of variation (see the illuminating example of a scalar diagram discussed p.159 of Ref. [13]). This
leads, for ππ → ππ large angle scattering, to a prediction enhanced with respect to Brodsky-Lepage prediction,
like

dσ

dt
∼
(
1

s

)5

. (3.123)

Similarly, for pp → pp at large angle, the prediction of the hard counting rules versus Landshoff mecchanism
are

dσBL

dt
∼
(
1

s

)10

versus
dσL
dt
∼
(
1

s

)8

. (3.124)

Although these “pinched” contributions may be of importance for phenomenology, their contributions are
expected to be suppressed by Sudakov effects (which suppresses configurations where internal constituent of
hadrons are forced to be collinear) [22, 23]. In practice, since this suppression only occurs in the asymtotical
regime, large angle pp data [24] require a combination of both type of contributions [25–27]. Note that such a
complication due to pinch singularities and Sudakov resummation effects does not occur as soon as the process
involves at least one external photon [28]. We will not discuss further these type of contributions starting from
now, except briefly in the case of photoproduction of mesons at HERA. For a rather comprehensive review of
factorization before the more recent developments in DVCS and related process, see Ref. [29].

21In general applications s will play the role of a large parameter. Its relation with external kinematical parameters will depend
on the specific process under consideration.
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p1
p′1

p2 p′2

x1 p1

−x̄1 p1

y1 p
′
1

−ȳ1 p′1

−ȳ2 p2

y2 p2

−ȳ2 p′2

y2 p
′
2

k k′

Figure 3.7: A typical contribution to large angle π(p1)π(p2)→ π(p′1)π(p
′
2) scattering which is not governed by

hard counting rule. The two bold gluon lines denotes hard propagators. The grey blobs symbolize vertices of
non-perturbative nature.
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Chapter 4

Deep Inelastic Scattering and parton
model

4.1 Introduction

If the inelastic cross-section, corresponding to cases where the final state is made of a system of hadrons which
differs from the initial nucleon or its excitations (quasi-elastic collision), would behave like the elastic case, one
would expect very small inelastic cross-sections for large Q2, as we have seen in the previous chapter.

It turns out that in the case whereW 2 = p2n = (p+q)2 is large with respect toM2 (deep inelastic region), the
total cross-section is not brutaly suppressed: at SLAC-MIT (1968-1969), in fixed target experiment (hydrogen
target) with a beam of electron of energy E ∼ 20 GeV, one could measure a cross-section comparable with the
one expected if the proton would be point-like and subject to QED effects only [30, 31].

Besides, it is clear that the observed events are not dominated by the elastic production of a proton.
How to reconcile the existence of hard electromagnetic inelastic scattering with the absence of hard elastic

scattering? The solution came from Bjorken [32, 33] and Feynman [34], under the name of parton model. The
physical idea is that the electromagnetic probe, at large Q2, couples to a point-like constituent of the proton,
on which the electron will scatter elastically. The proton is considered as a loosely bounded state of a small
number of these constituents (quarks, antiquarks, and any neutral entities responsible for their linkage (to be
later identified with gluons)), of zero mass. The constituent which couple to the proton can a priori possess an
arbitrary spin, and predictions differs depending on the precise value of this spin. In practice, the only partons
which directly couple to the photon are quarks, of spin 1/2. We will limit ourselves to this case. The model
of the process is illustrated in Fig. 4.1. We label by i the type of parton. Let us introduce the Mandelstam
variable for the partonic sub-process:

ŝ = (k + pi)
2 , t̂ = (k − k′)2 , û = (k′ − pi)2 , avec ŝ+ t̂+ û = 0 , (4.1)

nce electron and quark massses are neglected. The cross-section for ,the process then reads, in the center-of-mass
frame of the system γ∗partoni , using (2.42),

dσ

dt
=

2π α2Q2
i

ŝ2
ŝ2 + (ŝ+ t̂)2

t̂2
. (4.2)

where Qi is the charge of the parton of type i. Suppose now that the parton i carries a fraction x of the
proton momentum, i.e. pi = x p with 0 < x < 1. We thus neglect by hypothesis any possible transverse parton
momentum when compared with the momentum along the z direction (which is the momentum direction of the
proton). This appoximation, valid as long as Q2 ≫ M2 , can be justified when studying the caracteristic time
scales of strong interaction with respect to the one of the hard electromagnetic proces, as we shall see page 78.
The infinite momentum frame, in which the proton has a very large momentum along the z direction, provide
a very convenient technical tool making easier this discussion, as we will see page 75.

For each parton i species, let us denote by fi(x) the probability that the proton contains a parton of type
i, of momentum x p. Then

ŝ = (pi + k)2 = 2 pi · k ≃ xS where S = (k + p)2 ,

73
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e−(k)

e−(k′)

q

pi

p

pi + qγ∗

partonic process

Figure 4.1: Parton model for e−p. scattering.

neglecting the proton mass M with respect to the hard scale Q. If the e−-parton scattering is elastic, then

(pi + q)2 = 0 = 2 pi · q + q2 = 2 x p · q −Q2

and thus

x = xBjorken ≡
Q2

2p · q . (4.3)

Experimentally, if one can reconstruct the outgoing electron, i.e. measuring E′ and θ one has a direct access to
x = xBj through the relationship

xBj =
2E E′ sin2 θ

2

M(E − E′) , (4.4)

and to Q2 by the relation

Q2 = 4EE′ sin2
θ

2
. (4.5)

This just simply means that one has a direct access to the partonic process!

From (4.2) at the partonic level, one thus gets, for the process e− − p ,

dσ

dxBjdQ2
=
∑

i

fi(xBj)Q2
i

2πα2

Q4

[
1 +

(
1− Q2

xBjS

)2
]

(4.6)

since t̂ = −Q2 . One thus deduces the following predictions:

• the ratio

Q4 dσ

dxBjdQ2

1 +

(
1− Q2

xBj S

)2 ≡ 2πα2 F2(xBj)

xBj
only depends on xBj . (4.7)
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The function F2 which we have just defined will be further on identified with the proton structure function
F2 in the parton model. This behavior, named Bjorken scaling, was remarkably well seen at SLAC1. This
relation is violated by radiative QCD corrections.

• the behavior 1+
(
1− Q2

xBjS

)2
is known under the name of Callan-Gross relation: it is a direct consequence

of the fact that partons (quarks) have a spin 1
2 . It is violated by radiative QCD corrections, from the

coupling between photon and gluon through a virtual quark loop.

4.2 A qualitative justification of the parton model

We shall now show how one can circumvent the apparent contradiction exhibited in the introduction, i.e. the
fact that bounding energies of the proton constituents being of the same order as its mass, it is a priori rather
strange to expect that a parton could be considered as free during its interaction with the virtual photon, an
hypothesis which we have used in previous section.

This image is in fact correct, as we shall see based on a study of the typical time scales which are involved.

We shall show that the typical time scale of the photon interaction is negligible with respect to the carac-
teristic time of parton interaction among themselves.

This discussion can be carried equivalently on in various frames.

As soon as these time scales have been obtained, one deduces a justification of the computation made
above. It was done neglecting completely the parton transverse momenta, et only taking into account the
collective motion due to the proton. Due to the strong ordering of time scales, the motion created by strong
interaction will be negligible during the very short time of ethe lectromagnetic interaction. In special frames
called infinite momentum frames, chosen in such a way that this collective motion should be asymptotically
large, the time scales of electromagnetic and strong interaction become very simple: they are equal respectively
to 0 and ∞, which simplifies the discussion! These reference frames are the basis of the parton model and of
the short-distance/long-distance factorization.

In these frames, the proton momentum is thus very large with respect to other scales (masses, transverse
momenta). In the naive parton model (for both inclusive and exclusive processes), transverse scales are simply
neglected in front of Q2, while they are classified and taken into account in DGLAP and ERBL equations, as
well as in studies of sub-dominant twist contributions. Studies made in an infinite momentum frame make the
classification and the computation of radiative corrections much easier, as well as they provide a much more
intuitive picture of the factorization of inclusive and exclusive proecesses.

4.2.1 Infinite momentum frame

We shall now present in a rather exhaustive way the various infinite momentum frame which are currently used
in the literature, and which turn to be convenient to formulate the parton model.

Starting from a frame in which the proton moves along the z axis

pµ =
(√

P 2 +M2, 0⊥, P
)

(4.8)

we select frames in which P →∞ , called infinite momentum frames. Then

pµ ∼
(
P +

M2

2P
, 0⊥, P

)
. (4.9)

Let us consider now a parton of mass m, of longitudinal momentum x p, of transverse momentum p⊥i:

piµ =

(√
x2P 2 +m2 − p2i⊥ , pi⊥ , x P

)
(4.10)

1By chance, in the experimental xBj -range which was then studied, the anomalous dimension (see later) was small, and radiative
corrections could not be seen within the precision of data at that time, a happy coincidence for further developments of QCD!
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and let us denote2 m2
T ≡ m2 − p2⊥i = m2 + p2

i
the “transverse mass”. For x 6= 0 , we thus get

pi ∼
(
xP +

m2
T

2 xP
, pi⊥ , x P

)
.

Let us now consider the limit Q2 →∞ and ν →∞ . From

qµ = (q0, q⊥, qz) and q2 = (q0 − qz) (q0 + qz)− q2

one deduces that

p · q =Mν ≃ P (q0 − qz) +
M2

2P
q0 . (4.11)

We are now looking for a frame in which q2 and Mν are P independent in the limit P → ∞ . A natural
parametrization is provided by

q0 − qz =
A

P
q0 = B P with A and B independent of P at dominant order.

Two limiting cases are of interest:

1) q0 = qz ∼ P : then

A = 0 B =
2ν

M
, q2 = q2⊥ = −q2 ,

and

q =

(
2ν

M
P , q⊥ ,

2ν

M
P

)
.

2) q0 and qz are small, of order 1
P : then Mν is dominated by the first term of (4.11), and

B = 0 A =Mν , q2 = −q2 +O

(
1

P 2

)

thus

q =

(
0 , q⊥ ,

−Mν

P

)

Since the value of B can be modified by a term of order 1/P 2, one can equivalently consider the two following
solutions:

a) B = 2Mν+q2

4P 2 which leads to

q =

(
2M ν + q2

4P
, q⊥ ,

q2 − 2Mν

4P

)
center-of-mass frame for e−p . (4.12)

This particular infinite momentum frame coincides with the center-of-mass frame for the system e− − p .

Proof:

In the center-of-mass frame for the system e− − p ,

k = (k0, 0,−P ) , k′ =
(
k′ 0, k′⊥, k

′
z

)
=
(
k0 − q0 = P − q0 ,−q⊥ , kz − qz = −P − qz

)
(4.13)

since
q = k − k′ =

(
q0, q⊥, qz

)
. (4.14)

Writing
k′2 = 0 = (P − q0)2 − q2T − (P + qz)

2

2In what follows, an underline letter of type v corresponds to an euclidean vector. We thus have v2⊥ = −v2 .
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and thus
−2 q0P + (q0)2 = q2T + q2z + 2Pqz ,

one gets
−Q2 = (q0)2 − q2T − q2z = 2P (qz + q0) .

Now, since

Mν =

(
P +

M2

2P

)
q0 − Pqz

which implies

q0


2 +

M2

2P 2
︸︷︷︸


 =

Mν

P
− Q2

2P

≪ 2 and thus

q0 =
2Mν −Q2

4P
qz =

−Q2 − 2Mν

4P
.

b) B = Mν
P 2 , a choice which makes qz vanishing. Then

q =

(
M ν

P
, q⊥ , 0

)
=

(
Q2

2xBjP
, q⊥ , 0

)
≃ (0 , q⊥ , 0) Bjorken frame (4.15)

In this frame, the photon is static, and all the interaction dynamics is hidden in the proton.

One can now compare the previous expression for the photon momentum with other infinite momentum
frame which are usual. As we have already seen in the previous chapter, the Breit frame is a particular infinite
momentum frame for which P is chosen to reach infinity like Q/(2xBj) :

q = (0 , 0⊥ , −2xBjP ) = (0 , 0⊥ , −Q) Breit frame . (4.16)

In this frame, the parton faces a reversal of its momentum during the scattering on the photon, since x = xBj :

pi = x p = (xP , 0⊥ , x P ) pi + q = x p+ q = (xP , 0⊥ , −xP )

−→ ←−
before impact after impact Breit frame .

(4.17)

For convenience, we will in practice use, as we did in the previous chapter, a choice of frame where the initial
proton moves in the negative z directions, leading to an equivalent Breit frame

q = (0 , 0⊥ , +2xBjP ) = (0 , 0⊥ , Q) Breit frame (-) . (4.18)

and

pi = x p = (xP , 0⊥ , −xP ) pi + q = x p+ q = (xP , 0⊥ , x P )

−→ ←−
before impact after impact Breit frame (-) .

(4.19)

Finally, in the proton frame, in which all the dynamics is put on the photon side, we have, since xBj =
Q2/(2Mν) with ν2 ≫ Q2

q =
(
ν, 0⊥ ,

√
Q2 + ν2

)
≃
(
ν, 0⊥ , ν +

Q2

2ν

)
=

(
Q2

2xBjM
, 0⊥ ,

Q2

2xBjM
+M xBj

)

rf. du proton .
(4.20)
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which a particular infinite momentum frame, now from the point of view of the photon. Such a frame is useful
when trying to understand the dynamics of the γ∗p process through a study of photon partonic content.

We end-up with another very popular infinite momentum frame, which is an infinite momentum frame for
the proton, and for the case of a real photon. This originally introduced by Sudakov (1956) for the case of
QED. In the situation where colliding particle are massless, the idea is to describe the scattering process in a
light-cone basis chosen in such a way that the two projectiles carry their momentum along each of these two
light-cone directions, thus with zero transverse momentum. We thus set

p1 = P (1, 0⊥,−1) p2 =
p · q
2P

(1, 0⊥, 1) , (4.21)

which satisfies p21 = p22 = 0 . The normalization3 is chosen is such a way that p1 · p2 = p · q . Then, neglecting
the proton mass when Q2 ≫M2 , we have

p = p2 , q = p1 − xBj p2 , p21 = p22 = 0 , Sudakov frame . (4.22)

which indeed satisfies p2 ·(p1−xBj p2) = p·q et (p1−xBj p2)
2 = q2 . This system corresponds to the intermediate

choice A = Q2

2xBj
and B = −xBj+

Q2

4xBjP 2 in comparison with the above limiting cases. In this frame, the parton

momentum, aligned along p2 before scattering, has two components along p1 and p2 after impact. In the
particular inclusive case studied here (which is non generic in the context of collinear factorization, as we will
see in next chapters), the only component which survives after the impact is along p1:

pi = x p2 = x p2 pi + q = p1 + (x− xBj) p2 = p1

before impact after impact Sudakov frame .
(4.23)

Note that this frame can be obtained from the Breit frame by a pure boost along z direction.
This frame is of special interest when studying factorization between hard part (particles along the combined

p1 and p2 directions) and the soft part (particles along p2). If one choose the P parameter to be of the order of
Q , then the components of q along p1 and p2 have similar order of magnitude. In light-cone coordinate, in a
completely equivalent manner, this would read

q+ ∼ q− ∼ Q . (4.24)

This Sudakov frame allows to make perturbative computations of evolution kernels à la DGLAP, ERBL and
BFKL 4

In what follows, we shall study DIS in the Bjorken frame5. Besides collinear factorization studies, kT -
factorization, which is specific to small xBj physics, can be also be studied naturally in the Sudakov frame.

4.2.2 Time scales for involved processes

Proton frame:

In the proton frame, using the Heisenberg inequality, one can relate the duration of the photon interaction
process with the inverse of the energy of the exchanged photon, i.e.

Tint ∼
1

q0
∼ 2xBjM

Q2
. (4.25)

One can be slightly more precise by remembering that our model assumes an interaction with a proton con-
stituent, of typical virtuality given by ΛQCD. In the frame linked with this parton, one would rather have

Tint ∼
2xBjΛQCD

Q2
. (4.26)

3In the literature, it is standard to denote 2p1 · p2 = s , which only equals the Mandelstam sγ∗p variable for a real photon.
4Note that the so-called Radyushkin variables to parametrize GPDs are directly inspired by this Sudakov decomposition.
5Of course Nature does not know anything about the frame choice: all points of view are equivalent!
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The typical interaction time between quarks and gluons in the same frame is

T ∼ 1

ΛQCD
. (4.27)

Finally, the quark which has interacted with the photon has an energy of the order of q0, and thus a time life

Tfinal ∼
2xBjΛQCD

Q2
. (4.28)

One thus have
Tint ∼ Tfinal ≪ T . (4.29)

Infinite momentum frame:

In the proton rest frame, the constituents interact, which takes a finite time. In the large P limit, this
typical time is scaled by a factor γP with

γP =
1√

1− ~p 2

p20

=
1√

1− ~p 2

~p 2 +M2

=


1−

1

1 +
M2

~p2




−1/2

∼ P

M

The typical fluctuation scale in the proton rest frame is given by 1
ΛQCD

, and thus

T ∼ P

MΛQCD
.

This reasoning is not fully correct: one should rather consider the boost of a proton constituent, and not of the
proton itself, which corresponds to make γP → γconstituant with

γconstituant ∼
xBj P

ΛQCD

and thus

T∞ ∼
xBj P

Λ2
QCD

. (4.30)

It is instructive to get this scale from a little model simulating the interaction between a parton and the other
constituents of the proton as illustrated in Fig. 4.2. Let us use the perturbation theory of quantum mecchanics

~p1 = (p1⊥ , x P )

~p2 = (p2⊥ , (1 − x)P )

Figure 4.2: Perturbation theory for proton-parton interaction in the infinite momentum frame.

(i.e. the non-covariant perturbation theory)6. It is based on integration with respect to time (this time can be
a “time” on the light-cone) in each point of space-time where the potential acts, which leads the introduction
of energy denominators. As a consequence, at each vertex ~p is conserved, but energy is not. Each intermediate
state is on mass-shell, from which the value of the momentum follows. We will not need here to know precisely

6Usually called “old fashion perturbation theory” in the literature.
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the detail of the interaction potential. In the first order of perturbation theory, the transition amplitude is of
the form

C

E1 + E2 − E
=

C√
(xP )2 + p21⊥ +m2

1 +
√
((1− x)P )2 + p22⊥ +m2

2 −
√
P 2 +M2

∼
P→∞

C 2P

2[x+ (1− x)− 1)]P 2 +
m2

1 + p21⊥
x

+
m2

2 + p22⊥
1− x −M2

(4.31)

=
C 2P

m2
1 + p21⊥
x

+
m2

2 + p22⊥
1− x −M2

(4.32)

and thus, for small transverse momenta, of the order of M,

T ∼ 1

∆E
=

1

E1 + E2 − E
∼ P

M2
(4.33)

Again, this model can be improved when taking into account the fact that we are interested in interactions
among partons and not of the proton itself. One should thus replace P by xBj P andM by the typical virtuality
ΛQCD . This finally leads to

T∞ ∼
xP

Λ2
QCD

, (4.34)

which is identical to (4.30). One should note that if one takes into account non-zero transverse momenta, of the
order of the non-perturbative scales which are involved, our evaluation is not modified. This is in agreement
with the partonic picture according to which the parton transverse momenta can be neglected.

Our result (4.34), extracted from the relationship (4.31), can be modified when x → 0 or x → 1 . Indeed,
soft partons emission usually calls for a special treatment (see for example the + prescription introduced later
fof DGLAP equation, and the special dynamics in the limits xBj → 0 and xBj → 1).

In addition to the characteristic time scale, the relationship (4.31) contains interesting dynamical informa-
tion: partons are all emitted in teh same direction.

Proof:

If x < 0, one would have, in the expansion of (4.31) in the limit where P is large, instead of x+ (1− x)− 1,
|x|+1−x− 1 = |x|−x = 2|x|, and the denominator would be like P instead of being like1/P , leading therefore
to a relative factor of 1/P 2 suppression for the amplitude. The argument is the same for 1 − x > 0. Thus
partons cannot be emitted backward. Again this argument is modified when xP is small (“wee” parton)

This remark as very interesting consequences: contrarily to the covariant approach, this perturbative meth-
ods demands to consider every diagram which correspond to a particular temporal configuration, but it turns
out that for many cases, many diagrams just vanish based on the particular kinematics, as we have seen in
the above example. In practice a few number of non-vanishing diagrams remain and this usually allows for
developping a physical interpretation which can enlight the process under study.

It remains to evaluate the typical interaction time of the virtual photon. One can again rely on non-covariant
perturbation theory, as we did to estimate the life-time of the virtual state, as illustrated in Fig. 4.3.

Tint(∞) ∼
1

Epi+q − Eq − Epi

(4.35)

with, as above

Ep =
√
(xP )2 + p2i⊥ +m2 ∼ xP +

p2i⊥ +m2

2xP
(4.36)

Ep+q ∼ xP +
(pi⊥ + q⊥)2 +m2

2xP
. (4.37)
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q

γ∗

p

pi

pi + q

Figure 4.3: Photon-proton interaction in perturbation theory in the infinite momentum frame.

In this process, the coupling with the photon is described like an external potential, and the photon energy is
thus fixed, as equal to q0 . This thus implies that

Tint(∞) ∼
2 xBj P

Q2
, (4.38)

every transverse momentum being small with respect to q⊥ . Note that these transverse momenta, for the hard
process now discussed, can in practice be much larger than ΛQCD. Conversely (see later the study of collinear
singularities and the DGLAP equation), the process is completely dominated by kinematical configurations in
which pi⊥ ≪ q⊥ .

The virtual quark which has faced an interaction with the photon has now an energy Ep+q, and thus a
life-time

Tfinal(∞) ∼
1

Epi+q − Epi

∼ 2 xBj P

Q2
∼ Tint(∞) (4.39)

We thus finally get

Tint(∞) ∼ Tfinal(∞) ≪ T∞ , (4.40)

these characteristic times being of the same order as characteristic times in the proton frame which were obtained
in Eq. (4.29). In the limit where P is fixed to a very large value and for Q2 going to infinity, one can see that

Tint(∞) ∼ Tfinal(∞) → 0 ≪ T∞ →∞ . (4.41)

In conclusion, the characteristic time of the electromagnetic interaction is much shorter than the character-
istic time for strong interaction among proton constituents. One can thus consider partons as free during the
interaction, and non-perturbative interactions can be neglected. The perturbative interactions on the final state
are governed by characteristic time of the same order as the electromagnetic time scale. They are for example
responsible for the appearance of Sudakov form-factors in semi-inclusive processes, as well as to Wilson-line
effects (which arise when summing up soft gluon exchanges between the hard parton and the spectators), which
hopefully factorizes and reduces to unity in physical gauges.

Coming back to our introduction, we see that the argument based on the strength of the bounding energy
as been circumvented. The energy (or the transverse momentum) provided from the electromagnetic probe
is so high (with respect to the bounding energy) that the parton can be considered as free during and after
interaction. The picture is similar to a classical impact, for which repulsive forces are so high that every other
involved energy are negligible during the process.

In the Bjorken frame, |q⊥| ∼ Q thus the photon is absorpted and re-emitted in a domain of transverse size
|∆x| ∼ 1

Q : the parton which absorbs the photon can be considered as point-like, down to transverse scale of

the order of 1
Q . At that scale, it is not surrounded by any cloud of particle. Of course radiative corrections

takes into account this cloud.
In reality, in the field theory of strong interaction, virtual particles which are exchanged between fermions

can have arbitrary momenta, and they can be in particular arbitrary large, which means short distances, or
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equivalently short time-scales, which seems to contradict the above discussion on T. The solution comes from
asymptotical freedom, a property of QCD (’t Hooft [35], Gross and Wilczek [36,37], Politzer [38,39], which states
that

αs(Q
2) decreases when Q2 increases.

More precisely, at one loop7

αs(µ
2) =

4 π

β0 log µ2

Λ2
QCD

(4.42)

with β0 = 11− 2
3Nf . In DIS, the natural scale is given by Q2. This coupling αs(Q

2) goes to zero rather slowly,
and the parton model is necessarily approximative, since partons are never exactly free. Corrections based on
gluon exchanges and gluon emissions are specific to QCD. They have been tested with success since to end of
the 70’.

4.3 Parton distributions and structure functions

4.3.1 A little bit of kinematics

The kinematics of lepton-proton scattering has already been introduced at page 51. It is usual to denote

y =
q · p
k · p =

ν

E
=
E − E′
E

0 ≤ y ≤ 1 (4.43)

the energy fraction lost by the incoming lepton in the proton frame, and thus transmitted to the photon. Let
us gather the useful relations among the various kinematicval variables:

Q2 = −q2 = 2M ν xBj = 2M E xBj y = 4EE′ sin2
θ

2
(4.44)

W 2 = (p+ q)2 =M2 + 2M ν −Q2 =M2 +Q2

(
1

xBj
− 1

)
(4.45)

and

S = (k + p)2 = 2M E +M2 =
Q2

xBj y
+M2 (4.46)

For a total center-of-mass energy
√
S (either for fixed target experiments or at colliders), the kinematically

accessible domain for the pair (xBj , Q
2) a thus a triangular form (in linear or in double logarithmic scales),

as illustrated in Fig. 4.4. For a given xBj , the maximal values of Q2 are obtained for y = 1 . The deep elastic
region corresponds to xBj = 1 , (more generally the quasi-elastic domain corresponds to Q2(1 − xBj) ≪ M2)
and Q2 ≫M2 while the DIS regionW 2 ≫ Q2 is obtained for large Q2 and xBj non parametrically close from 1.

Remark:

In the limit xBj → 0 ,

W 2 ∼ Q2

xBj
(4.47)

which justifies the fact that in the Regge limit the channel γ∗p is identical to the small xBj limit. Besides

S ∼ Q2

xBj y
(4.48)

and thus
W 2 ∼ y S . (4.49)

Thus the small xBj domain, studies at HERA, corresponds to y ≃ 1 .

7αs is now known at 3 loops.
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Figure 4.4: Kinematical domain in xBj and Q2 at fixed target experiments and at colliders in the processes e−p
and pp̄ (Tevatron), and constriants on various parton distributions (PDG 2008).

4.3.2 Cross-sections and stucture functions

The differential cross-section (3.95) can be written in a fully adimensional form. Let us denote

MW1(q
2, ν) = F1(xBj , Q

2)

ν W2(q
2, ν) = F2(xBj , Q

2) . (4.50)

The quantities F1 and F2 are called structure functions8 One can thus write (3.95) in the equivalent forms

d2σ

dxBj dy
=

2πα2

M E x2Bj y
2

[
xBj y

2 F1 +

(
1− y − x2Bj y

2M
2

Q2

)
F2

]

=
4πα2

xBj y Q2

[
xBj y

2 F1 +

(
1− y − x2Bj y

2M
2

Q2

)
F2

] . (4.51)

Proof:

8In the literature, F1,2 and W1,2 are all called structure functions. The definitions of F1,2 are universal, which is not the case
of W1,2 .
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• From xBj =
EE′

M (E−E′) (1 − cos θ) and y = (E − E′)/E follows, since y does not depend on θ ,

∂(xBj , y)

∂(Ω , E′)
=
∂xBj

∂Ω

∂y

∂E′
=

E′

2π(E − E′)M =
E′

2πE yM
, (4.52)

and thus
d2σ

dxBj dy
=

2πα2M

4EE′ 2 sin4 θ
2

[
2 y E′W1 sin

2 θ

2
+ y E′W2 cos

2 θ

2

]
. (4.53)

• Besides,

2E′ sin2
θ

2
= M xBj y

E′ y cos2
θ

2
= E′ y

(
1− M xBj y

2E′

)
= ν

(
E′

E
− M xBj y

2E

)
= ν

(
1− y − M xBj y

2E

)

= ν

(
1− y − x2Bj y

2M
2

Q2

)
.

which turns into the relationship we are looking for, after insertion in (4.53) and using (4.50).

4.3.3 Structure function considered as γ∗p cross-sections

In the case of a real photon, the cross-section of the γp process can be obtained starting from (3.31) where one
should simply remove the part of phase space which corresponds the out-going electron, and replace in the flux
term 2E 2M by 2Kγp = 2 q0 2M . Using the definition (3.35) for the tensor Wµν , in which the density factor
2M has been absopted (we thus introduce Kγ = q0), we have

σtot(γ p→ X) =
e2

2 q0
2πWµνǫ∗µ ǫν =

4π2α

q0
Wµνǫ∗µ ǫν , (4.54)

where transverse photon polarizations are given by (3.69) or (3.70).
In the case of a virtual photon, the expression (4.54) remains valid, based on the decomposition (3.66) of

the photon propagator. One should thus consider, besides the 2 transverse polarizations of the photon, the
longitudinal polarization (3.74). The only complication is related to the normalization of the incoming photon
flux. This normalization is arbitrary. In the literature, one may find two conventions.

The first one, from Gilman (1968) [40], relies on the definition (1.35) of the flux, which here reads

2Kγ∗p = 4
√
(p · q)2 −M2 q2 = 4

√
M2 ν2 −M2 q2 ∼

ν≫Q2
4M

(
ν +

Q2

2 ν

)
(4.55)

which thus means that one should perform in formula (4.54) the remplacement

γ : Kγ = q0 = ν −→ γ∗ : KGilman
γ∗ = ν +

Q2

2 ν
. (4.56)

The second one, from Hand (1963) [41], consists in a definition of the photon flux as the one of a real photon
which energy would produce the same final hadronic state. We thus write

W 2 =M ′2 =M2 + 2M ν + q2 =M2 + 2M q0 (4.57)

that is

γ : Kγ = q0 = ν −→ γ∗ : KHand
γ∗ = ν +

Q2

2M
. (4.58)

Therefore, with a given convention for Kγ∗ ,

σtot(γ∗ p→ X) =
4π2α

Kγ∗

Wµνǫ∗µ ǫν . (4.59)
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Consider now the two situations corresponding two transverse and longitudinal polarizations. From the decom-
position (3.76)

Wµν(p, q) = −W1 g
µν
⊥ +

[
−W1 +

(
1− (p · q)2

M2q2

)
W2

]
Pµν
L

we immediately get that
ǫ(i) ∗µ Wµν ǫ(i)ν =W1 (i = 1, 2) (4.60)

and thus

σtot(γ
(i) ∗
⊥ p→ X) =

4π2 α

Kγ∗

W1 =
4π2 α

Kγ∗

F1

M
.

We thus have

σtot(γ∗⊥ p→ X) =
1

2

[
σtot(γ

(1) ∗
⊥ p→ X) + σtot(γ

(2) ∗
⊥ p→ X)

]
=

4π2 α

Kγ∗

F1

M
(4.61)

which we write in the form

σT ≡ σtot(γ∗⊥ p→ X) =
4π2 α

Kγ∗

FT

2M xBj
(4.62)

with
FT ≡ 2 xBj F1 , (4.63)

which normalization will become clear in the parton model.
Similarly, since ν = p · q/M , (3.76) leads to

ǫ∗LµW
µν ǫLν = −W1 +

(
1 +

ν2

Q2

)
W2 =

1

ν

[
1 +

ν2

Q2

]
F2 −

ν

M
(
1 + ν2

Q2

)F1


 . (4.64)

Now

1 +
ν2

Q2
= 1 +

Q2

4M2 x2Bj

(4.65)

and
xBj y S = Q2 +M2 .

The contribution of longitudinal polariation is significant only for y rather close to 1 (typically y ≃ .5 to .9 at
HERA), situation for which

Q2

x2Bj

≃ S

xBj
≫M2

with an error of the order of 1% at HERA, where this cross-section have been measured. In this approximation,
we can write

ǫ∗LµW
µν ǫLν ≃

1

2M2 xBj
[F2 − 2 xBj F1] (4.66)

which thus leads to

σL ≡ σtot(γ∗L p→ X) =
4π2 α

Kγ∗

FL

2M xBj
(4.67)

with
FL ≡ F2 − 2 xBj F1 . (4.68)

With these definitions,
F2 = FT + FL . (4.69)

It is standard to denote9

R ≡ σL
σT

=
FL

FT
, (4.70)

9One should not mix this ratio with the ratio (2.3) of the annihilation process e+e− → hadrons.
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Let us now consider the full differential cross-section (4.51) for the process e−p → e−X from the point of
view of the various sub-processes γ∗p→ X involved. Again in the same approximation,

d2σ

dxBj dy
≃ 4πα2

xBj y Q2

[
xBj y

2 F1 + (1− y)F2

]

=
2πα2

xBj y Q2

[
xBj y

2F2 − FL

2 xBj
+ 2(1− y)F2

]
(4.71)

that is

d2σ

dxBj dy
=

2πα2

xBj y Q2

{[
2 (1− y) + y2

]
F2 − y2 FL

}

=
2πα2

xBj Q4

{[
2 (1− y) + y2

]
FT + 2(1− y)FL

}
.

(4.72)

4.3.4 Structure functions in the parton model

We shall now use the parton model to evaluate the structure functions F1 and F2 . The idea is to use our
computation performed for the elastic scattering of a point-like particle, here a parton, in order to get the
relation seeked.

Back to Callan-Gross relation

Let us first note that the transfered energy ν = p · q/M is the same for a parton of mass m = xM which would
absorb the whole energy, which means trivially that

ν =
p · q
M

=
x p · q
xM

. (4.73)

Starting from the expressions (3.86) and (3.87)

W el
1 pt =

Q2

4m2
Q2 δ

(
ν − Q2

2m

)
=

Q2

4m2ν
Q2 δ

(
1− Q2

2mν

)
,

W el
2 pt =

1

ν
Q2 δ

(
1− Q2

2mν

)
.

for the scattering of a particle of mass m and of charge Q , we thus write for the structure function of a proton
which contains a constituent of that type (of charge Q = 1 to make the writing simpler):

F1 =MW el
1 pt =

M Q2

4m2 ν
δ

(
1− Q2

2mν

)
=

Q2

4mxν
δ

(
1− Q2

2mν

)

=
Q2

4M x2 ν
δ

(
1− Q2

2M xν

)
=
xBj

2 x2
δ
(
1− xBj

x

)
=
xBj

2 x
δ (xBj − x) (4.74)

and

F2 = ν W el
2 pt = δ

(
1− Q2

2mν

)
= δ

(xBj

x
− 1
)
= x δ(xBj − x) . (4.75)

Denoting, like in page 74, by fi(x) the probability that the proton contains a parton of type i , of momentum
x p , of charge ei mesured in units of |e| , we thus have

F1(xBj) =
∑

i

∫
dx e2i fi(x)

1

2
δ(xBj − x) (4.76)

F2(xBj) =
∑

i

∫
dx e2i fi(x)x δ(xBj − x) , (4.77)
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which are only function of xBj . Besides, these structure functions satisfy

F2(xBj) = 2 xBj F1(xBj) . (4.78)

or equivalently, from Eqs. (4.68) and (4.63),

FT = F2 et FL = 0 . (4.79)

This is Callan-Gross relation, which we already encountered above in a slightly different form. Indeed, let us
insert the structure functions (4.76) and (4.77) inside the expression (4.72), obtained through the neglecting, in
the deep scattering regime, of the term involving Q2/M2 . We thus get

d2σ

dxBj dy
=

2πα2

xBj y Q2

[
y2 + 2(1− y)

]
F2 =

2πα2

xBj y Q2

[
1 + (1− y)2

]
F2 . (4.80)

On the other hand, from Q2 = 2M ExBj y one gets

∣∣∣∣
∂(xBj , Q

2)

∂(xBj , y)

∣∣∣∣ =
Q2

y
(4.81)

and thus
d2σ

dxBj dy
=
Q2

y

d2σ

dxBj dQ2
. (4.82)

Combining (4.80) with (4.82) one then gets, since y ≃ Q2/(xBj S) in the limit Q2 ≫M2 ,

d2σ

dxBj dQ2
=

2πα2

xBj Q4

[
1 +

(
1− Q2

xBj S

)2
]
F2 , (4.83)

which is exactly the scale invariance law (4.7), allowing the identification of F2 with F2 extracted from experi-
mental data.

Would spin 0 proton constituents, with an electric charge, exist , we should have obtained a structure funtion
F1 = 0 (while F2 6= 0). As a consequence the scale invariance law (4.83) would differ, in contradiction with
experimental data.

Proton and neutron structure functions; sum rules

The shape of the structure function F2 can be predicted based on a few simple arguments, illustrated in Fig. 4.5.
In a primitive model where the proton would be made of 3 valence quarks, F2(xBj) would simply be the sum
of three Dirac distributions located at xBj = 1/3. Of course, the fact that these quarks are embedded in a
confining potential leads to a spreading of these distributions. The virtual gluons which are exchanged can
produce quark-antiquark pairs, with a probability of Bremsstrahlung type, like dk/k ∼ dx/x , therefore peaked
in the small x region. This contribution of the sea quarks and of the gluons is thus very important for small
xBj , et from field theory point of view, the effect of QCD radiative corrections will very marked at small xBj .

The conservation of the energy-momentum tensor allows to show that

∫ 1

0

dxBj xBj

∑

i

fi(xBj , Q
2) = constant . (4.84)

On the other hand, when Q2 increases, the resolution of the electromagnetic probe being like 1/Q , the partonic
content of the proton increases, and since the sea quarks and gluons content increases more and more in the
small xBj domain, the fact that the sum rule (4.84) fixes the area limited by xBj

∑
i fi(xBj , Q

2) shows that
the contribution of moderate xBj decreases. In the limit Q2 →∞, we will thus have

xBj

∑

i

fi(xBj , Q
2) −→

Q2→∞
δ(xBj) . (4.85)
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1 quark

1 xBj

3 free quarks

1 xBj

3 bounded quarks

1 xBj

3 bounded quarks + sea

1 xBj

Figure 4.5: Partonic model for F p
2 .

One can be more quantitative, making explicit the parton model. In this model, one can write for the proton
structure function

F
(p)
2 (xBj)

xBj
=
∑

i

e2i fi(xBj) (4.86)

=

(
2

3

)2 [
f (p)
u (xBj) + f

(p)
ū (xBj)

]
+

(
1

3

)2 [
f
(p)
d (xBj) + f

(p)

d̄
(xBj) + f (p)

s (xBj) + f
(p)
s̄ (xBj)

]

and similarly, for the neutron structure function

F
(n)
2 (xBj)

xBj
=
∑

i

e2i fi(xBj) (4.87)

=

(
2

3

)2 [
f (n)
u (xBj) + f

(n)
ū (xBj)

]
+

(
1

3

)2 [
f
(n)
d (xBj) + f

(n)

d̄
(xBj) + f (n)

s (xBj) + f
(n)
s̄ (xBj)

]
.
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By isospin symmetry, i.e. under the transformation p↔ n and u↔ d , we have

f (p)
u = f

(n)
d ≡ u

f
(p)
d = f (n)

u ≡ d

f (p)
s = f (n)

s ≡ s (4.88)

and thus finally

F
(p)
2 (xBj)

xBj
=

4

9
(u+ ū) +

1

9
(d+ d̄+ s+ s̄)

F
(n)
2 (xBj)

xBj
=

4

9
(d+ d̄) +

1

9
(u+ ū+ s+ s̄) .

(4.89)

Since partonic distribution should be positive, one deduces that the ratio

F
(p)
2

F
(n)
2

=
4(u+ ū) + (d+ d̄) + (s+ s̄)

(u + ū) + 4(d+ d̄) + (s+ s̄)
(4.90)

should satisfy (Nachtmann (1972) [42]):

1

4
≤ F

(p)
2

F
(n)
2

≤ 4 (4.91)

which is indeed experimentally satisfied, as one can check on Fig. 4.6.
The parton dsitributions should satisfy the following sum rules:
Vanishing strangeness for nucleons:

1∫

0

dx (s− s̄) = 0 . (4.92)

Proton charge=+1:
1∫

0

dx

[
2

3
(u − ū)− 1

3
(d− d̄)

]
= 1 . (4.93)

Neutron charge=0:
1∫

0

dx

[
2

3
(d− d̄)− 1

3
(u− ū)

]
= 0 , (4.94)

from which follows that
1∫

0

dx (u− ū) = 2 et

1∫

0

dx (d− d̄) = 1 . (4.95)

Note that the constraint based on the isospin quantum number reads, for the proton (or neutron: in that case
u and d are interchanged, meanwhile the sign of I3 is changed):

I3 =
1

2

1∫

0

dx
[
(u − ū)− (d− d̄)

]
=

1

2
, (4.96)

while the fact that the baryonic proton and neutron quantum numbers are equal to 1 turns into

B =
1

3

∫ [
u− ū+ d− d̄+ s− s̄

]
= 1 . (4.97)
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Figure 4.6: SLAC data (1973) (figure from [43] based on [44–46]) for the ratio F
(n)
2 /F

(p)
2 .

Natrurally, the set of constraints (4.96), (4.92) and (4.97) or (4.93), (4.92) or (4.94) leads to the constraints
(4.95) and (4.92), based on the Gell-Mann-Nishijma relation [47–49]

Q = I3 +
Y

2
with Y = B + S . (4.98)

The application of the parton model with a valence distribution accompanied with a sea quark distribution,
which can reasonably assume to respect the SU(3) flavor symmetry, can be performed denoting

u = uv +m and d = dv +m (4.99)

et
um = ūm = dm = d̄m = s = s̄ = m, (4.100)

which leads to write the structure functions F
(p)
2 and F

(n)
2 in the form

F
(p)
2 (xBj)

xBj
=

1

9
(4 uv + dv) +

4

3
m (4.101)

F
(n)
2 (xBj)

xBj
=

1

9
(4 dv + uv) +

4

3
m, (4.102)

and thus
1

xBj
(F

(p)
2 − F (n)

2 ) =
1

3
(uv − dv) . (4.103)
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Experimentally, one indeed notice that this difference indeed behaves like a valence quark distribution with an
x average value around 1/3, as expected.

Let us rewrite the ratio F
(p)
2 /F

(n)
2 in this model:

F
(p)
2

F
(n)
2

=
4 uv + dv + 12m

4 dv + uv + 12m
. (4.104)

In the limit where xBj → 0 , the contributions arising from the sea seems to dominate, and one should have

F
(p)
2

F
(n)
2

→
xBj→0

1 , (4.105)

which is indeed satisfied experimentally, as one can check on figure 4.6. However, the natural hypothesis which
would assume that uv ≃ 2dv is too strong, since it would lead to

F
(p)
2 (xBj)

xBj
=

1

2
uv +

4

3
m (4.106)

F
(n)
2 (xBj)

xBj
=

1

3
uv +

4

3
m, (4.107)

and thus
F

(p)
2

F
(n)
2

→
xBj→1

3

2
, (4.108)

which is not the case experimentally, as shown in Fig. 4.6. In fact, one can see that this ratio tends to 1/4 ,
which is compatible with the dominance hypothesis of valence quarks ufor xBj ≃ 1 . One can show that the
quark distribution which dominates in the vicinity of xBj = 1 should vanish as

qv(xBj) ∼ (1− xBj)
3 . (4.109)

The power of 3 can be relied (Drell-Yan-West relation10) to the behavior of the elastic cross-section at large Q2 ,
a behavior which is governed by the large Q2 behavior of GM , which behaves like 1/Q4 . As far as the behavior
of the sub-dominant valence quark distribution is concerned (which may have the same behavior according
to some models) in the vicinity of xBj = 1 , the situation is less clear, a fact which clearly calls for precise
measurements of uv and dv distributions. In principle, the DIS experiments with a neutrino or an antineutrino
at NuTeV [51], CDHSW [52] and CHORUS [53] allow to measure separately u and d. But the maximal values
reached by xBj based on this method are limitted to xmax

Bj ≃ 0.65 (CHORUS). The separate measurement of u
and d are only possible at large xBj (up to .85) when starting from electron scattering on the proton and on

the deuteron. It seems that the nuclear models used to extract the structure function F
(n)
2 xBj region.

We end up this discussion by coming back to the concervation of the enrgy-momentum tensor. In the parton
model, this constraint reduces to a sum rule on the longitudinal momentum. Indeed, since quarks should carry
a total momentum equal to the proton momentum, we should have

∫ 1

0

(u(x) + d(x) + s(x) + ū(x) + d̄(x) + s̄(x) + g(x))x dx = 1 , (4.110)

a constraint we can be demonstrated starting from the relation (4.84) in the case of partons, for which the
coefficient function for F2 (which describes the coupling of partons with the photon) is simply proportional to
the square of the partonic charge.

HERA allowed to highlight the importance of the radiative corrections, in particular in the region of small
xBj for which violation of scaling invariance is important (see the following figures). It was then possible to
test successfully the perturbative QCD predictions, which describes these scaling violations. The Q2 and xBj

evolution of partonic distributions, based on DGLAP equations, are known at NNLO order, and are in very
good agreement with data.

10See for example Close [50] page 206.
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At very small xBj , the F2 structure function typically behaves like 1/xλBj with λ ≃ .3 , corresponding to a

gluonic distribution like g(xBj) ∼ 1/x1+λ
Bj . Without including the radiative corrections, this behavior should be

like 1/xBj . The precise value of λ depends on Q2 (and thus a pure Regge explanation is not possible) but the
fact that this value is positive is a sign of resummation effects of type

∑
n
(αs ln 1/xBj)

n to be studied in Chapter

8, which compete with collinear resummation effects like
∑
n
(αs lnQ2)n . Such a behavior is compatible both

with a renormalization group type of evolution (see next Section) or with a perturbative Regge-like approach
la BFKL.
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Figure 4.7: Partonic distributions x f(x), based on MRST 2004 NNLO parametrization, at the scale µ2 = 10
GeV2 (PDG 2007).
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Figure 4.8: Partonic distributions x f(x) (uv, dv, ū, d̄, s, c, b, g) with their respective uncertainties, based on
the NNLO MRST 2006 parametrization, at scales µ2 = 20 GeV2 and µ2 = 10000 GeV2 (PDG 2008).
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Figure 4.9: Experimental data for F p
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GeV2 and Q2 = 90 GeV2 (PDG 2008).
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4.4 Deep Inelastic Scattering beyond the parton model

4.4.1 Formal structure of the hadronic tensor

Hadronic tensor and Compton amplitude

The hadronic tensor Wµν can be rewritten as11

Wµν =
1

2M

1

2π

∫
d4x eiqx

1

2

∑

σ

〈p , σ|Jem
µ (x)Jem

ν (0)|p , σ 〉 . (4.111)

Proof:

Starting from the definition (3.35)

Wµν =
1

4M

∑

σ

∑

n

∫ n∏

i=1

d3ki
(2π)3 2 ki0

〈p, σ|Jem
µ (0)|n〉〈n|Jem

ν (0)|p, σ〉(2π)3δ4(pn − p− q) ,

and using the relation

(2π)4δ4(pn − p− q) =
∫
d4x ei (−pn+p+q)

as well as the fact that the current operator can be translated according to

Jem
µ (x) = eiP ·xJem

µ (0)e−iPx , (4.112)

we can write

〈p, σ|Jem
µ (0)|n〉 = 〈p, σ|Jem

µ (x)|n〉 e−ipx ei pn x , (4.113)

which proves the result.

The hadronic tensor can further be expressed in terms of the Fourier transform of the forward matrix element
of the commutator of two electromagnetic currents at two different points:

Wµν =
1

4M

1

2π

∑

σ

∫
d4x eiqx 〈p , σ|[Jem

µ (x), Jem
ν (0)]|p, σ 〉 . (4.114)

Proof:

Using the same method as above, one can write

∫
d4x eiq·x〈p|Jem

ν (0)Jem
µ (x)|p〉 =

∑

n

∫ n∏

i=1

d3ki
(2π)3 2 ki0

(2π)4δ4(q − p+ pn)〈p|Jem
ν (0)|n〉 〈n|Jem

µ (0)|p〉 .

But q − p+ pn 6= 0. Indeed, suppose that q − p+ pn = 0. In that case (p− q)2 = p2n =W 2, which reads, in the
laboratory frame,

q0 =
M2 + q2 −W 2

2M
.

Since the physical region is given by W 2 ≥ M2 and q2 ≤ 0, we thus get q0 < 0, which is nonsense. Thus∫
d4x eiq·x 〈p|Jem

µ (0)Jem
ν (x)|p〉 = 0 , which ends the proof.

11One should pay attention to normalisations: in the literature, the notation 〈p|O|p〉 ≡ 1
2

∑

σ
〈p , σ|O|p , σ〉 may be found, where

O is an arbitrary operator.
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One can now relate the hadronic tensor to the Compton amplitude. Let us show that

Wµν =
1

2iM
Disc Tµν =

∆T

M
, (4.115)

where the Compton amplitude is

Tµν =
i

2π

∫
d4x eiq·x

1

2

∑

σ

〈p , σ|T (Jem
µ (x)Jem

ν (0))|p , σ〉 (4.116)

and where the discontinuity is defined according to (1.153) by12

Disc Tµν ≡ lim
ǫ→0

[Tµν(q0 + iε)− Tµν(q0 − iε)] = 2 i ImTµν . (4.117)

Note that the normalization of the Compton amplitude (4.116) is in accordance with the fact that the electro-
magnetic current is defined as

Jem
µ =

∑

f

ef q̄fγµqf (4.118)

and therefoe does not include the i|e| coefficient involved in the usual QED vertex. The factor i in (4.116) thus
restores, with correct sign, the relation

iM = (i|e|)2ǫ∗µ(q)ǫν(q)(−i (2π)Tµν) . (4.119)

With this normalization, i (2π)Tµν is thus computed using the usual Feynman rules for an Sµν matrix element,
with open indices, up to the multiplicative factor e2.

Proof:

To simplify notations, we denote
∑

X

=
∑

n

∫ n∏

i=1

d3ki
(2π)3 2 ki0

.

The Compton amplitude reads, making the T−product explicit,

Tµν =
i

4π

∫
d4x eiqx

(
θ(x0)

∑

σ

〈p , σ|Jem
µ (x)Jem

ν (0)|p , σ〉+ θ(−x0) 〈p , σ|Jem
ν (0)Jem

µ (x)|p , σ〉
)
(4.120)

=
i

4π

∫
d4x

∑

X

{
ei(q+p−pX )·x θ(x0)

∑

σ

〈p , σ|Jem
µ (0)|X〉 〈X |Jem

ν (0)|p , σ〉

+ ei(q−p+pX )·x θ(−x0) 〈p , σ|Jem
ν (0)|X〉 〈X |Jem

µ (0)|p , σ〉
}
.

We now use the standard identities

1

p+ iε
= −i

∫ +∞

−∞
dτ eipτθ(τ) (4.121)

θ(τ) = − 1

2iπ

∫ +∞

−∞

e−ipτ

p+ iε
dp . (4.122)

Proof:

The relation (4.122) is easily proven by closing the p contour downward (resp. upward) for τ > 0 (resp. τ < 0)
for which e−ipτ is converging at −i∞ (resp. +i∞). Since 1/(p+ iε) has a pole at p = −iε, one then immediately
gets, from Cauchy formula ∫ +∞

−∞

e−ipτ

p+ iε
dp = −2πiθ(τ) , (4.123)

12In Itzykson-Zuber one uses the notation ∆T = ImT .
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which was to be proven. The first identity is obtained by Fourier inversion.

Thus

Tµν =
i

4π

∫
d3x e−i(~p−~pX+~q)·~x

∫
dx0 e

i(q0+p0−pX0 ) x0 θ(x0)

︸ ︷︷ ︸

∑

σ

〈p , σ|Jem
µ (0)|X〉 〈X |Jem

ν (0)|p , σ〉

i

q0 + p0 − pX0 + iε

+
i

4π

∫
d3x e+i(~p−~pX−~q)·~x

∫
dx0 e

i(q0−p0+pX0 ) x0 θ(−x0)
︸ ︷︷ ︸

∑

σ

〈p , σ|Jem
ν (0)|X〉 〈X |Jem

µ (0)|p , σ〉

−i
q0 − p0 + pX0 − iε

=
1

4π

(2π)3δ3(~pX − ~q − ~p)
pX0 − q0 − p0 − iε

∑

X

∑

σ

〈p , σ|Jem
µ (0)|X〉 〈X |Jem

ν (0)|p , σ〉

+
1

4π

(2π)3δ3(~pX + ~q − ~p)
pX0 + q0 − p0 − iε

∑

X

∑

σ

〈p , σ|Jem
ν (0)|X〉 〈X |Jem

µ (0)|p , σ〉 . (4.124)

The second term in the RHS of Eq.(4.124) does not contribute to the discontinuity of Tµν since pX0 +q0−p0 6= 0
has we have seen above. We can now apply the relation

1

X ± iε = P
1

X
∓ iπδ(X) , (4.125)

implying that

Disc
1

X ± iε = ∓ 2πiδ(X) , (4.126)

here for X = pX0 − q0−p0, therefore leading to the relation (4.115) after comparison of the obtained expression
for the discontinuity of the first term in the RHS of Eq.(4.124) with Eq.(3.35).

The relation (4.115) is not surprising: it is just the optical theorem!

Light-cone dominance

In the limit where Q2 and ν →∞, with xBj = Q2/2Mν fixed, we thus have

q+ ∼
√
2ν and q− ∼ q2/2

√
2ν. (4.127)

Because of the oscillating phase eiqx of Eq. (4.111), q · x = O(1), and thus

x− ∼ O(1/ν) et x+ ∼ O(1/xBjM) , (4.128)

or equivalently

x+x− ∼ O
(

1

−q2
)
. (4.129)

Finally x2 = x+x− − x̄2 ≤ O(1/ − q2), which vanishes in the limit where −q2 → ∞. Thus the Bjorken scaling
reduces to the study of a product of currents on the light-cone. Note that the same line of thought can be
followed for Tµν . Although Tµν is directly related to Wµν for DIS as we have seen above in Eq. (4.115), in the
case of Deep Virtual Compton Scattering (DVCS), the relation with Wµν will be lost, but we will deal almost
with Tµν itself (appart from the fact that one should consider a non-forward matrix element of the T−product
of two currents, which does not spoil the argument of light-cone dominance), which again will be dominated by
light-cone separation.
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Figure 4.12: DIS in the parton model.

4.4.2 Back to the parton model

Hand-bag diagram

Let us compute the tensor Wµν within the parton model. Although we already know the result from the
previous chapter, the way we will present this computation will help us in order to understand the selection
rules (Callan-Gross relation) as well as to prepare the computation of radiative corrections. The kinematics is
fixed according to Fig. 4.12. We use the relation (4.115) and thus compute the discontinuity of the forward
Compton amplitude. Denoting Γf

µν the contribution of the upper part of the diagram to Tµν , we have, using
(1.154)

∆Γf
µν =

1

2

1

2π
e2f i (−i) 2π)δ((k + q)2)γµγ.(k + q)γν =

e2f
2
δ((k + q)2)γµγ.(k + q)γν (4.130)

where ef is the electric charge, measured in units of |e|, for quarks of flavor f .
In the Sudakov basis where p = p2 and q = p1 − xBjp2 (see (4.23) and (4.21)),

δ((k + q)2) = δ(−Q2 + k2 + 2k+q− + 2k−q+). (4.131)

Neglecting k2 and keeping the dominant components in the parton model where k− ≫ k+ while q+ and q− are
both large, one can write

δ((k + q)2) ≃ xBj

Q2
δ(xBj − k−/p−) (4.132)

since xBj satisfies

xBj = Q2/2p.q = Q2/2p−q+ . (4.133)

This implies that k− + q− = 0 .

Let us now examine the product of the γ matrices involved in Eq. (4.130). If one assumes that the proton is
unpolarized, it makes sense to average over the spin of the quarks, and the actual structure to be studied turns
out to be /kγµ(/k + q/)γν . Since k− + q− = 0, the involved structure is

Γµν = Tr[γ+γµγ−γν ] . (4.134)

Thus µ, ν 6= +,−. The only possible remaining structure is

Γij = Tr[γ+γiγ−γj ] = −
1

4
Tr[γ+γ−]Tr[γiγj ] (4.135)

where i, j = 1, 2 are transverse indices. This thus implies that i = j, as expected since Wµν is symmetric. From
the vanishing of the transition involving longitudinaly polarized photon, we recover the Callan-Gross relation
(4.78) or (4.79). Based on the symmetry of Wµν , one may use the identity

1

2
(γiγ−γj + γjγ−γi) = −

1

2
{γi, γj}γ− = −gijγ− , (4.136)
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allowing to rewrite our result as

∆Γf
ij = − gij

e2f
2

1

2p−
δ(xBj − k−/p−) γ− . (4.137)

Denoting by S the lower part of the diagram, the contribution to Wij is thus

Wij = −gij
1

4Mp−

∑

f

e2f

∫
d4k δ(xBj − k−/p−)Sf

ab(p, k) (γ−)ba . (4.138)

where a, b are spinor indices and the average over the spin of nucleon is included in the definition of S. Thus

W1 =
1

4Mp−

∑

f

e2f

∫
d4k δ(xBj − k−/p−)Sf

ab(p, k) (γ−)ba (4.139)

Now, from the decomposition (3.76) of Wµν in the basis of projectors on transverse and longitudinal photon
polarization, and using the fact that we have proven that the coefficient in front of the projector on longitudinal
polarization vanishes (Callan-Gross relation), we have

−W1 +

(
1− (p · q)2

M2q2

)
W2 = 0 (4.140)

which simplifies in the high energy limit into

W1 +
(p · q)2
M2q2

W2 = 0 . (4.141)

Thus

F2(xBj , Q
2) = νW2 = −q

2M

p · q W1 = 2xBjMW1 (4.142)

reads here

F2(xBj , Q
2) =

xBj

2p−

∑

f

e2f

∫
d4k δ(xBj − k−/p−)Sf

ab(p, k) (γ−)ba (4.143)

which can be factorized in the form

F2(xBj , Q
2) =

∑

f

e2f xBj q
f (xBj) (4.144)

with the quark distribution defined by

qf (xBj) =
1

2p−

∫
d4k δ(xBj − k−/p−)Sf

ab(p, k) (γ−)ba . (4.145)

This is illustrated in Fig. 4.13.

4.4.3 Improved parton model and DGLAP equation

The partonic distribution can be written as the Fourier transform of the matrix element of a non-perturbative
correlator13

qf (xBj) =
1

2

∫
dz+

2π
〈p|q̄f (z)γ−qf (0)|p〉 e−i xBjP

−z+

(4.146)

Its moments with respect to xBj can be written, using an integration by part, as

1∫

0

dxBj x
n
Bj q

f (xBj) =
1

2

1

Pn+1
−
〈p|q̄f (0)γ−(i

↔
∂−)nqf (0)|p〉 (4.147)

13Using translation invariance, this can equivalently be written as qf (xBj) =
1
2

∫

dz+

2π
〈p|q̄f

(

z
2

)

γ−qf
(

− z
2

)

|p〉 e−i xBjP
−z+ .
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Figure 4.13: Quark parton distribution in a proton.

where
↔
∂ µ =

1

2

(→
∂ µ −

←
∂ µ
)
, (4.148)

and

∂+ =
∂

∂z−
(4.149)

In QCD, the non-local correlator appearing in the right-hand side of Eq. (4.146) and which describes the free
case should be modified by replacing the usual derivative by the covariant derivative, which enforce the gauge
invariance of these non-local operators. Thus, in full QCD, the moments of quarks PDF can now be expressed
as

1∫

0

dxBj x
n
Bj q

f (xBj) =
1

2

1

Pn+1
−
〈p|q̄f (0)γ−(i

↔
D−)nqf (0)|p〉 . (4.150)

In order to go beyond the parton model, one should take into account the contribution of the emission of a
gluon. Let us consider the contribution of Fig. 4.14. The one-loop integration leads immediately to logarithmic
divergencies when considering the d2k integration. The lower end of the phase space, corresponding to the IR
sector, is regulated by the fact that we have to take into account the typical scale which is involved in the
lower blob. In order to be consistent, we thus assume that this scale is provided by a typical scale k1. On the
other side, the UV sector is regulated by the presence of the scale Q2. The logarithmic divergence will thus be
regulated, but this logarithmic behaviour will manifests itself though logarithms of the ratio of the two large
scales of the problem, i.e. like lnQ2/k21. Such a behavior will arise from the integration over the region where
k1 ≪ k ≪ Q , which will be called the leading logarithmic region contributing to the Leading Logarithmic
approximation (LLQ). The term we are looking for will thus behave like αs lnQ2/k21 , belonging to the LLQ
approximation. Any treatment with would take into account corrections to this approximation would lead,
in the case of this one-loop contribution, to a finite term, of the type αs # (where # means that there is no
logarithmic enhancement), to be associated with a NLLQ effect.

We use the light-cone gauge defined by the vector η = (
+
1,
−
0,
⊥
0) for which A− = 0, in which case the

covariant derivative can be replaced by the usual derivative. The corresponding contribution to ∆T thus reads
(the prefactor 1/2 of Eq. (1.154) has already been included in the upper part describing the coupling with the
photon)

∆Γ− =
g2CF

(2π)4

∫
d4k

Θ(Q2 − k2)
(k2)2

δ(xBj − k−/p−)(−2π)δ((k1 − k)2)γα γ · k γ− γ · k γβ ×

×
(
gαβ −

ηα(k1 − k)β + ηβ(k1 − k)α
η.(k1 − k)

)
. (4.151)

We write d4k = dk+dk−d2k. The integration over k+ in (4.151) readily leads to

∫
dk+δ((k1 − k)2) =

1

2(k1 − k)−
. (4.152)
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Figure 4.14: Quark parton distribution in a proton.

Based on the mass-shell condition for the gluon, we have

k+ = k1+ −
(k1 − k)2
2(k1 − k)−

. (4.153)

We now denote

z =
xBj

x1
=

k−
k1−

. (4.154)

We thus have, based on the relation (4.153),

k2 = 2k+k− − k2 = 2k−k1+ −
k−

(k1 − k)−
(k − k1)2 − k2 (4.155)

which reduces, after simplification, to

k2 =
−1
1− z [(k − zk1)

2 − z(1− z)k21 ] ∼
−1
1− z k

2 . (4.156)

We now expand the term invoving the Dirac matrices:
(
gαβ −

ηα(k1 − k)β + ηβ(k1 − k)α
η · (k1 − k)

)
γβ γ · k γ− γ · k γα = −2k2γ−

1 + z2

(1 − z)2 (4.157)

where we only kept the linear terms in k2.

Proof:

To prepare the proof, we first note that

γ± =
1√
2
(γ0 ± γ3) (4.158)

implies that
{γ+, γ−} = 2 and Tr[γ+ γ−] = 4 (4.159)

and
(γ+)2 = (γ−)2 = 0 . (4.160)

The last formula which will be used (beware of the sign) is

γ · a γ · b = − a · b . (4.161)

Let us start by considering the first term of Eq. (4.157), arising from the gαβ contribution of the gluonic
propagator. Using the property (1.103), this term simplifies into

γα γ · k γ− γ · k γα = −2 γ · k γ− γ · k . (4.162)
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The properties (4.160) implies that in the terms γ · k of the previous equation, the γ− contribution vanishes.
Thus,

γα γ · k γ− γ · k γα = −2 [k2−γ+γ−γ+ − k− γ · k γ− γ+ − k− γ+ γ− γ · k + γ · k γ− γ · k] (4.163)

The first term equals 2k2−γ
+ based on the property (4.158), the second one equals −k− γ− γ+ γ ·k and can easily

be recombined with the third one, again using (4.158), while the fourth one equals −γ− γ · k γ · k = +k2 γ− and
thus

γα γ · k γ− γ · k γα = −2 [k2γ− + 2 k2− γ
+ − 2 k− γ · k] . (4.164)

We now consider the second term of Eq. (4.157), arising from the η dependent part of the gluon propagator.
Using the property (1.105), we have

(/k1 − /k) γ · k γ−γ · k γ− + γ−γ · k γ− γ · k (/k1 − /k)

= 2k−[(/k1 − /k) γ · k γ− + γ− γ · k (/k1 − /k)]

= 2k−[−2 (k1 − k)− γ · k + 2 k− (/k1 − /k) + 2 (k1 − k) · k γ−] (4.165)

where we have used the fact, in order to pass from the first to the second line, that the γ · k inserted between
two γ− matrices should be a k−γ+, and the property (1.105) to get the last line. This contributions thus reads

−2 (k1 − k)− γ · k + 2 k− (/k1 − /k) + 2 (k1 − k) · k γ−
= [−2(k1 − k)−k+ + 2k−(k1 − k)+ + 2(k1 − k) · k] γ− + 2k1−γ · k − 2k−γ · k1 . (4.166)

Now,

−2(k1 − k)−k+ + 2k−(k1 − k)+ + 2(k1 − k) · k = 4(k1 − k)+k− − 2(k1 − k) · k

= 2(k1 − k)2
k−

(k1 − k)−
− 2(k1 − k) · k ∼ 2 k2

z

1− z + 2k2 =
2

1− z k
2 . (4.167)

We can now combine the previous results to compute (4.157):

γα γ · k γ− γ · k γα −
1

(k1 − k)−
[
(/k1 − /k) γ · k γ−γ · k γ− + γ−γ · k γ− γ · k (/k1 − /k)

]

= −2
{[
k2 +

2z

(1 − z)2k
2

]
γ− + 2 k2− γ

+ + 2k1−

[
−z + z

1− z

]
γ · k +−2k−

z

1− z γ · k1
}

= −2
{
k2

1 + z2

(1− z)2 γ
− + 2 k21−z

2 γ+ + 2k1−
z2

1− z γ · (k − k1)
}
. (4.168)

When taking into account the quark propagators, and integrating over k, we thus see that the first term provides
the dominant contribution, which scales like lnQ2 .
The second term scales like k21−/Q

2 ∼ 1 and is thus not logarithmically enhanced.
Finally, in the last term only γ · k1 remains, and leads to a contribution which scales like k1−k1/Q

2, due to the

upper cut-off Q2 (the lower cut-off of the d2k integration, is provided by k1 and its contribution is included in
lower blob). Since k1− ∼ Q and k1 ≪ Q, this is a power suppressed contribution.

We have proven that the structure of the Dirac matrices reduces to a γ−.

Inserting the previous results in Eq. (4.151), one gets, using

∫
dk−

(k1 − k)−
δ

(
xBj −

k−
P−

)
=

1

x1 − xBj
=

1

x1

1

1− z , (4.169)

that

∆Γ− = γ−
1 + z2

1− z
1

x1

∫ Q2

k2
1

dk2

k2
αs(k

2)CF

2π
(4.170)
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keeping only the terms leading to logarithmic contribution. We have taken into account the fact that αs = g2/4π
depends on the scale. A detailled discussion of this problem14 can be found in the appendix of Ref. [54] where it
is shown that for each vertex, radiative corrections leads to the fact that the coupling does not depends on the
lowest virtualities of the three partons entering the coupling, here k21. The only virtuality which matter here is
thus k2.
We above computation leads to the evolution equation

Q2 ∂

∂Q2
qf (x,Q2) =

αs(Q
2)

2π

∫ 1

x

dx1
x1

Pqq(x/x1)q
f (x1, Q

2) (4.171)

where Pqq is the kernel CF
1+z2

1−z . If one takes into account the self-energy corrections to the propagators of
momentum k, Pqq should be modified into

Pqq(z) = CF
1 + z2

1− z

∣∣∣∣
+

(4.172)

where the principal value regularization |+ is defined by

∫ 1

0

dz K(z)

∣∣∣∣
+

f(z) =

∫ 1

0

dz K(z)(f(z)− f(1)). (4.173)

The previous result should now be extended by including the gluon distribution G(x,Q2), since in QCD with
interaction between quarks and gluons, quark and gluon distributions should be coupled. In flavor space, it is
convenient to introduce the singlet and non-singlet distributions as

FS = Σf

(
qf (x,Q2) + q̄f (x,Q2)

)

F ff ′

NS = qf (x,Q2)− qf ′

(x,Q2) (4.174)

The distributions F ff ′

NS decouple from other distributions since gluons cannot resolve flavor, and they satisfy the
same equation as Eq. (4.171). Besides, the singlet quarks and gluon distribution satisfy the coupled system of
equations:

Q2 ∂

∂Q2

(
FS(x,Q

2)
G(x,Q2)

)
=
αs(Q

2)

2π

∫ 1

x

dx1
x1

(
Pqq(x/x1) PqG(x/x1)
PGq(x/x1) PGG(x/x1)

)(
FS(x1, Q

2)
G(x1, Q

2)

)
, (4.175)

where

PqG(z) = Nf (z
2 + (1− z)2)

PGq(z) = CF
1 + (1 − z)2

z

PGG(z) = 2CA

(
z

(1− z) +
1− z
z

+ z(1− z)
)
+

11CA − 2Nf

6
δ(z − 1) , (4.176)

with as usual CA = Nc = 3 , see Eqs. (1.176) and (1.180). These equations have been derived separately by
Dokshitzer [55] Gribov and Lipatov [56, 57], Altarelli and Parisi [58], and are called DGLAP equations.

14To our knowledge, such a study has never been carried out beyond LLQ approximation.
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Chapter 5

From inclusive to exclusive processes

5.1 From DIS to DVCS

5.1.1 Kinematics of DVCS

We consider the Virtual Compton Scattering process:

γ∗(q) p(p)→ γ∗(q′) p(p′) . (5.1)

This process includes in particular the Deep Virtual Compton Scattering (DVCS) process for which q2 is
large while the outgoing photon is on-shell. Another process which belongs to this class is Timelike Compton
Scattering (TCS), in which the incoming photon is on-shell while the produced one is timelike, corresponding
to the production of a pair of leptons. Finally, the more general case corresponds to the Double Deeply Virtual
Compton Scattering (DDVCS), in which both the (spacelike) incoming photon and the (timelike) out-going one
are far off-shell. Factorization is expected whenever at least one of the two scales |q2| and /or |q′2| are large,
when the Mandelstam variable sγp is large, with fixed |q2|/sγp and |q′2|/sγp ratios and fixed t (this should
be contrasted with fixed angle scattering for which t is also asymptotically large). We define the transfered
momentum by

∆ = p′ − p = q − q′ . (5.2)

As usual, one defines Q2 = −q2 and Q′2 = +q′2 . The first scaling variable to be defined is the standard Bjorken
variable

xbj =
Q2

2p · q =
Q2

W 2 +Q2 −M2
, . (5.3)

The skewness ξ is defined in a covariant manner by

ξ = − (q − q′) · (q + q′)

(p+ p′) · (q + q′)
. (5.4)

Expressing the various scalar product through the invariants W 2 = (p + q)2 = (p′ + q′)2 and u = (p − q′)2 =
(p′ − q)2, combined with the relation u+W 2 + t = −Q2 +Q′2 + 2M2 leads to

ξ =
Q2 +Q′2

2W 2 +Q2 −Q′2 − 2M2 + t
. (5.5)

Neglecting t with respect to Q2 and/or Q′2 and with respect to W 2 means that it is possible to choose two
light-like vectors p1 (+) and p2 (-) such that the incoming and outgoing proton flies (almost) along p2, the
proton receiving a kink ∆ along the p2 and ⊥ directions only. The skewness can thus be written as

ξ ∼ (p− p′)−(q + q′)+
(p+ p′)−(q + q′)+

=
(p− p′)−
(p+ p′)−

. (5.6)
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Defining now the average momentum of the nucleons as

P =
p+ p′

2
(5.7)

which has two components, along - and ⊥ directions, one can rewrite the − components of p and p′ in the
convenient form

p− = (1 + ξ)P− and p′− = (1 − ξ)P− , (5.8)

while the − component of ∆ reads

∆− = −2 ξ P− . (5.9)

5.1.2 DVCS and GPDs from the exclusive electroproduction of a photon

We now consider the DVCS process γ∗(Q2) p→ γ p, which opened the way to the introduction of non-forward
parton distributions, now called GPDs1. This subprocess can be experimentally studied in the process

e±N → e±Nγ . (5.10)

From Eq. (5.5) one deduces, since Q′2 = 0 , that

ξ =
xBj

2− xBj
, (5.11)

which relates the skewness to the usual xBj parameter. This shows in particular that at small-xBj , which is
typical for HERA collider (H1, ZEUS experiments), skewness effects are presumably rather small, and were in
particular overcome in the seminal paper [66] on diffractive electroproduction, which was devoted to HERA
kinematics. We will now shortly discuss the methods which have been developped [67] and are now used for
extracting GPDs from DVCS studies2.

The amplitude of the process (5.10) is the sum of the DVCS contribution and of the Bethe-Heitler (BH)
one, as illustrated in Fig. (5.1). The BH process can be computed in QED, based on the measurement of proton
elastic form factors discussed in Chap. 3. On the other hand, the DVCS amplitude involves GPDs, which are
thus in principle accessible. The squared amplitude of the process (5.10) reads

|A|2 = |ABH |2 + |ADV CS|2 +ADV CS A
∗
BH

+A∗
DV CS

ABH︸ ︷︷ ︸
I

. (5.12)

In practice, one can only extract GPDs directly from the process (5.10) when the BH amplitude is negligible,
which turns out to be the case at small xbj , a typical situation for H1 and HERA. In the more general situation
when xbj is not small, the extraction of GPDs is made easier through the study of the interference between
the DVCS and the BH amplitudes. One should thus contruct observables to disentangle the GPD contribution
from this interference.

The first method, used at HERA and which could be used at COMPASS, is applicable in the case of
unpolarized e± and N beams. The interference term can be expanded linearly in harmonics of the azimuthal
angle φ, which is the angle between the lepton plane (which contains the incoming and the outgoing leptons, as
well as the virtual exchanged photon) and the plane containing the virtual exchanged photon and the produced
real photon. At leading twist, keeping only the cosφ and sinφ terms, the amplitude reads

I ∝ −C [a cosφReADV CS + b Pl sinφ ImADV CS , , ] (5.13)

where C = ±1 is the lepton beam charge, Pl its longitudinal polarization and a and b are functions of the ratio
of longitudinal to transverse virtual photon flux.

When the lepton charge can be flipped, like at HERA or COMPASS, since the lepton polarization flips with
charge, the sinφ contribution can be taken away by measuring the beam charge asymmetry (BCA):

AC =
dσ+/dφ− dσ−/dφ
dσ+/dφ+ dσ−/dφ

∼ p1 cosφ = 2ABH
ReADV CS

|ADV CS |2 + |ABH |2
cosφ . (5.14)
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Figure 5.1: Diagrams contributing to the DVCS (left) and to the Bethe-Heitler (middle and right) processes.

Data on DVCS which support the factorization through GPD first came from HERA, for the fixed target
experiment HERMES [68–70], based on the BCA method, and then at H1 and ZEUS, using the dominance of
the DVCS contribution at small xbj [71–73].

The second method, applicable when the beam or the target is polarized, gives access to the imaginary
part of the DVCS amplitude, and therefore to GPDs, through spin asymmetries. The high luminosity JLab
facilities, with an electron beam of 6 GeV scattering on a fixed target, could give access to GPD in a typical
range of xbj where the BH amplitude dominates. These measurements were done for polarized beams by the
CLAS collaboration [74, 75], including the case of electroproduction of a pion, to be discussed later [76], and
then by the Hall A collaboration [77]. Data with polarized proton targets have been measured by the CLAS
collaboration [78]. All these data, with increasing precision, allow for detailled studies of GPDs. Further results
are expected from COMPASS [79, 80]. For a very recent review on experimental results, see Ref. [81].

5.1.3 Factorization of the DVCS amplitude

There are several ways to attack the problem of factorization of hard (inclusive of exclusive) processes. The
first one, which we will mainly deal with in this manuscript, and which we illustrated in Sec. 3.5 in the case
of form factors, relies on the analysis of a given set of diagrams which are expected to dominate, which are
then factorized in a hard and soft part. Then, considering diagrams which does not allow for factorization, one
can practically show that they are suppressed in power of the hard scale Q . This is the basis of the classical
hand-bag diagram analysis of DVCS [82] and of hard electroproduction of vector mesons [83].

In some cases, from this educated guess, one can infer a proof of factorization, for arbitrary diagrams, leading
then to “factorization theorems”. The basic tool for such an analysis is an appropriate expansion in powers of
the hard scale, like Q2 for DVCS. In the Schwinger α representation, this large parameter appears as multiplied
by α dependent terms in the argument of an oscillatory exponential. These terms are ratios of polynomials
which are dependent of the topology of the given diagram. (see [8] p. 294 and [84] for details). The large Q2

limit is thus dominated by diagrams for which this ratio vanishes. This leads to a systematic analysis of the
amplitude as a convolution of “reduced” diagrams (hard part), convoluted with long-distance contributions.
This the basis of the Radyushkin approach already used for the factorization of the pion form factor [85] and
which lead to the derivation of the spectral properties of multiparton distributions functions [86, 87] - among
which are Partons Distribution Functions (PDFs). This led to an all-order proof of factorization for DVCS and
hard electroproduction of vector mesons in the seminal and pedagogical paper3 [88]. Another approach, this
time in Feynman parameter representation (which is completely equivalent with Schwinger α-representation by
a simple rescaling of α−parameters) lead to an equivalent result for hard electroproduction of vector mesons,
in the seminal work of Collins, Frankfurt and Strikman [89]. In this proof, the analysis relied on the Landau
theory [90] of pinch singularities, in order to extract the dominant diagrams when carrying the expansion with
respect to the large parameter (here Q2), and in particular on the Coleman-Norton theorem [91] which gives a

1For early reviews on GPDs, see Refs. [59, 60]. See Refs. [61, 62] for more recent reviews. Up-to-date reviews on models and
data can be found in Refs. [63–65].

2See section 9 of [61] for a detailled review.
3One can find there a account of the main idea based on a detailled analysis of the box diagram in scalar field theory.



112 CHAPTER 5. FROM INCLUSIVE TO EXCLUSIVE PROCESSES

simple tool to classify the various soft contributions which may occur in terms of classical allowed trajectories.
In both treatments, the non-trivial step is to prove that diagrams, which have a non factorizable topology are
suppressed in the 1/Q power counting. This relies in particular on the Ward identities of QCD, which complicate
the counting rules in comparison with scalar theories. Similar tools were used in the proof of factorization of
DVCS of Refs. [92] and [93]. Any of these proofs relies on rather technical arguments with would need too much
developments, and we thus refer to the quoted literature.

There exist actually others more formal proofs, which originate from DIS. Let us recall that DIS deals with
the total γ∗(Q2) p → X cross-section, which is related to the forward amplitude of the γ∗(Q2) p → γ∗(Q2) p
process through the optical theorem. The factorization of the DIS cross-section can be formally proven based on
the coordinate space Operator Product Expansion (OPE). It involves the convolution of a coefficient function
(hard part) with the forward matrix element of a light-cone operator. Historically [37, 94–96] this was proven
and studied based on the relationship between moments of the structure functions and local light-cone operators,
and using these sets of operators to perform an OPE. The structure function are reconstructed based on the
knowledge of an infinite set of these moments. This is intrisically due to the fact that the operator product
expansion in the limit x2 → 0

J(x)J(0) =

∞∑

n=0

Cn(x
2)xµ1 · · ·xµn Oµ1···µn(0), (5.15)

involves an infinite set of local light-cone operators and of Wilson coefficients (hereafter also called “hard part”).
It turns out that the problem of resumming an infinite sum can be overcome by considering non-local light-cone
operators. One of the practical advantage of considering such operators is that they satisfy renormalization group
equations which leads, when considering specific matrix elements (forward hadron-hadron matrix elements for
PDFs, non-forward hadron-hadron matrix elements for GPDs, vacuum-hadron matrix elements for DAs, etc...),
to various sets of QCD evolution equations: Dokshitzer, Gribov-Lipatov, Altarelli-Parisi (DGLAP) [55–58] for
PDFs and Efremov-Radyushkin, Brodsky-Lepage (ERBL) [85,97,98] for DAs. Non local OPE was investigated
long before the more recent interest for DVCS [99, 100] (see also [101]), in particular in order to understand
factorization of DIS and inclusive e+e− annihilation [102, 103]. Its use for DVCS and hard electroproduction
lead to the classical approach of the Leipzig group [104].

H

S

γ∗(q) γ

p = p2 − ∆
2 p′ = p2 +

∆
2

∫
d4k k k +∆

Q2→∞−→

γ∗(q) γ

H
k+ = 0 , k⊥ = 0

S
∫
dk+

∫
d2k⊥

∫
dk−

= p−2
∫
dx

−
x+ ξ

−
x− ξ

− −

+− +

Figure 5.2: Momentum space factorization of the DVCS amplitude in the hard regime. The signs + and −
indicate corresponding flows of large momentum components, with respect to which transverse components are
neglected.

We will now explain how factorization of the DVCS amplitude in the large Q2 limit occurs, without giving
any argument of the reason why other non factorizable diagrams are suppressed, refering to the literature for
proofs. The factorization follows two steps.

Factorization in momentum space

First, one should factorize the amplitude in coordinate or momentum space. We will deal here with the
factorization in momentum space, which makes the connection with Feynman diagrams more direct. This can
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be set up more easily when using the Sudakov decomposition (4.21), this time with p2 chosen in such a way
that P = 1

2 (p+ p′) (see Eq. (5.7)) reduces to p2 in the limit of P 2 → 0 we are interested in, i.e. the − part of
P is identical to p2 , and other components are unimportant from the point of view of factorization (it matters
for the soft part, but not for the hard part). The vector p1 is somehow arbitrary, and can be choosen in a
convenient way by relating it to the external kinematics, such that

q = p1 −
Q2

s
p2 = p1 − 2 ξ p2 . (5.16)

This choice means that the outgoing photon satisfies

pγ = p1 +
∆2

s
p2 −∆⊥ , (5.17)

Another kinematics is possible, by chosing p1 to be along pγ . This has to be kept in mind when we will
implement a double factorization when replacing the produced photon by a vector meson, in which the second
factorization goes along the pV direction.

We will discuss in detail the arbitrariness related to the choice of p1 in Chap. 7, for the case of exclusive
hard processes beyond leading twist. We will for the moment restrict ourselves to the twist 2 dominant case. In
the limit Q2 →∞, the only component of the momentum k to be kept in the hard blob H is k− . In particular,
this means that the quark-antiquark pair entering H can be considered as being collinear, flying in the direction
of the p2 momentum. Therefore, the amplitude reads

∫
d4k S(k, k +∆)H(q, k, k +∆) =

∫
dk−

∫
dk+d2k⊥ S(k, k +∆) H(q, k−, k− +∆−) ,

as illustrated in Fig. 5.2 with p2 = 1
2 (p+p

′) , ∆ = p′−p. The fact that this approximation in the hard part leads
to the dominant contribution in the 1/Q power counting can be checked explicitly in the case of the hand-bag
diagram. This relies on exactly the same idea as the one used for the counting rule of Sec. 3.5: at twist 2
the hard part can be computed by keeping the dominant term in the Taylor expansion around the dominant
light-cone momentum carried by the partons.

Factorization in the space of quantum numbers

In addition to the infinite representations of the Lorentz group considered above, one should as well consider
representation of finite dimensions, of spin 1/2 (quarks, antiquarks) and of spin 1 (gluons). At the same time,
a factorization in color space is needed. In the specific case of the two partons (quark-antiquark) contribution,
this means that one should factorize the amplitude in spinor space and in the fundamental representation of
SU(N). Both of these factorization can be achieved based on the Fierz identity, which we have discussed in
Sec. 1.5 for spinors and in Sec. 1.6 for color.

The Fierz identity in spinor and color space then shows that the DVCS amplitude completely factorizes, as
illustrated for quark-antiquark exchange in Fig. 5.3. The above Fierz relations fixes the Feynman rules when
computing the hard part, as we will illustrate in details in Chap.10 in the example of the γ∗ → ρ impact factor.
The final form of the factorized DVCS amplitude thus reads symbolically:

M = GPD⊗Hard part . (5.18)

Before presenting with some details the structure and properties of GPDs, we will now present in detail the
factorization of the DVCS amplitude at Born order.

5.1.4 Explicit computation of the DVCS amplitude at Born order

Let us compute the DVCS amplitude at Born order. The two corresponding Feynman diagrams are illustrated
in Fig. 5.4. The amplitude reads

T = −i
∑

f

d4k

(2π4)
(−i|e| ef)2

[
γµε

′∗
µ i

/k + q/+m

(k + q)2 −m2 + iǫ
γνεν + γνεν i

/k − q/′ +m

(k − q′)2 −m2 + iǫ
γµε

′∗
µ

]

ba

× 〈 p′ |
∫
d4z eiz·kT q̄b(0) qa(z) | p〉 (5.19)
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H

γ∗(q) γ

Γ

q

S

∫
dk−

= p−2
∫
dx

−
x+ ξ

−
x− ξ

− −

Γ

Figure 5.3: Factorization of the DVCS amplitude in the hard regime. The blob with a cross denote a set of Γ
matrices. In the above (hard) part, the lines entering and exiting the crossed blob carry spinor and color indices
but do not propagate any momentum. The corresponding momentum are on-shell. The whole momentum
structure is contained in the blob H .

Note that in this formula, a and b are spinor indices. Let us recall that

q(z) =

∫
d3k

(2π)32k0
θ(k0)

∑

s

[
u(k, s) b(k, s) e−iz·k + v̄(k, s) d†(k, s) eiz·k

]
. (5.20)

Thus, the physical meaning of the second line of Eq. (5.19) is to pick a quark of momentum k from the proton,
and to absorb a quark of momentum k′ in the proton (or a quark or an antiquark depending on the sign of k0

and k
′0).

One can now use the Fierz identity, in the form

q̄b(0) qa(z) =
1

4
γλab q̄γλ q +

1

4
(γ5 γ

λ)ab q̄γλγ5 q +
1

4
(I)ab q̄ q +

1

4
(γ5)ab q̄ γ5 q +

1

4
σαβ
ab q̄γαβ q (5.21)

Since the trace of an odd number of Γ-matrices vanishes, the only structures which survive for DVCS are the
vector structure γλ and the axial-vector structure γ5 γ

λ, called chiral-even. Other structure, called chiral-odd,
will be discussed later.

We thus write

T = −
∑

f

(|e| ef )2
d4k

(2π)4
ε
′∗
µ εν

1

4

{(
Tr

[
γµ

/k + q/+m

(k + q)2 −m2 + iǫ
γν γλ

]
+Tr

[
γν

/k − q/′ +m

(k − q′)2 −m2 + iǫ
γµ γλ

])

× 〈p′ |
∫
d4z eiz·kT q̄(0) γλ q(z) | p〉

+

(
Tr

[
γµ

/k + q/+m

(k + q)2 −m2 + iǫ
γν γ5 γ

λ

]
+Tr

[
γν

/k − q/+m

(k − q)2 −m2 + iǫ
γµ γ5 γ

λ

])

× 〈p′ |
∫
d4z eiz·kT q̄(0) γλ γ5 q(z) | p〉

}
(5.22)
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p p′
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k k′
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p p′

γ∗(q, ε) γ(q′, ε′)

k k′

ν µ

S

a b

k − q′

Figure 5.4: DVCS in the parton model.

To go further, let us note that the two vector and axial-vector non-perturbative correlators involve large −
components, due to the large − components of p and p′, and therefore, in the spirit of the above discussion
on collinear factorization, these correlators are dominated by their λ = − components. This implies that the
above perturbative part should be evaluated with λ = +, which means a factor of

√
2/s /p2 (i.e. 1/P−/p2) in

the Sudakov parametrization. We now proceed by computing the hard part (terms inside the parenthesis) in
the collinear limit k+ = k′+ = k⊥ = k′⊥ = 0, which means that inside the d4k integration, the dk+d2k⊥ goes
through the hard part and only affects the non-perturbative correlator (soft part).

In the Sudakov parametrization (5.16, 5.17), we have

k = (x+ ξ) p2 and k′ = (x− ξ) p2 (5.23)

and

q + k = p1 + (x− ξ) p2 and k − q′ = −p1 +
(
x+ ξ − ∆2

s

)
p2 +∆⊥ . (5.24)

For each of the two diagrams, the quark propagator has thus a very simple expression:

(q + k)2 −m2 + iε = s(x− ξ)−m2 + iε = s(x− ξ + iε)−m2 (5.25)

(k − q′)2 −m2 + iε = −s(x+ ξ)−m2 + iε = −s(x+ ξ − iε)−m2 (5.26)

Now, one can easily check that ν and µ should be transverse in order to avoid the vanishing of Eq. (5.22).

Proof:

Let us first consider the case ν = −, i.e. a /p1 term:

Tr

[
γµ

/k + q/+m

(k + q)2 −m2 + iǫ
/p1 /p2

]
+Tr

[
/p1

/k − q/′ +m

(k − q)2 −m2 + iǫ
γµ /p2

]
(5.27)

= Tr [γµ /p2 /p1 /p2]

[
x− ξ

s(x− ξ + iε)−m2
+

x+ ξ

−s(x+ ξ − iε)−m2

]
∼ −2m

2

s2
x

x2 − ξ2Tr [γ
µ /p2 /p1 /p2]

which thus vanishes up to mass correction terms. The case with ν = − obviously gives a vanishing contribution.
The same calculation shows that µ 6= +,−. The extension to the case of the axial-vector contribution is
straightforward.

Therefore, the only possible transition is between two transversally polarized photons. Note that this is
consistent with the conservation of the electromagnetic current, since both q and q′ are combination of + and
− vectors, and we have just seen that transition involving one of these light-cone vector vanishes.
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The non-vanishing transition thus reads, neglecting mass effects:

T = −
∑

f

(|e| ef)2
∫
dk−

P−
ε
′∗
µ εν

1

4

{(
Tr

[
γµ⊥

/p1
s(x− ξ + iε)

γν⊥ /p2

]
+Tr

[
γν⊥

−/p1
−s(x+ ξ − iε)γ

µ
⊥ /p2

])

×
∫
dk+d2k⊥
(2π)4

〈p′ |
∫
d4z eiz·k T q̄(0) γ− q(z) | p〉

+

(
Tr

[
γµ⊥

/p1
s(x− ξ + iε)

γν⊥ γ5 /p2

]
+Tr

[
γν⊥

−/p1
−s(x+ ξ − iε)γ

µ
⊥ γ5 /p2

])

×
∫
dk+d2k⊥
(2π)4

〈p′ |
∫
d4z eiz·k T q̄(0) γ−γ5 q(z) | p〉

}
(5.28)

Using Tr[/p1 /p2] = 2s and Eq. (1.114), we thus obtain, after performing the dk+d2k⊥ integration,

T = e2
∑

f

e2f

∫
dx ε

′∗
µ εν

×
{
gµν⊥

[
1

x− ξ + iε
+

1

x+ ξ − iε

]
1

2

∫
dz+

2π
〈p′ | eiz+·k−

T q̄f(0) γ
− qf (z) | p〉

∣∣∣
z−=0, z⊥=0

+ i ǫµν+−
[
− 1

x− ξ + iε
+

1

x+ ξ − iε

]
1

2

∫
dz+

2π
〈p′ | eiz+·k−

T q̄f(0) γ
− γ5 qf (z) | p〉

∣∣∣
z−=0, z⊥=0

}
,(5.29)

where we have used 1/s ǫµνp1p2 = 1/2 ǫµν+− .
From this expression, it is clear, due to the property (3.71), that the only non-vanishing transitions are

+→ + and − → − .
The relation (5.29) exhibits an explicit factorization of the DVCS amplitude as a sum ofconvolution (in x)

of hard parts (first line) and a soft correlators.

5.2 GPDs: some basics

We now define and review basic properties of GPDs. We will here adhere to the conventions of Ref. [61].

5.2.1 Definitions

Helicity non-flip GPDs

As explained above, the factorization of DVCS into a hard and a soft part naturally involves generalized parton
distribution [1] which are defined through matrix elements of quark and gluons non-local operators with a light-
like separation. We restrict ourselves for a moment to the GPDs in which the total transfert of helicity is zero.
One can show that based on the fact that the correlator of the non-local operators which enter the definition of
GPDs are taken at equal light-cone time z−, the T−product occuring in the factorized form of the type (5.29)
can be omitted [88, 105–107].

Using the conventions of Ji [108], the quarks GPDs are defined as4

F q =
1

2

∫
dz+

2π
eixP

−z+〈p′| q̄(− 1
2z) γ

−q(12z) |p〉
∣∣∣
z−=0, z⊥=0

=
1

2P−

[
Hq(x, ξ, t) ū(p′)γ−u(p) + Eq(x, ξ, t) ū(p′)

i σ−α∆α

2m
u(p)

]
, (5.30)

F̃ q =
1

2

∫
dz+

2π
eixP

−z+〈p′| q̄(− 1
2z) γ

−γ5 q(
1
2z) |p〉

∣∣∣
z−=0, z⊥=0

=
1

2P−

[
H̃q(x, ξ, t) ū(p′)γ−γ5u(p) + Ẽq(x, ξ, t) ū(p′)

γ5 ∆
−

2m
u(p)

]
. (5.31)

4We use non-standard labelling of large momentum in order to prepare our focus on electroproduction: thus P− is large for the
hadronic probe.
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The Lorentz invariance implies that the GPDs Hq, Eq, H̃q, Ẽq only depend on the kinematical variables x, ξ,
and t. Note in particular the fact that they thus do not depend on individual minus-momenta, but only on x
and ξ which are minus-momentum fractions. This is due to the invariance of the above GPDs with respect to
boost along the z−axis.

The above definitions are valid in the light-cone gauge A− = 0. For arbitrary gauges a Wilson line
[− 1

2z
+, 12z

+] should be included along a light-like path between the two fields at positions − 1
2z and 1

2z, with

[z1, z2] = P exp


ig

1∫

0

dt (z1 − z2)µAµ(t z1 + (1− t) z2


 , (5.32)

defined in accordance with the convention

i
→
Dµ= i

→
∂ µ + g Aµ , (5.33)

for the covariant derivative. This Wilson line ensure the gauge invariance. From a physical point of view,
in the hand-bag factorized picture, this Wilson line in fact resums the infinite set of longitudinally polarized
gluon exchanged between the fermion line joining the two photon vertices and the nucleon, which are not 1/Q
suppressed. Any emission from the external lines joining the photon vertices to the nucleon compensate based on
color neutrality, through unitarity arguments (see for example Ref. [19] p. 180 or Ref. [88]). This resummation
has the nice feature to factorize completely from the hard part and can therefore be attributed to the non-
perturbative correlators defining the GPDs. The same feature will occur for any non-perturbative correlators
involved in collinear factorization. In a light-cone gauge, this Wilson line turns to unity, in agreement with the
fact that gluon are only physically polarized in such gauges. Note that these non-suppressed gluons should not
be confused with the exchange of transversally polarized gluons, which are 1/Q suppressed and which contribute
starting from twist 3. Such twist 3 gluonic contributions will be considered with much details in Chap. 7 for
DAs.

The distributions defined above have support in the interval x ∈ [−1, 1], which can be separated into three
regions (see Fig. 5.5):

• for x ∈ [ξ, 1] both momentum fractions x + ξ and x − ξ are positive; the distribution describes emission
and reabsorption of a quark: this is the usual DGLAP region for quarks

• for x ∈ [−ξ, ξ] one has x + ξ ≥ 0 but x − ξ ≤ 0. The second momentum fraction is now interpreted as
belonging to a an antiquark with momentum fraction ξ − x emitted from the initial proton: this is the
ERBL region in which the picture of a t−channel exchanged meson emerges

• for x ∈ [−1,−ξ] both x+ ξ and x− ξ are negative; one has emission and reabsorption of antiquarks with
respective momentum fractions ξ − x and −ξ − x: this is the usual DGLAP region for antiquarks

The interpretation of the 3 above regions in terms of density number operators [108–110] can be made explicit
in the framework of light-cone quantization [111–114]. Note in particular that in the light-cone quantization,
the fact that the support of GPD is x ∈ [−1, 1] can be understood in an easy way, relying on similar arguments
as for usual PDFs. Indeed, light-cone quantization (i.e. at fixed light-cone time z− instead of fixed time z0)
involve intermediate states which should be on-shell (contrarily to usual covariant quantization), with a positive
light-cone energy k+. This energy being related to the momentum along the P− direction through the on-shell
condition k+ = (m2 + k2)/(2 k−) , this implies when applying this constraint to all remnant in the emission of
a parton by a hadron that |x| ≤ 1 .

Two particular limits are of special interest. The first one occurs when ξ → 0 , for which only the two
DGLAP regions remain (including a possible non zero ∆⊥). The second one is obtained when ξ → ±1 , for
which the only remaining domain is the ERBL one.
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ξ−x−ξ− x

x
−ξ ξ0 1−1
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p

Figure 5.5: The parton interpretation of GPDs in the three x-intervals [−1,−ξ], [−ξ, ξ], and [ξ, 1]. Figure from
Ref. [61].

The gluon GPDs are defined according to

F g =
1

P−

∫
dz+

2π
eixP

−z+〈p′|G−µ(− 1
2z)Gµ

−(12z) |p〉
∣∣∣
z−=0, z⊥=0

=
1

2P−

[
Hg(x, ξ, t) ū(p′)γ−u(p) + Eg(x, ξ, t) ū(p′)

iσ−α∆α

2m
u(p)

]
,

F̃ g = − i

P−

∫
dz+

2π
eixP

−z+〈p′|G−µ(− 1
2z) G̃µ

−(12z) |p〉
∣∣∣
z−=0, z⊥=0

=
1

2P−

[
H̃g(x, ξ, t) ū(p′)γ−γ5u(p) + Ẽg(x, ξ, t) ū(p′)

γ5∆
−

2m
u(p)

]
. (5.34)

Various equivalent parametrizations of GPDs have been introduced at the end of the ’90s [88,89,109]. We refer
to [88] and [109] for their comparison and for explicit dictionnaries.

For completeness and further use when introducing GDAs, we now define analogous GPDs for pion. Due to
the fixed parity of the pion, there are only 2 helicity non-flip GPDs, which reads

Hq
π(x, ξ, t) =

1

2

∫
dz+

2π
eixP

−z+〈π+(p′)| q̄(− 1
2z) γ

−q(12z) |π+(p)〉
∣∣∣
z−=0, z⊥=0

,

Hg
π(x, ξ, t) =

1

P−

∫
dz+

2π
eixP

−z+〈π+(p′)|G−µ(− 1
2z)Gµ

−(12z) |π+(p)〉
∣∣∣
z−=0, z⊥=0

. (5.35)

Helicity flip GPDs

On top of the GPDs introduced above, one can introduce GPDs which describe the fact that the quarks
exchange in t−channel may produce a transfert of one unit of helicity, and similarly for gluon which may
produce a transfert of two units of helicity. In that situation, helicity is not anymore a suitable basis for these
GPDs, and it is more convenient to deal with the notion of transversity, i.e. to deal with linearly polarized
states instead of circularly one. In the quark case, one will therefore deal with the probability to find a quark
with spin polarized along the spin of a polarized nucleon minus the probability to find it polarized oppositely.
Thinking for a moment to the DGLAP picture in the quark sector (i.e. ξ < x < 1), since chirality = helicity
for quarks, it is clear why the operators encountered in the definition of non-flip GPDs were chiral even (for
example ∆q = q ↑ −q ↓ involve separately q ↑ (q ↓) for which the quark keep its + (resp. -) helicity during the
scattering process). This situation should now be reversed, calling for chiral-odd operator matix elements. This
means that one should consider the following operators

q̄σ−iq, 1
2

[
G−iGj− +G−jGi−

]
− 1

2g
ij
T G−αGα

−, i, j = 1, 2 (5.36)

Following [115], this leads to introduce 8 transversity GPDs5. For the quarks, they read

1

2

∫
dz+

2π
eixP

−z+〈p′| q̄(− 1
2z) iσ

−i q(12z) |p〉
∣∣∣
z−=0, z⊥=0

(5.37)

=
1

2P−
ū(p′)

[
Hq

T iσ
−i + H̃q

T

P−∆i −∆−P i

m2
+ Eq

T

γ−∆i −∆−γi

2m
+ Ẽq

T

γ−P i − P−γi
m

]
u(p) ,

5A first attempt in this direction, though uncomplete, can be found in [116].
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and similarly for gluons:

1

P−

∫
dz+

2π
eixP

−z+〈p′|S(ij)G
−i(− 1

2z)G
j−(12z) |p〉

∣∣∣
z−=0, z⊥=0

(5.38)

= S(ij)
1

2P−
P−∆j −∆−P j

2mP−

×ū(p′)
[
Hg

T iσ
−i + H̃g

T

P−∆i −∆−P i

m2
+ Eg

T

γ+∆i −∆−γi

2m
+ Ẽg

T

γ−P i − P−γi
m

]
u(p),

where S(µν) denotes the standard symmetrization operator with removal of the trace (here in the two transverse

dimensions). Note that the definition for quark distributions can be equivalently6 expressed in terms of σ−βγ5 =
+ 1

2 i ǫ
−βγδσγδ as it is given in [115].

An important property of helicity-flip distributions is that they evolve independently in the renormalization
scale µ, i.e., quarks do not mix with gluons and vice versa. In particular, gluon transversity probes glue in the
target which is “intrinsic” in the sense that it cannot be generated from quarks by the perturbative DGLAP
parton splitting processes.

Before studying the elementary properties of GPDs, a comment is in order to relate the various non-local
correlators with twist counting. In fact, the natural set of Γ matrices components (e.g. γ−) occuring in these
above correlators, due to the particular kinematics encountered in the large Q2 limit, can be understood in a
more formal way. Indeed the four-component fermion field ψ can be decomposed as the sum of two terms ψ±,
using projection operators [111]

ψ = ψ+ + ψ− , ψ± ≡ Π±ψ , Π± ≡ 1

2
γ∓γ± . (5.39)

These two terms ψ± have the following light-cone spin:

Σ+−ψ∓ = ∓1

2
ψ∓ , (5.40)

where Σµν ≡ 1
4 [γ

µ, γν ] is the spin tensor. From the canonical dimension of the fermion field [d] = 3/2, one
deduces that the ψ−-component has a twist τq = 1 since its spin is sq = 1/2. Similarly, for the ψ+-component
one finds sq = −1/2 and thus τq = 2. Therefore, only the ψ− component enters a nonlocal operator of the
minimal twist. In the literature, this component is usually refered as the “good component”, while the other
one is the “bad” one. Using the chiral projection, one can additionaly select definite helicity components. A
similar treatment can be applied to the field strenght tensor Fµν . This leads to a complete set of non-local
operators (the presence of the Wilson line does not change the twist) which where used above when defining the
quark and gluon GPDs. A pedagogical construction of these twist two operators based on this line of thought
can be found in [62].

5.2.2 Elementary properties of GPDs

Reduction to PDFs

The above GPDs can be related to the usual PDFs: indeed, when considering the forward limit p = p′ and
restricting ourselves to equal helicities for the initial and final state hadrons, the matrix elements in (5.30) and
(5.34) reduce to the ones defining the ordinary spin independent or spin dependent densities q(x), ∆q(x) for
quarks and g(x), ∆g(x) for gluons. In the case of the nucleon, introducing distribution with a support along
[−1, 1], this implies for quarks that

Hq(x, 0, 0) ≡ f q(x) = q(x) θ(x) − q̄(−x) θ(−x) , (5.41)

H̃q(x, 0, 0) ≡ ∆f q(x) = ∆q(x) θ(x) + ∆q̄(−x) θ(−x) , (5.42)

and similarly for gluons:

Hg(x, 0, 0) = xg(x) θ(x) − xg(−x) θ(−x) , (5.43)

H̃g(x, 0, 0) = x∆g(x) θ(x) + x∆g(−x) θ(−x) , (5.44)

6Note that we use here and hereafter ǫ0123 = 1 which differs with the convention of [115].
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while there is no corresponding relations for the quark and gluon distributions E and Ẽ in the nucleon, since
the equations which define them involve a factor ∆ which vanishes in the forward limit.

Among the 8 transversity GPDs, Hq
T is the only one which survives in the forward limit, again due to

prefactors proportionals to ∆ . The corresponding relation reads

Hq
T (x, 0, 0) ≡ δf q(x) = δq(x) θ(x) − δq̄(−x) θ(−x) , (5.45)

where δq(x) (usually also denoted h1(x)) is the quark transversity distribution, the only PDF which is not
very well known experimentaly (see [117] for a review on transversity, and [118] for a recent overview of the
field.). This PDF was introduced in 1979 in a seminal paper of Ralston and Soper [119] on Drell-Yan with
polarized beams. It was then rediscovered at the beginning of the ’90s [120–122], and the possibilities to
measure it in hadron-hadron or lepton-hadron collisions was investigated [123, 124]. It turns out that Drell-
Yan production with two transversely polarized hadrons is one of the most favourable reaction (through the
study of double-spin transverse asymmetries) [119, 125]. Another possibility relies on semi-inclusive DIS with
unpolarized lepton beam and transversally polarized initial hadron, with two detected hadrons in the final
state. The corresponding cross-section is sensitive to h1 coupled with an interference fragmentation function
(the Collins fragmentation function) [126–129]. The first measurement through this channel was obtained by
the HERMES collaboration [130], and the COMPASS experiment recently also reported a transversity signal
based on this method [131]. Since the access to h1 is very difficult, one may expect a hard day for the GPD
case. We will discuss this within the case of exclusive processes later.

For pions, the following limits hold:

Hq
π(x, 0, 0) ≡ f q

π(x) = q(x) θ(x) − q̄(−x) θ(−x) , (5.46)

and similarly for gluons:

Hg
π(x, 0, 0) = xg(x) θ(x) − xg(−x) θ(−x) . (5.47)

Symmetry properties

Let us first consider the non-flip GPDs. From their definition through the non-local correlators (5.34), one
readily obtains, after performing the replacement x → −x, then using translation invariance on the obtained
correlator, performing the change of variable x− → −x− and using the fact that the A field commute on the
light cone, that

Hg(−x, ξ, t) = Hg(x, ξ, t) and Eg(−x, ξ, t) = Eg(x, ξ, t) (5.48)

H̃g(−x, ξ, t) = −H̃g(x, ξ, t) and Ẽg(−x, ξ, t) = −Ẽg(x, ξ, t) . (5.49)

The quark sector is more involved: since the quark is not its own antiparticle, the above series of transformation
not not give any simple symmetry. One should additionaly use the charge parity operator, denoted as C when
acting on the fields, and insert the identity in the form of CC−1 inside these correlators. The transformation of
the non-local operator can be obtained using the well-known transformation properties

CΨ(x) C† = ηC C Ψ̄T (x) and C Ψ̄(x) C† = − η∗C ΨT (x)C , (5.50)

where the C-matrix satifies the properties

C† = C−1 = CT = −C (5.51)

and

C γµC
−1 = −γTµ ,

C σµν C
−1 = −σT

µν ,

C γ5 C
−1 = γT5 ,

C (γ5 γµ) C
−1 = (γ5 γµ)

T , (5.52)
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Since the vector current transform according to

C V µ(x) C† = −V µ(x) (5.53)

the C−invariance of QED implies that
CAµ

em(x) C† = −Aµ
em(x) (5.54)

while for QCD, C−invariance implies that

CAµ
em(x) C† = −(Aµ)T (x) . (5.55)

Note the presence of a transposition in the RHS of the previous equation, due to the color generators ta which
matrix elements get transposed due to the interchange of the color indices carried by the quark and antiquark
fields under C−parity.

Since the nucleon themselves have not a fixed C−parity, this does not give any simple relation. If the initial
and final state would have a definite C−parity, denoted respectively as Ci and Cf , then one gets by comparing
the correlator obtained after insertion of CC−1 with the one obtained after using the above transformations
which we performed for the gluon case, and denoting C is the C−parity in the t−channel (which equals CiCf

for initial and final states of definite C−parity), one gets

Hq(−x, ξ, t) = −C Hq(x, ξ, t) , Eq(−x, ξ, t) = −C Eq(x, ξ, t)

Hq
T (−x, ξ, t) = −C Hq

T (x, ξ, t) , H̃q
T (−x, ξ, t) = −C H̃q

T (x, ξ, t)

Eq
T (−x, ξ, t) = −C Eq

T (x, ξ, t) , Ẽq
T (−x, ξ, t) = −C Ẽq(x, ξ, t)

(5.56)

while

H̃q(−x, ξ, t) = +C H̃q(x, ξ, t) , Ẽq(−x, ξ, t) = +C Ẽq(x, ξ, t) (5.57)

Proof:

Let us consider the quark correlators (5.30). Inserting C−1C we get

F q =
1

2

∫
dz+

2π
eixP

−z+〈p′| C−1C q̄(− 1
2z) C−1 Γ C q(12z) C−1C |p〉

∣∣∣
z−=0, z⊥=0

= −1

2

∫
dz+

2π
eixP

−z+〈p′| C−1 qT (− 1
2z)C ΓC q̄T (12z) C |p〉

∣∣∣
z−=0, z⊥=0

= +
1

2

∫
dz+

2π
eixP

−z+〈p′| C−1 q(12z) (C ΓC)T q̄(− 1
2z) C |p〉

∣∣∣
z−=0, z⊥=0

, (5.58)

where, to obtain the last line, we have used the fact that qT (− 1
2z)C ΓC q̄T (12z) is a C-number, which can thus

freely be transposed, taking care of the fact that the q and q̄ fields anti-commute.
The last step consists in making the replacement z+ ↔ −z+ and x↔ −x, which gives

F q =
1

2

∫
dz+

2π
eixP

−z+〈p′| q̄(− 1
2z) Γ q(

1
2z) |p〉

∣∣∣
z−=0, z⊥=0

= +
1

2

∫
dz+

2π
eixP

−z+〈p′| C−1 q(− 1
2z) (C ΓC)T q̄(12z) C |p〉

∣∣∣
z−=0, z⊥=0

. (5.59)

Depending on the value of C in the t−channel, one should now consider the combinations 〈p′| + 〈p′| C−1 and
|p〉 + C |p〉 (for C = +) or 〈p′| + 〈p′| C−1 and |p〉 − C |p〉 (for C = −). Now, using (5.52), and using the
parametrization (5.30) one finally obtains the expected property.

It is thus natural to introduce GPDs corresponding to fixed C-parity in t−channel. For C = +1 in the
t-channel, one thus defines

Hq(+)(x, ξ, t) = Hq(x, ξ, t) −Hq(−x, ξ, t), (5.60)

H̃q(+)(x, ξ, t) = H̃q(x, ξ, t) + H̃q(−x, ξ, t) (5.61)
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and similarly for Eq and Ẽq. These GPDs are usually called “singlet” (even when the flavour is fixed). In the
forward limit they reduce to

Hq(+)(x, 0, 0) = [q(x) + q̄(x)] θ(x) − [q(−x) + q̄(−x)] θ(−x) (5.62)

H̃q(+)(x, 0, 0) = [∆q(x) + ∆q̄(x)] θ(x) + [∆q(−x) + ∆q̄(−x)] θ(−x) , (5.63)

Similarly, one defines GPDs corresponding to C = −1 in the t-channel, called “nonsinglet” or “valence” GPDs,
as

Hq(−)(x, ξ, t) = Hq(x, ξ, t) +Hq(−x, ξ, t), (5.64)

H̃q(−)(x, ξ, t) = H̃q(x, ξ, t)− H̃q(−x, ξ, t) . (5.65)

and similarly for Eq and Ẽq. In the forward limit one has

Hq(−)(x, 0, 0) = [q(x) − q̄(x)] θ(x) + [q(−x)− q̄(−x)] θ(−x) (5.66)

H̃q(−)(x, 0, 0) = [∆q(x) −∆q̄(x)] θ(x) − [∆q(−x)−∆q̄(−x)] θ(−x) . (5.67)

The GPDs (5.60, 5.61) can be extracted for example in the transition γ∗ → V where V is a vector meson, and
the GPDs (5.64, 5.65) can be measured through in the electroproduction of a pseudo scalar meson, as well as
in the production of hybrid vector meson like 1−+ which will discussed in Sec. 6.5. Of course, as we have seen
above, for processes involving probes of fixed parity, like a π0, the only surviving GPD is the C = + one.

The symmetry property with respect to ξ can be obtained when inserting the identity in the form T T −1
where T is the antiunitary operator which implements time reversal in the Hilbert space, therefore satisfying
〈T φ | T ψ〉 = 〈ψ |φ〉 . In practice, one should also combine this with the insertion of the identity in the form
P P−1 where P is the unitary operator which implements parity. This is due to the fact that the light-cone
coordinate z+ combines time, which changes under time reversal, and the third coordinate, which is invariant,
thus turning z+ into −z− . This mixing of z+ and z− coordinate is avoided when using P parity combined with
T symmetry. This leads, for each of the 8 non-flip GPDs, to the relations7

Hq,g(x,−ξ, t) = Hq,g(x, ξ, t) , Eq,g(x,−ξ, t) = Eq,g(x, ξ, t)

H̃q,g(x,−ξ, t) = H̃q,g(x, ξ, t) , Ẽq,g(x,−ξ, t) = Ẽq,g(x, ξ, t)
(5.68)

and
Hq,g

T (x,−ξ, t) = Hq,g
T (x, ξ, t) , Eq,g

T (x,−ξ, t) = Eq,g
T (x, ξ, t)

H̃q,g
T (x,−ξ, t) = H̃q,g

T (x, ξ, t) , Ẽq,g
T (x,−ξ, t) = −Ẽq,g

T (x, ξ, t)
(5.69)

On the other hand, using hermiticity one gets from the matrix elements of the non-local operators that

[
Hq,g(x,−ξ, t)

]∗
= Hq,g(x, ξ, t) ,

[
Eq,g(x,−ξ, t)

]∗
= Eq,g(x, ξ, t)

[
H̃q,g(x,−ξ, t)

]∗
= H̃q,g(x, ξ, t) ,

[
Ẽq,g(x,−ξ, t)

]∗
= Ẽq,g(x, ξ, t)

(5.70)

and [
Hq,g

T (x,−ξ, t)
]∗

= Hq,g
T (x, ξ, t) ,

[
Eq,g

T (x,−ξ, t)
]∗

= Eq,g
T (x, ξ, t)

[
H̃q,g

T (x,−ξ, t)
]∗

= H̃q,g
T (x, ξ, t) ,

[
Ẽq,g

T (x,−ξ, t)
]∗

= −Ẽq,g
T (x, ξ, t)

(5.71)

Proof:

7Note that time reversal makes an interchange of initial and final state; moreover exchange of p and p′ means ξ → −ξ .
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We start from the correlator (5.30) and take its complex conjugate:

(F q)∗ =
1

2

∫
dz+

2π
e−ixP

−z+〈p| q̄(12z) γ0 (γ−)† γ0 q(− 1
2z) |p′〉

∣∣∣
z−=0, z⊥=0

=
1

2

∫
dz+

2π
e−ixP

−z+〈p| q̄(12z) γ−q(− 1
2z) |p′〉

∣∣∣
z−=0, z⊥=0

=
1

2P−

[
Hq(x, ξ, t)∗ ū(p)γ0 (γ−)† γ0 u(p′)− Eq(x, ξ, t)∗ ū(p)

i γ0 (σ−α)†γ0 ∆α

2m
u(p′)

]

=
1

2P−

[
Hq(x, ξ, t)∗ ū(p) γ− u(p′)− Eq(x, ξ, t)∗ ū(p)

i σ−α ∆α

2m
u(p′)

]
(5.72)

which can be compared with the correlator (5.30) after performing the transformation p↔ p′ (i.e. ξ ↔ −ξ and
∆↔ −∆) and z ↔ −z, which reads

(F q)∗ =
1

2

∫
dz+

2π
e−ixP

−z+〈p| q̄(12z) γ−q(− 1
2z) |p′〉

∣∣∣
z−=0, z⊥=0

=
1

2P−

[
Hq(x,−ξ, t) ū(p) γ− u(p′)− Eq(x,−ξ, t) ū(p) i σ

−α ∆α

2m
u(p′)

]
(5.73)

which implies the two first equations of (5.70) when comparing with (5.72). Similarly,

(F̃ q)∗ =
1

2

∫
dz+

2π
e−ixP

−z+〈p| q̄(12z) γ0 γ
†
5 (γ

−)† γ0 q(− 1
2z) |p′〉

∣∣∣
z−=0, z⊥=0

= −1

2

∫
dz+

2π
e−ixP

−z+〈p| q̄(12z) γ5 γ− q(− 1
2z) |p′〉

∣∣∣
z−=0, z⊥=0

=
1

2P−

[
H̃q(x, ξ, t)∗ ū(p)γ0 γ5 (γ

−)† γ0 u(p′) + Ẽq(x, ξ, t)∗ ū(p) γ0 γ5 γ
0 u(p′)

∆−

2m

]

=
1

2P−

[
H̃q(x, ξ, t)∗ ū(p) γ− γ5 u(p

′)− Ẽq(x, ξ, t)∗ ū(p) γ5 u(p
′)
∆−

2m

]
(5.74)

which can be compared with the correlator (5.30) after performing the transformation p↔ p′ (i.e. ξ ↔ −ξ and
∆↔ −∆) and z ↔ −z, which reads

(F̃ q)∗ =
1

2

∫
dz+

2π
e−ixP

−z+〈p| q̄(12z) γ− γ5 q(− 1
2z) |p′〉

∣∣∣
z−=0, z⊥=0

=
1

2P−

[
H̃q(x,−ξ, t) ū(p) γ− γ5 u(p′)− Ẽq(x,−ξ, t) ū(p) γ5 u(p′)

∆−

2m
u(p′)

]
(5.75)

which implies the two last equations of (5.70) The proof of Eq. (5.71) goes along the same line for the quark part.
The only noticeable difference concerns Ẽq

T which is multiplied by a fixed coefficient under the transformation
p ↔ p′, contrarily to the three others transversity GPDs. Finally, the proof for gluonic correlators can be
obtained based on the same method.

Combined with (5.68) and (5.69), one therefore deduces from (5.70) and (5.71) that the every GPDs are real
valued functions. The same relations (5.68) and (5.70) hold for the pion GPDs Hq

π and Hg
π , which are thus also

real.
For pions, there is a direct relation between isospin and GPDs of given C-parity. It is standard to define the

combinations
Hu+d = Hu +Hd and Hu−d = Hu −Hd (5.76)

which enable one to define the isosinglet GPDs

Hu+d
π+ = Hu+d

π− = Hu+d
π0 (5.77)
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and the isotriplet combinations
Hu−d

π+ = −Hu−d
π− , Hu−d

π0 = 0 . (5.78)

Since the gluon distributions are isosinglet, they are identical for the three pion states. The charge conjugation
invariance is implemented as above by insertion inside the correlator of the identity in the form of CC−1 . Using
the fact that C-parity exchanges π+ and π− states, and using isospin invariance (5.77) and (5.78) implies
respectively that

Hu+d
π (x, ξ, t) = −Hu+d

π (−x, ξ, t), and Hu−d
π (x, ξ, t) = Hu−d

π (−x, ξ, t) . (5.79)

By comparison with (5.60) one thus deduces that the isosinglet sector corresponds to C = +1 while comparison
with (5.60) shows that the isotriplet sector corresponds to C = −1.

Relation with local matrix elements and polynomiality

It turns out that the moments of order n of GPDs with respect to the variable x (i.e. integrals of GPDs
multiplied by xn over x ∈ [−1, 1]) are polynomials of the variable ξ of degree at most n + 1 . The coefficient
of these polynomials are the form factors appearing when decomposing the local twist 2 operators of usual DIS
on the basis of Pµ and ∆µ vectors. The highest degree term ξn+1 only occurs in the C = + sector, and called
D−terms. We will not discuss in detail here the proof of this polynomiality condition, and will refer to Ref. [61]
for a review on the various relations satisfied by the whole set of GPDs. We will study with much more details
the corresponding relations in the crossed-case of GDA in Sec. 6.1.2.

Evolution equations

When writing the symbolic factorization formula (5.18), we have hidden the fact that a factorization scale should
be introduced in order to separate long distance degrees of freedom, belonging to the GPDs, from the short
distance one, which belong to the hard part. From the technical point of view, such a scale is required by the UV
divergencies. Indeed, GPDs are defined as matrix element of non-local twist 2 operators, according to Eqs. (5.30,
5.34, 5.37, 5.38). The matrix elements diverges in the UV limit z2 → 0, calling for a renormalization. This is
done at the scale µ2

F . From the point of view of the hard part, this factorization scale is required by collinear
divergencies appearing due to the fact that the quarks and gluons are on the mass-shell. The renormalization
of these IR collinear divergencies is performed at this scale µ2

F . Additionaly, when computed at a given order in
perturbation theory, the hard part faces UV divergencies, calling for an additional renormalization, at a scale
µ2
R . This implies a residual dependency over µ2

R for the whole amplitude at given order of perturbation theory.
On the other hand, order by order in perturbation theory, the amplitude is independent of the factorization
scale µ2

F .
The fact that the amplitude is µ2

F -independent and that the hard part is µ2
R-independent implies evolution

equations. For the forward case, i.e. ξ = 0 , these are the DGLAP equations [55, 56, 58] (these equations are
valid for arbitrary value of ∆⊥) for usual PDFs. In the spirit of the above meaning of µ2

F , these equations were
obtained based on various methods. The partonic approach relies on the computation of logarithmic divergent
diagrams occuring due to the mass-singularities of the hard part. See Ref. [54] for a comprehensive review of this
method. The historical operator approach, based on the renormalisation of matrix element of light-cone local
operators, i.e. of Mellin moment of structure functions, was obtained in Refs. [95,96,132]. The implementation
of the µ2

R-independence of the Wilson coefficients led equivalently to these evolution equation. The approach
based on the renormalization of non-local operators was developped by the Leipzig group [133–136] and by
the Gatchina group [137, 138], and first lead to recover the known DGLAP result without appealing to matrix
elements nor local operators.

In the non-forward case, the evolution equation combines the two limiting kernel: DGLAP, for ξ → 0
and ERBL [85, 97, 98] kernel, for ξ → ±1, corresponding to the physical limit of the exchange of a meson in
t−channel. This equation was obtained either using old-fashioned perturbation theory on the light-cone, in
the light-cone gauge [98] or based on the analysis of the renormalization of local operators [85]. The general
kernel was obtained early in Refs. [139, 140], based on a momentum space computation. The first form of the
LLQ kernel obtained within the context of GPDs was given in Refs. [104, 141] of the Leipzig group, based
on the renormalization of the non-local light-ray operators, in coordinate space. It was also reconsidered and
recomputed in Ref. [142], as well as in Refs. [88] and [143]. Other proofs based on the renormalization of
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light-ray operators can be found in Refs. [144] and [145, 146]. In Ref. [88, 147], the evolution kernel for double
distributions is computed.

Based on the support properties of the kernel, and on the fact that the ERBL kernel, when Fourier trans-
formed, has a unique analytical continuation, which is the Fourier transform of the kernel for light-ray opera-
tors [104], a check of the consistency between the NLLQ ERBL kernel, computed in Refs. [148–151], and the
NLLQ DGLAP kernel [152–154] was performed, when taking appropriate matrix elements.

The NLLQ kernel was then obtained in Refs. [155–160], based on conformal field theory as well as the
continuation discussed above, starting from the pure ERBL kernel. See Ref. [161] for a simple introduction to
conformal symmetry method (applied there to the Next-to-Next-to-Leading hard contribution to the photon-
to-pion form factor).

We will not give here the explicit expression of these evolution equations, and we refer to Ref. [62] for explicit
formulas. For a detailled and pedagogical construction of the LLQ kernel in coordinate space, see Ap. G-5 of
Ref. [62], and for the corresponding construction in momentum space, which was first used in the pionering but
hard to read Refs. [139, 140], see Ap. G-6 of Ref. [62].

5.3 The illuminating example of ρ−electroproduction
5.3.1 ρ−meson production: from the wave function to the DA

γ∗(q)

M

Ψ

p p′

ρ

pρ

∫
d4ℓ ℓ

ℓ− pρ
Q2→∞−→ M

ℓ− = 0 , ℓ⊥ = 0

S
∫
dℓ−

∫
d2ℓ⊥+−

∫
dℓ+

= p+1
∫
du

u +

−ū +

ρ

+

− −

Figure 5.6: Factorization of the amplitude of hard ρ−electroproduction.

We now replace the produced photon by a ρ−meson, described in QCD by its wave function Ψ which reduces
in hard processes to its Distribution Amplitude. Following the same line of thinking as for GPDs (actually DAs
where introduced long before GPDs, for form factor studies, see Sec. 3.5. We here follow a non-historical
presentation, more convenient from a pedagogical point of view), this DA should be defined by integrating over
the ℓ− momentum as well as over the ℓ⊥ momentum, the hard part on which it will be connected by collinear
partons being only ℓ+-dependent. This DA is defined thus as [162–166]

Φ(u, µ2
F ) =

∫
dℓ−
|ℓ2⊥| < µ2

F∫
d2ℓ⊥Ψ(ℓ, ℓ− pρ) . (5.80)

As for DVCS, in the limit Q2 →∞ , the amplitude of diffractive electroproduction of a ρ−meson can be written
as

∫
d4ℓ M(q, ℓ, ℓ − pρ)Ψ(ℓ, ℓ− pρ) =

∫
dℓ+M(q, ℓ+, ℓ+ − p+ρ )

∫
dℓ−
|ℓ2⊥| < µ2

F∫
d2ℓ⊥Ψ(ℓ, ℓ− pρ) (5.81)

(see Fig. 5.6). Here 1/µF gives the typical scale down to which the transverse degrees of freedom are integrated
out in the wave function, thus fixing the typical resolution. It is related to the non-local matrix element
〈0|ū(z)γµd(−z)|ρ−(P, λ)〉 by Fourier transform (detailled expression are given in next sections) with respect to
the longitudinal − coordinate (conjugated to the longitudinal + momentum) of the quark-antiquark fields, at
zero + coordinate and (almost) zero transverse coordinate. The reason why is it only almost at zero transverse
coordinate is the same as for GPDs: it lays on the fact that this correlator of a non-local operator faces UV
divergencies when z2 → 0 which are regularized at the renormalization scale µ2

F . Physically, the scale µ2
F sets

the boundary between the low and the high-energy part in the process, the short distance modes belonging to
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the probe, i.e. to the hard part, while the long distance one belongs to the DA. Note that the “hard” part itself
can also contain long-distance effects, as we discuss next, due to other hadronic states which participate to the
process, like in meson electroproduction. However these hadronic states are assumed to be well separated from
the ρ by a proper choice of the kinematics, in particular fixed ratio W 2/Q2 in order to avoid the region were
a resonance could occur between final states, through long-distance effects, which would spoil the perturbative
approach.

5.3.2 ρ−meson production: factorization with a GPD and a DA

The description of hard exclusive processes involving the production of a meson was initiated in [66], in the
special limit of HERA kinematics (small-xBj region, i.e. small ξ limit, see Part. IV) for which the t−channel
exchange is dominated by gluons. For general xBj , a first description was provided in Ref. [167], including the
effect of GPDs and describing the production of the meson through a dipole approach, i.e. a quark-antiquark
pair in coordinate space. A proof of factorization at the leading twist 2 and at any order in perturbation was
then given in Ref. [89], and shortly after in [88] (see the above discussion in Sec. 5.1.2).
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Figure 5.7: Full factorization of the amplitude of hard electroproduction of a ρ−meson.

Combining the previous factorizations involving a DA (see Sec. 5.3.1) and GPDs (see Sec. 5.1.2), one can
describe the hard electroproduction of a ρ−meson in a fully factorized form involving a GPD and a DA, as
illustrated in Fig. 5.7. The corresponding amplitude reads

∫
d4k d4ℓ S(k, k +∆)H(q, k, k +∆)Ψ(ℓ, ℓ− pρ) =

∫
dk−dℓ+ (5.82)

×
∫
dk+

|k2⊥| < µ2
F2∫
d2k⊥ S(k, k +∆) H(q; k−, k−+∆−; ℓ+, ℓ+− p+ρ )

∫
dℓ−

|ℓ2⊥| < µ2
F1∫
d2ℓ⊥Ψ(ℓ, ℓ− pρ) .

GPD F (x, ξ, t, µ2
F2
) Hard part T (x/ξ, u, µ2

F1
, µ2

F2
) DA Φ(u, µ2

F1
)

where we have assumed that a suitable Sudakov basis has been chosen, in such a way that the ρ-meson flies
along the + direction, while the t−channel momentum is along the − and the transverse direction. In such a
basis, which differs from the one used for DVCS (where no emphasis was put on the momentum of the produced
photon), the virtual photon has now components along the + , − and transverse directions.

5.3.3 Chiral-even DA

As discussed above, DAs are obtained from the wave functions through the
∫
dℓ− and

∫
d2ℓ⊥ integrations, and

thus related to non-local correlators between fields separated by a light-like distance z (along p2, conjugated to
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the + direction by Fourier transformation). The vector correlator reads [168–170]

〈0|ū(z)γµd(−z)|ρ−(P, λ)〉 = fρmρ

[
pµ
e(λ) · z
p · z

∫ 1

0

du ei(u−ū)p·zφ‖(u, µ
2
F )

+ e
(λ)
⊥µ

∫ 1

0

du ei(u−ū)p·zg(v)⊥ (u, µ2
F )−

1

2
zµ
e(λ) · z
(p · z)2m

2
ρ

∫ 1

0

du ei(u−ū)p·zg3(u, µ
2
F )

]
(5.83)

where φ‖, g
(v)
⊥ , g3 are DAs respectively of twist 2, 3 and 4, with p = p1, P = pρ .

Correspondingly, the axial correlator calls for the introduction of a twist 3 DA, as [168–170]

〈0|ū(z)γµγ5d(−z)|ρ−(P, λ)〉 =
1

2

[
fρ − fT

ρ

mu +md

mρ

]
mρ ǫ

ναβ
µ e

(λ)
⊥ν pα zβ

∫ 1

0

du eiξp·zg(a)⊥ (u, µ2
F ) , (5.84)

the normalization being fixed from the local limit:

〈0|ū(0)γµd(0)|ρ−(P, λ)〉 = fρmρe
(λ)
µ , 〈0|ū(0)σµνd(0)|ρ−(P, λ)〉 = ifT

ρ (e(λ)µ Pν − e(λ)ν Pµ) . (5.85)

All four functions φ = {φ‖, g(v)⊥ , g
(a)
⊥ , g3} are normalized as

∫ 1

0

du φ(u) = 1 .

A simple way to understand this twist counting relies on the fact that when using an infinite momentum frame,
e.g. the Breit frame (4.17), the only component of p is the + component, of order Q, while p · z ∼ 1 implies

that z ∼ 1/Q . The polarization vector scales like e(λ) · z ∼ 1 and e
(λ)
⊥ ∼ 1 . This is enough to obtain the above

indicated twist counting. From the point of view of Feynman diagrams, this can be checked by inspection when
combining hard parts with the above DAs and extracting the corresponding Q-scaling. This will be explicitely
illustrated in our computation of the twist 3 γ∗ → ρT impact factor in Chap. 10. We refer to Ref. [171] for
analogous definitions of the pseudo-scalar mesons DAs.

5.3.4 Equations of motion

Dirac equation leads to

〈i(
→
/D (0)ψ(0))α ψ̄β(z)〉 = 0 (5.86)

where the covariant derivative is defined in Eq. (5.33). After applying the Fierz decomposition to 2 and 3-parton
correlators, the Dirac equation implies Equations Of Motion (EOM) relating the various 2 and 3-body DAs (see
Sec. 5.3.8 for the definition of 3-parton DAs), which are therefore not independent. We will rely on this method
in Sec. 7.4 when dealing with factorization beyond leading twist in the Light-Cone Collinear Factorization.

In fact, another way for obtaining these equations relies on exact operator identities between non-local
operators (see Refs. [138, 172, 173]). The corresponding matrix elements of the various terms arising in these
identities lead to integral relations between 2 and 3 partons DAs. We refer to Ref. [169] for the use of this
method.

5.3.5 Collinear conformal invariance

The use of conformal invariance in physics turn back to the beginning of XXth century, when it was noticed
by Cunningham and by Bateman that Maxwell equations are conformal invariant. It was then mainly used
within the context of scaling violation of quantum field theories, in particular for the study of second order
phase transition, starting from the 60s. In the special case of two dimensional theories, this initiated the
developpement of a whole branch of mathematical physics. In QCD, the interest for conformal invariance has
been much recent, mainly starting with the study of DAs and of their evolution equations [85, 98]. We will
only give here some very basic informations and refer to [174] for a comprehensive review, including the use of
conformal invariance for the above mentioned computation of NLLQ kernels.

The full conformal group SO(4, 2) is defined by transformations which only change the scale of the metric,
and has 15 generators. In the limit Q2 →∞ , hadron states are replaced by a bunch of partons that are collinear
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to p1, which thus lives along p2 , implying that z is the only remaining variable. The transformations which
map the light-ray in the p2 direction into itself is the collinear subgroup of the full conformal group SO(4, 2) ,
that is SL(2,R), made of translations z → z + c, dilatations z → λ z and special conformal transformations
z → z′ = z/(1 + 2 a z) . The Lie algebra of SL(2,R) is O(2, 1) .

In fact, starting from the full conformal group SO(4, 2) , there are two generators whose action on the light-
ray z is a dilatation: the dilatation D and the Lorentz rotation M+− leave the light-ray invariant, acting on z
as dilatations. It is possible to combine these two generators in order to get an operator i/2(D −M+−) which
behaves like the identity on the p2 axis: it is the collinear-twist operator. The remaining combination i/2(D+
M−+) combined with the generators of translations on the p2 axis and of special conformal transformations on
the p2 axis then realize a representation of the Lie algebra of the above mentioned SL(2,R) group. Note that
another conformal symmetry appears in high-energy QCD: it is the global 2-dimensional transverse conformal
symmetry of QCD in the perturbative Regge limit. In that case the group is SL(2,C) (see Sec. 8.7.1).

Interestingly, the light-cone operators which enters the definition of DAs can be expressed in terms of a basis
of conformal operators. Since conformal transformations commute with exact EOM (they are not renormalized),
EOM can be solved exactly (with an expansion in terms of the conformal spin n+ 2). For example the twist 2

DA for ρL can be expressed, for unpredicted a
‖
n(µ), as [173, 175]

φ‖(u, µ0) = 6 u ū

∞∑

n=0

a‖n(µ)C
3/2
n (u− ū) C3/2

n = Gegenbauer polynomial . (5.87)

An elementary proof of this expansion is given in the appendix B of Ref. [19] as well as in the appendix of
Ref. [176]. We will recover in a pedestrian way this structure when studying Generalized Distribution Amplitudes
in Sec. 6.1. The coefficients of the expansion (5.87) are not prescribed by pQCD. They can be obtained for
example based on QCD sum rules [177] applied to the non-local correlators which define the DAs [178–180] or
any non-perturbative approach, like the lattice [181–183]. We refer to the Ref. [184] for a very recent overview
of the shape of the pion DA based on various models, which is beyond the scope of this manuscript. For a
recent review of lattice results on hadronic observable, see Ref. [185].

5.3.6 Renormalization group equations

In a similar way as we have discussed above the µ2
F dependency for the factorization of the DVCS amplitude,

the factorization (5.81) or (5.82) of the process in term of a DA, which symbolically reads

M(Q2) = Φ∗(x, µ2
F ) ⊗ TH(x,Q2, µ2

F ) , (5.88)

also involves an arbitrary factorization scale µ2
F . This arbitrariness leads to the ERBL equation [85, 97, 98] for

the DA Φ(u, µ2
F ):

µ2
F

∂

∂µ2
F

Φ(x, µ2
F ) = V (x, u, µ2

F ) ⊗ Φ(u, µ2
F ) .

The explicit form of the kernel can be obtained in various ways. The first point of view relies on the fact that
the hard part satisfies the analogous equation

µ2
F

∂

∂µ2
F

TH(x,Q2, µ2
F ) = −V (x, u, µ2

F ) ⊗ TH(u,Q2, µ2
F ) .

based on the fact that the whole amplitude should not depend on the factorization scale. The computation of
V relies on the analysis of the IR singularities of the hard part TH , occuring when the regulator µ2

F vanishes.
Indeed, two kinds of IR singularities may occur in QCD (or in QED): the soft singulatities, and the collinear
singularities. Except for the |+ prescription of the obtained kernel, we will not be concerned by the first type of
singularities here. These kind of singularities are responsible for BFKL dynamics at small-x, see Chap. 8. On
the other hand, the collinear singularities are responsible for logarithmic contributions of the type αs lnQ2/µ2

F .
This is the essence of the DGLAP approach for DIS structure functions, which sums up the whole series of
terms like

∑
n(αs lnQ2/µ2

F )
n , corresponding to ladder-like diagrams in a physical gauge [54,98]. Another point

of view relies on the fact that the hard part diverges in the UV, and is therefore calling for a renormalization
procedure. The introduction of an arbitrary renormalization scale µ2

R in order to implement this renormalization
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of the hard matrix element leads to renormalization group equations equivalent to Eq. (5.89), this time for the
Wilson coefficients.

The renormalization group equation can be solved based on the conformal invariance discussed above in
Sec. 5.3.5. Since the LLQ renormalization of the conformal operators is diagonal in the conformal spin (coun-
terterms are tree level at this accuracy and they thus respect the conformal symmetry of the classical theory),
this implies that

φ‖(u, µ) = 6 u ū

∞∑

n=0

a‖n(µ0)

(
αs(µ)

αs(µ0)

)2γ(0)
n /β0

C3/2
n (u− ū) µ→∞−→ 6 u ū asymptotic DA (5.89)

with the anomalous dimensions

γ(0)n = CF

(
1

2
− 1

(n+ 1)(n+ 2)
+ 2

n+1∑

m=2

1

m

)
. (5.90)

At NLLQ conformal symmetry is broken; studying conformal anomalies provides the NLLQ anomalous dimen-
sions and the corresponding ERBL kernels [155–160].

A convenient choice of renormalization and factorization scale is provided by µ2
R = µ2

F = Q2 . One should
however keep in mind that in any hard process, the choice of the renormalization scale µ2

R , although arbitrary,
is of practical importance when dealing with a fixed order computation (which is always the case in practice,
since no all-order computations are known!) and that this dependency corresponds to higher order contributions
which one may want to minimize. Various approaches have been proposed in the literature: the Principle of
Minimal Sensitivity (PMS) [186, 187], the principle of Fastest Apparent Convergence (FAC) [188–190] and the
Brodsky-Lepage-Mackenzie (BLM) [191] scheme. We end this discussion with the fact that the doubly factorized
amplitude (5.82) involves two factorization scales, which are independent and arbitrary, and that the hard part
involves a renormalization scale µ2

R . Again, a convenient choice is to consider µ2
F1

= µ2
F2

= µ2
R = Q2 . See [192]

for a clear and pedagogical discussion of the rôle of the factorization and renormalization scales in hard processes
(illustrated there for the pion transition form factor Fγπ).

5.3.7 Selection rules and factorization status

The selection rule for the meson electroproduction can be obtained in a simple manner. Since for a massless
particle chirality = + (resp. -) helicity for a (anti)particule and based on the fact that QED and QCD vertices
are chiral even (no chirality flip during the interaction), one deduces8 that the total helicity of a qq̄ pair produced
by a γ∗ should be 0. Therefore, the helicity of the γ∗ equals the z projection of the qq̄ angular momentum Lqq̄

z .
In the pure collinear limit (i.e. twist 2), the qq̄ does not carry any angular momentum: Lqq̄

z = 0 . Thus the
γ∗ is longitudinally polarized. Additionaly, at t = 0 there is no source of orbital momentum from the proton
coupling, which implies that the helicity of the meson and of the photon should be identical. In the collinear
factorization approach, the extension to t 6= 0 changes nothing from the hard part side, as we have seen above
in our description of the factorization theorem, the only dependence with respect to t being encoded in the
non-perturbative correlator which defines the GPDs. This implies that the above selection rule remains true.
Thus, only 2 transitions are possible (this is the so-called s−channel helicity conservation (SCHC)): γ∗L → ρL,
for which QCD factorization holds at t=2 at any order (i.e. LL, NLL, etc...) [89] and γ∗T → ρT , corresponding
to twist t = 3 at the amplitude level, for which QCD factorization is not proven. In fact an explicit computation
of the ρT electroproduction [193] at leading order shows that the hard part has end-point singularities like

1∫

0

du

u
and

1∫

0

du

1− u (5.91)

occuring when the momentum fraction carried by the quark or the anti-quark vanishes.

5.3.8 Some solutions to factorization breaking?

In order to extend the factorization theorem at higher twist, as well as to improve the phenomenological
description of hard exclusive processes at moderate values of the hard scale, several solutions have been proposed.

8This is the same reason which explains the vanishing of FL in DIS.
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DAs with higher number of partons

One may add contributions of 3-parton DAs [169, 170] for ρT [194, 195] (of dominant twist equal 3 for ρT ).
Denoting the field strengh by Gµν = ∂µAν − ∂νAµ − g[Aµ, Aν ] , the chiral-even three-particle DAs of ρ reads
[169, 170]

〈0|ū(z)g G̃µν(vz)γαγ5d(−z)|ρ−(P, λ)〉 = fA
3 ρmρ pα[pν e

(λ)
⊥µ − pµ e

(λ)
⊥ν ]A(v, pz)

+fA
3 ρm

3
ρ

e(λ) · z
pz

[pµ g
⊥
αν − pν g⊥αµ] Φ̃(v, pz) + fA

3 ρm
3
ρ

e(λ) · z
(pz)2

pα[pµ zν − pν zµ] Ψ̃(v, pz) (5.92)

and

〈0|ū(z)g Gµν(vz)iγαd(−z)|ρ−(P )〉 = fV
3 ρmρ pα[pν e

(λ)
⊥µ − pµ e

(λ)
⊥ν ]V(v, pz)

+fV
3 ρm

3
ρ

e(λ) · z
pz

[pµ g
⊥
αν − pν g⊥αµ]Φ(v, pz) + fV

3 ρm
3
ρ

e(λ) · z
(pz)2

pα[pµ zν − pν zµ]Ψ(v, pz) . (5.93)

Among these DA, A and V contribute to twist 3 while Φ̃, Ψ̃, Φ, Ψ conttibute to twist 4. Note that we use here
the usual notation when dealing with the Fourier transform

A(v, pz) =
∫
Dα e−ipz(αu−αd+vαg)A(α)

and similarly for V . α is the set of three momemtum fractions: α = {αd, αu, αg} The integration measure is
defined as ∫

Dα ≡
∫ 1

0

dαd

∫ 1

0

dαu

∫ 1

0

dαg δ(1−
∑

αi) . (5.94)

This in fact does not solve the problem, while reducing the level of divergency, but is needed for consistency.

Sudakov resummation and Improved Collinear Approximation

On top of the potential end-point singularities discussed above, phenomenologicaly the use of simple asymptot-
ical DAs lead usually to a too small ERBL contribution in hard exclusive processes, a situation which is not
improved by NLO corrections. It was suggested by Chernyak and Zhitnitsky [19] to use DAs which would be
mostly concentrated close to the end point, and not identical to the asymptotical DA, a solution which indeed
improve very much the description of the data, for example of the pion form factor. However, since close to the
end-point one may face theoretical inconsistencies when justifying the factorization, Li and Sterman [196] then
introduced an Improved Collinear Approximation (ICA). They suggested to keep a transverse ℓ⊥ dependency
in the q, q̄ momenta. Soft and collinear gluon exchange between the valence quarks are responsible for large
double-logarithmic effects which exponentiate. The corresponding study is made easier when using the impact
parameter space b⊥ conjugated to ℓ⊥ , leading to the Sudakov factor

exp[−S(u, b,Q)] , (5.95)

a factor already involved in previous studies of elastic hadron-hadron scattering at fixed angle [197]. S di-
verges when b⊥ ∼ O(1/ΛQCD) (large transverse separation, i.e. small transverse momenta) or small fraction
u ∼ O(ΛQCD/Q) . This thus regularizes potential end-point singularities, even when using non asymptotical
DAs. See Ref. [198] for a detailled and pedagogical discussion in the case of the γγ∗ → π0 form factors. These
Sudakov effects have been implemented outside of pure QCD processes, in particular for the study of semi-
leptonic B → π decay [199]. In this ICA, a dependency of the hard part with respect to the partons transverse
momenta is kept. This suggested Jakob and Kroll to keep such a dependency also inside the wave function of
the produced meson. This was implemented in the form of a an ad-hoc non-perturbative gaussian ansatz [200]

exp[−a2 |k2⊥|/(uū)] , (5.96)

and other similar ansätze, which give back the usual asymptotic DA 6 u ū when integrating over k⊥ . These
gaussian ansätze combined with the perturbative Sudakov resummation tail effect were then implemented for
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various phenomenological studies like the pion form factor [200], the meson-photon form factor [201, 202]. The
phenomenological description of the pion form factor is then improved, but is still below the data, even with
the Chernyak and Zhitnitsky model. For other observables for which one really faces a end-point singularity,
like the above example of ρT -electroproduction, the same approach seems to allow for a consistent treatment,
and at least to interesting models [203–206] which can describe the meson electroproduction data, in particular
the HERA data at small-xBj which will be discussed in Sec. 9.2.4.

We will see in Chap. 10 that at small xBj , relying on the kT−factorization, the off-mass-shellness of the
t−channel gluons can serve as a regulator, preventing from facing end-point singularities.

5.3.9 Chiral-odd sector

The ± chiralities are defined by the decomposition

q±(z) ≡
1

2
(1 ± γ5)q(z) with q(z) = q+(z) + q−(z) , (5.97)

implying that
q̄±(z)γ

µq±(−z) or q̄±(z)γ
µγ5q±(−z) (5.98)

conserve chirality (chiral-even) while

q̄±(z) · 1 · q∓(−z), q̄±(z) · γ5 · q∓(−z) or q̄±(z)[γ
µ, γν ]q∓(−z) (5.99)

change chirality (chiral-odd). The production of a transverse ρ is dominated by its twist 2 chiral-odd DA, as
expected from the selection rule of Sec. 5.3.7. Defining as usual

σµν ≡
i

2
[γµ, γν ] , (5.100)

the chiral-odd ρ−DAs read [168–170]

〈0|ū(z)σµνd(−z)|ρ−(P, λ)〉 = ifT
ρ

[
(e

(λ)
⊥µpν − e

(λ)
⊥νpµ)

∫ 1

0

du ei(2u−1)p·zφ⊥(u, µ
2)

+(pµzν − pνzµ)
e(λ) · z
(p · z)2m

2
ρ

∫ 1

0

du ei(2u−1)p·zh(t)‖ (u, µ2) +
1

2
(e

(λ)
⊥µzν − e

(λ)
⊥νzµ)

m2
ρ

p · z

∫ 1

0

du ei(2u−1)p·zh3(u, µ
2)

]
.(5.101)

and

〈0|ū(z)d(−z)|ρ−(P, λ)〉 = −i
(
fT
ρ − fρ

mu +md

mρ

)
(e(λ) · z)m2

ρ

∫ 1

0

du ei(2u−1)p·zh(s)‖ (u, µ2) . (5.102)

The DA φ⊥ of ρT is of twist-2, while h
(s)
‖ and h

(t)
‖ of ρL are twist-3. Finally, h3 of ρT is of twist-4. These DAs

φ = {φ⊥, h(s)‖ , h
(t)
‖ , h3} are normalized to

∫ 1

0
du φ(u) = 1 .

The 3-partons chiral-odd reads (we refer to Refs. [169, 170] for complete formula)

〈0|ū(z)σαβ g Gµν(vz)d(−z)|ρ−(P, λ)〉

= fT
ρ m

2
ρ

e(λ) · z
2(p · z) [pαpµg

⊥
βν − pβpµg⊥αν − pαpνg⊥βµ + pβpνg

⊥
αµ] T (v, pz) + 4 DAs involving ρT (5.103)

where T of ρL is of twist 3 while the 4 DA of ρT are of twist 4. Other 3-partons DAs are defined through the
remaing 3-partons correlators as

〈0|ū(z)g Gµν(vz)d(−z)|ρ−(P, λ)〉 = ifT
ρ m

2
ρ[e

(λ)
⊥µpν − e

(λ)
⊥νpµ]S(v, pz) (5.104)

〈0|ū(z)ig G̃µν(vz)γ5d(−z)|ρ−(P, λ)〉 = ifT
ρ m

2
ρ[e

(λ)
⊥µpν − e

(λ)
⊥νpµ] S̃(v, pz)

where S and S̃ of ρT are of twist 4 .



132 CHAPTER 5. FROM INCLUSIVE TO EXCLUSIVE PROCESSES

5.4 Measurement of helicity-flip GPDs through a non-zero mixture

of chiral-odd GPDs with chiral-odd ρ-meson

Transversity quark distributions in the nucleon remain among the most unknown leading twist hadronic observ-
ables. This is mostly due to their chiral odd character which enforces their decoupling in most hard amplitudes.
As we shortly reviewed in Sec. 5.2.2, after the pioneering studies [119–121, 123], much work [117, 118, 207]
has been devoted to the exploration of many channels but experimental difficulties have challenged the most
promising ones.

Access to the chiral-odd transversity generalized parton distributions [115], noted HT , ET , H̃T , ẼT (see
Sec. 5.2.1), has however turned out to be even more challenging [208, 209] than the usual transversity distri-
butions : one photon or one meson electroproduction leading twist amplitudes are insensitive to transversity
GPDs. Indeed, since QED and QCD are chiral even, chiral-odd objects can only appear in pairs. The amplitude
of ρT electroproduction on linearly polarized N vanishes at leading twist 2, as illustrated in Fig. 5.8 at Born
order [208]: a single gluon exchange between hard lines is not enough to prevent the vanishing of the Dirac
trace γα [γµ, γν ] γα = 0 . This vanishing remains valid at all order [209].

γ∗

N N ′

ρ

GPD

γ∗

N N ′

ρ

GPD

Figure 5.8: Two contributions to the amplitude of hard ρT−electroproduction at Born order.

A possible way out is to consider higher twist contributions to these amplitudes [210,211], which however are
beyond the factorization proofs and often plagued with end-point singularities. The strategy which we follow
here [212, 213, 214, 215, 213, 216], as initiated in Refs. [217, 218], is to study the leading twist contribution
to processes where more mesons are present in the final state; the hard scale which allows to probe the short
distance structure of the nucleon is now the invariant mass of the meson pair, related to the large transverse
momentum transmitted to each final meson. In the example developed previously [217,218], the process under
study was the high energy photo(or electro) diffractive production of two vector mesons, the hard probe being
the virtual ”Pomeron” exchange (and the hard scale was the virtuality of this pomeron), in analogy with the
virtual photon exchange occuring in the deep electroproduction of a meson. A similar strategy has also been
advocated recently in Ref. [219] to enlarge the number of processes which could be used to extract information
on chiral-even GPDs.

The process we study here

γ +N → π+ + ρ0T +N ′ , (5.105)

is a priori sensitive to chiral-odd GPDs because of the chiral-odd character of the leading twist distribution
amplitude of the transversally polarized ρ meson. Its detailed study should not present major difficulties to
modern detectors such as those developed for the 12 GeV upgrade of Jlab or for the Compass experiment at
CERN. The estimated rate depends of course much on the magnitude of the chiral-odd generalized parton
distributions. Not much is known about them, but model calculations have been developed in [218] for the
ERBL part and in Refs. [220–224]; moreover, a few moments have been computed on the lattice [225, 226]. To
supplement this and use the recent phenomenological knowledge acquired on the transversity quark distributions
through single inclusive deep inelastic data, we will propose a parametrization of the (dominant) transversity
GPD Hq

T based on the concept of double distributions.
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Let us now explain how we factorize the amplitude of this process and what is the rational of this extension
of the existing factorization proofs in the framework of QCD. The basis of our argument is two-folded.

z

z̄

γ

π

π

ρ

TH

t′

s

φ

φφ

γ

TH

t′ φ

φ

π+

ρ0T

M2
πρ

x+ ξ x− ξ

N

GPDs

N ′

t

Figure 5.9: a (left): Factorization of the amplitude for the process γ + π → π + ρ at large s and fixed angle
(i.e. fixed ratio t′/s); b (right): replacing one DA by a GPD leads to the factorization of the amplitude for
γ +N → π + ρ+N ′ at large M2

πρ.

• We use the now classical proof of the factorization of exclusive scattering at fixed angle and large energy
[166], on which we briefly commented in Sec. 3.5. The amplitude for the process γ + π → π + ρ is
written as the convolution of mesonic distribution amplitudes and a hard scattering subprocess amplitude
γ + (q + q̄) → (q + q̄) + (q + q̄) with the meson states replaced by collinear quark-antiquark pairs. This
is described in Fig. 5.9a. The absence of any pinch singularities (which is the weak point of the proof for
the generic case A+B → C +D ) has been proven in the case of interest here [28].

• We extract from the factorization procedure of the deeply virtual Compton scattering amplitude near the
forward region the right to replace in Fig. 5.9a the lower left meson distribution amplitude by a N → N ′

GPD, and thus get Fig. 5.9b. Indeed the same collinear factorization property bases the validity of the
leading twist approximation which either replaces the meson wave function by its distribution amplitude
or the N → N ′ transition to its GPDs. A slight difference is that light cone fractions (z, 1− z) leaving the
DA are positive, but the corresponding fractions (x + ξ, ξ − x) may be positive or negative in the case of
the GPD. The calculation will show that this difference does not ruin the factorization property, at least
at the order that we are working here.

One may adopt another point of view based on an analogy with the timelike Compton scattering

γN → γ∗N ′ → µ+µ−N ′ , (5.106)

where the lepton pair has a large squared invariant mass Q2, is instructive. This process has been thoroughly
discussed [104, 227] in the framework of the factorization of GPDs, and it has been proven that its amplitude
was quite similar to the deeply virtual Compton scattering one, being dominated at lowest order by the handbag
diagram amplitude convoluted with generalized quark distributions in the nucleon. There is no ambiguity in
this case for the definition of the hard scale, the photon virtuality Q being the only scale present. Although the
meson pair in process (5.105) has a more complex momentum flow, we feel justified to draw on this analogy to
ascribe the role of the hard scale to the meson pair invariant squared mass. However, to describe the final state
mesons by their distribution amplitudes (DAs), one needs in addition a large transverse momentum (and thus
large Mandelstam t′, see Fig. 5.9b). Practically, we consider kinematics in which |u′| ∼ |t′| ∼ |p2T | ∼ M2

πρ. We
cannot prove, at the level of our study, that M2

πρ is the most adequate hard scale. Indeed, applying a definite
strategy to define a factorization scale requires at least a next to leading (in the strong coupling) analysis
[228,229] and this is clearly a major work to be undertaken.

For both point of view, in order for the factorization of a partonic amplitude to be valid, and the leading
twist calculation to be sufficient, one should avoid the dangerous kinematical regions where a small momentum
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transfer is exchanged in the upper blob, namely small t′ = (pπ − pγ)2 or small u′ = (pρ − pγ)2, and the regions
where strong interactions between two hadrons in the final state are non-perturbative, namely where one of the
invariant masses (pπ + pN ′)2, (pρ + pN ′)2, (pπ + pρ)

2 is in the resonance region. We will discuss the necessary
minimal cuts to be applied to data before any attempt to extract the chiral odd GPDs. However, although
the ultimate proof of the validity of the factorization scheme proposed in this paper is based on comparison of
the predictions with experimental data, on the theoretical side it requires to go beyond Born approximation
considered here which is beyond the scope of the present work.

In this study, we will concentrate and provide results on the unpolarized differential cross section in the
kinematics of two specific experiments : Hall A/B and Hall D at JLab where SγN ∼ 20 GeV2 and Compass at
CERN where SγN ∼ 200 GeV2

As a final remark in this introduction, let us stress that our discussion applies as well to the case of elec-
troproduction where a moderate virtuality of the initial photon may help to access the perturbative domain
with a lower value of the hard scale Mπρ. It is only a matter of further technical complications to extend our
computation to that cas.

5.4.1 Kinematics

We study the exclusive photoproduction of a transversely polarized vector meson and a pion on a polarized or
unpolarized proton target

γ(q) +N(p1, λ)→ π(pπ) + ρT (pρ) +N ′(p2, λ
′) , (5.107)

in the kinematical regime of large invariant mass Mπρ of the final meson pair and small momentum transfer
t = (p1 − p2)2 between the initial and the final nucleons. Roughly speaking, these kinematics mean a moderate
to large, and approximately opposite, transverse momentum of each meson. Our conventions are the following.
We decompose momenta on a Sudakov basis as 9

kµ = a nµ + b pµ + kµ⊥ , (5.108)

with p and n the light-cone vectors

pµ =

√
s

2
(1, 0, 0, 1) nµ =

√
s

2
(1, 0, 0,−1) p · n =

s

2
, (5.109)

and

kµ⊥ = (0, kx, ky, 0) , k2⊥ = −~k2t . (5.110)

The particle momenta read

pµ1 = (1 + ξ) pµ +
M2

s(1 + ξ)
nµ , pµ2 = (1 − ξ) pµ +

M2 + ~∆2
t

s(1− ξ) n
µ +∆µ

⊥ , qµ = nµ , (5.111)

pµπ = αnµ +
(~pt − ~∆t/2)

2 +m2
π

αs
pµ + pµ⊥ −

∆µ
⊥
2

,

pµρ = αρ n
µ +

(~pt + ~∆t/2)
2 +m2

ρ

αρs
pµ − pµ⊥ −

∆µ
⊥
2
, (5.112)

with ᾱ = 1 − α and M , mπ, mρ the masses of the nucleon, the pion and the ρ meson. From these kinematical
relations it follows

2 ξ =
(~pt − 1

2
~∆t)

2 +m2
π

s α
+

(~pt +
1
2
~∆t)

2 +m2
ρ

s αρ
(5.113)

9The convention used here differs from other chapters. The momentum of the nucleon is along the + direction, while the photon
has a momentum along − direction. We here denote as ~kt any euclidian two-dimensional vector.
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and

1− α− αρ =
2 ξM2

s (1− ξ2) +
~∆2

t

s (1− ξ) . (5.114)

The total center-of-mass energy squared of the γ-N system is

SγN = (q + p1)
2 = (1 + ξ)s+M2 . (5.115)

ξ is the skewness parameter which can be written in terms of the τ variable used in lepton pair production, as

ξ =
τ

2− τ , τ =
M2

πρ − t
SγN −M2

. (5.116)

On the nucleon side, the transferred squared momentum is

t = (p2 − p1)2 = −1 + ξ

1− ξ
~∆2

t −
4ξ2M2

1− ξ2 . (5.117)

The other various Mandelstam invariants read

s′ = (pπ + pρ)
2 = M2

πρ = 2ξ s

(
1− 2 ξ M2

s(1 − ξ2)

)
− ~∆2

t

1 + ξ

1− ξ , (5.118)

−t′ = −(pπ − q)2 =
(~pt − ~∆t/2)

2 + ᾱm2
π

α
, (5.119)

−u′ = −(pρ − q)2 =
(~pt + ~∆t/2)

2 + (1− αρ)m
2
ρ

αρ
.

and

M2
πN ′ = s

(
1− ξ + (~pt − ~∆t/2)

2 +m2
π

s α

)(
α+

M2 + ~∆2
t

s (1− ξ)

)
−
(
~pt +

1

2
~∆t

)2

, (5.120)

M2
ρN ′ = s

(
1− ξ + (~pt + ~∆t/2)

2 +m2
ρ

s αρ

)(
αρ +

M2 + ~∆2
t

s (1− ξ)

)
−
(
~pt −

1

2
~∆t

)2

. (5.121)

The hard scale M2
πρ is the invariant squared mass of the (π+, ρ0) system. The leading twist calculation of

the hard part only involves the approximated kinematics in the generalized Bjorken limit: neglecting ~∆⊥ in
front of ~p⊥ as well as hadronic masses, it amounts to

M2
πρ ≈ ~p2t

αᾱ
. (5.122)

αρ ≈ 1− α ≡ ᾱ (5.123)

τ ≈ M2
πρ

SγN −M2
(5.124)

−t′ ≈ ᾱM2
πρ and − u′ ≈ αM2

πρ . (5.125)

The typical cuts that one should apply are −t′,−u′ > Λ2 and M2
πN ′ = (pπ + pN ′)2 > M2

R, M
2
ρN ′ =

(pρ + pN ′)2 > M2
R where Λ >> ΛQCD and MR is a typical baryonic resonance mass. This amounts to cuts in

α and ᾱ at fixed M2
πρ, which are easily translated in terms of u′ at fixed M2

πρ. These conditions boil down to a
safe kinematical domain (−u′)min ≤ −u′ ≤ (−u′)max which we will discuss in more details in Section 5.

The squared invariant masses (5.120) and (5.121) can be approximated when neglecting m2
π m2

ρ and ~∆2
t by

M2
πN ′ ≈ s α (1− ξ)− ~pt · ~∆t +M2 . (5.126)

and
M2

ρN ′ ≈ s ᾱ (1− ξ) + ~pt · ~∆t +M2 . (5.127)
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The lowest value of M2
πN ′ is obtained when ~pt and ~∆t are parallel, and can be estimated as a function of u′ as

M2
πN ′ & −u′

[
SγN

M2
πρ

1− ξ
1 + ξ

− 2
|~∆t|
|~pt|

]
+M2 , (5.128)

and a similar equation forM2
ρN ′ . One can show that this relation (and the similar one forM2

πN ′) implies that the
absence of resonance is automatically satisfied in the region of phase space which dominates the cross-section,
as soon as the constraints on u′ and t′ in order to have factorization are satisfied.

In the following, we will choose as kinematical independent variables t, u′,M2
πρ .

5.4.2 The Scattering Amplitude

We now concentrate on the specific process

γ(q) + p(p1, λ)→ π+(pπ) + ρ0T (pρ) + n(p2, λ
′) . (5.129)

Let us start by recalling the non-perturbative quantities which enter the scattering amplitude of our process
(5.129). The transversity generalized parton distribution of a parton q (here q = u, d) in the nucleon target at
zero momentum transfer is defined, in agreement with Eq. (5.37), by

< n(p2), λ
′| d̄
(
−y
2

)
σ+jγ5u

(y
2

)
|p(p1), λ >

= ū(p2, λ
′)σ+jγ5u(p1, λ)

∫ 1

−1
dx e−

i
2x(p

+
1 +p+

2 )y−

Hud
T (x, ξ, t) , (5.130)

where λ and λ′ are the light-cone helicities of the nucleons p and n. Here Hud
T is the flavor non-diagonal

GPD [230] which can be expressed in terms of diagonal ones as

Hud
T = Hu

T −Hd
T . (5.131)

The chiral-odd light-cone DA for the transversely polarized meson vector ρ0T , is defined, in leading twist 2,
by the matrix element (5.101) which reads here, for the ρ0 ,

〈0|ū(0)σµνu(x)|ρ0(p, ǫ±)〉 =
i√
2
(ǫµ±(p)p

ν − ǫν±(p)pµ)f⊥ρ
∫ 1

0

du e−iup·x φ⊥(u) (5.132)

where ǫµ±(pρ) is the ρ-meson transverse polarization and with f⊥ρ = 160 MeV.

The light-cone DA for the pion π+ is defined, in leading twist 2, by the matrix element (see for example [171])

〈0|d̄(z)γµγ5u(−z)|π+(p)〉 = ipµfπ

∫ 1

0

du e−i(2u−1)p·z φπ(u) (5.133)

with fπ = 131 MeV. In our calculations, we use the asymptotic form of these DAs : φπ(u) = φ⊥(u) = 6uū.
We now pass to the computation of the scattering amplitude of the process (5.129). As the order of magnitude

of the hard scale is greater than GeV2, it is possible to study it in the framework of QCD factorization, where
the invariant squared mass of the (π+, ρ0) system M2

πρ is taken as the factorization scale.

The amplitude gets contributions from each ET , HT , ẼT , H̃T . However, all of them butHT are accompanied
by kinematical factors which vanish at ~∆t = 0 . The contribution proportional to HT is thus dominant in the
small t domain which we are interested in. We will thus restrict our study to this contribution, so that the whole
t−dependence will come from the t-dependence of HT , as we model in Sec. 5.4.3. The interesting extension of
considering each of the four transversity GPDs - in particular with respect to the impact picture of the parton
content of the nucleon [231–236] - is left for further work.

Note that within the collinear framework, the hard part is computed with ~∆t = 0.
Thus we write the scattering amplitude of the process (5.129) in the factorized form :

A(t,M2
πρ, pT ) =

1√
2

∫ 1

−1
dx

∫ 1

0

dv

∫ 1

0

dz (T u(x, v, z)− T d(x, v, z))Hud
T (x, ξ, t)Φπ(z)Φ⊥(v) , (5.134)
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where T u and T d are the hard parts of the amplitude where the photon couples respectively to a u-quark (Fig.
5.10a) and to a d-quark (Fig. 5.10b). This decomposition, with the 1√

2
prefactor, takes already into account

that the ρ0-meson is described as uū−dd̄√
2

.

φπ

φρ

z

−z̄

v

−v̄

γ

π+

ρ0T

N N ′

Hud
T (x, ξ, tmin)p1 p2

p′1 = (x+ ξ)p p′2 = (x− ξ)p

q pπ

pρ

φπ

φρ

z

−z̄

−v̄

v

γ
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ρ0T

N N ′

Hud
T (x, ξ, tmin)p1 p2

p′1 = (x+ ξ)p p′2 = (x− ξ)p

q

a b

Figure 5.10: Two representative diagrams with a photon u-quark coupling (a) and with a photon d-quark
coupling (b).

For this process, one has two kinds of Feynman diagrams: some without (Fig. 5.10) and some with a 3-gluon
vertex (Fig. 5.11). In both cases, an interesting symmetry allows to deduce the contribution of some diagrams
from other ones. This is examplified in Fig. 5.10. The transformation rules

x → −x u → ū v → v̄ eu → ed (5.135)

relate the hard amplitude of Fig. 5.10b to the one of Fig. 5.10a. This reduces our task to the calculation of
half the 62 diagrams involved in the process.

Let us sketch the main steps of the calculation on the specific example of the diagram of Fig.5.10a, in the
Feynman gauge. Using the usual notation /k = kµγ

µ, the amplitude reads:

T u
2a(x, v, z) = Tr[(ifπ/pπγ

5)(−igγµ) /F (p′2 + v̄pρ + zpπ)(ieuǫ/(q)) /F (p
′
1 − vpρ − z̄pπ)

(−igγν)(σαβγ5)(−igγµ)(2iσσ∗
ρpρf⊥ρ )(−igγν)]

× TrC [t
atbtatb]

1

(8Nc)2
1

4Nc
G(p′2 + v̄pρ)G(vpρ + z̄pπ) , (5.136)

where the fermion propagator is (we put all quark masses to zero) :

i/F (k) =
i/k

k2 + iǫ
, (5.137)

and

−igµνG(k) = −ig
µν

k2 + iǫ
(5.138)

is the gluonic propagator. TrC is the trace over color indices and the factors 1
(8NC)2 and 1

4NC
come from Fierz
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φπ

φρ

z

−z̄

v

−v̄

γ

π+

ρ0T

N N ′

Hud
T (x, ξ, tmin)p1 p2

p′1 = (x+ ξ)p p′2 = (x− ξ)p

q pπ

pρ

Figure 5.11: Representative diagram with a 3 gluon vertex.

decompositions. The corresponding expression for the diagram 5.10b

T d
2b(x, v, z) = Tr[(ifπ/pπγ

5)(−igγµ)(2iσσ∗
ρpρf⊥ρ )(−igγν)(σαβγ5)

(−igγµ) /F (p′2 + v̄pρ + zpπ)(iedǫ/(q)) /F (p
′
1 − vpρ − z̄pπ)(−igγν)]

× TrC [t
atbtatb]

1

(8Nc)2
1

4Nc
G(−p′1 + vpρ)G(−v̄pρ − zpπ) , (5.139)

justifies the symmetry we quote a few lines above. Thus the hard part of the diagram 5.10a is proportional to

T u
2a ∝

1

[(/p′2 + v̄/pρ + z/pπ)2 + iǫ][(/p′1 − v/pρ − z̄/pπ)2 + iǫ][(p′2 + v̄pρ)2 + iǫ][(vpρ + z̄pπ)2 + iǫ]
(5.140)

and the iǫ prescription in the 4 propagators leads to the fact that the scattering amplitude gets both a real and
an imaginary parts. Integrations over v and z have been done analytically whereas numerical methods are used
for the integration over x (cf Appendix).

Lorentz invariance and the linearity of the amplitude with respect to the polarization vectors and with
respect to the nucleons’ spinors allow us to write the amplitude as:

A = (ǫ∗±(pρ) ·N⊥λ1λ2
)(ǫγ⊥ · pT )A′ + (ǫ∗±(pρ) · ǫγ⊥)(N⊥λ1λ2

· pT )B′

+ (ǫ∗±(pρ) · pT )(N⊥λ1λ2
· ǫγ⊥)C′ + (ǫ∗±(pρ) · pT )(N⊥λ1λ2

· pT )(ǫγ⊥ · pT )D′

+ (ǫ∗±(pρ) · p)(N⊥λ1λ2
· ǫγ⊥)E′ + (ǫ∗±(pρ) · p)(N⊥λ1λ2

· pT )(ǫγ⊥ · pT )F ′ (5.141)

where A′, B′, C′, D′, E′, F ′ are scalar functions of s, ξ, α and M2
πρ,

ǫµ±(pρ) =

(
~pρ · ~e±
mρ

, ~e± +
~pρ · ~e±

mρ(Eρ +mρ)
~pρ

)
(5.142)
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is the transverse polarization of the vector meson ρ, with ~e± = − 1√
2
(±1, i, 0), ǫµγ⊥ the transverse polarization

of the on-shell photon and

N⊥µλ1λ2
=

2i

p · ng
µν
⊥ ū(p2, λ2)/nγνγ

5u(p1, λ1) (5.143)

is the spinor dependent part which expresses the nucleon helicity flip with gµν⊥ = diag(0,−1,−1, 0). To be more
precise, the expression of this 2−dimensional transverse vector reads

N⊥µ+x̂,+x̂ = −4i
√
1− ξ2(0, 1, 0, 0) N⊥µ−x̂,+x̂ = 4

√
1− ξ2(0, 0, 1, 0) (5.144)

N⊥µ+x̂,−x̂ = −4
√
1− ξ2(0, 0, 1, 0) N⊥µ−x̂,−x̂ = 4i

√
1− ξ2(0, 1, 0, 0) , (5.145)

assuming that these nucleons are polarized along the x̂ axis.
Since the DA of ρ0T (see below) introduces the factor ǫµ±(pρ)p

ν
ρ − ǫν±(pρ)pµρ , any term proportional to pµρ in

its polarisation does not contribute to the amplitude. On may then replace

ǫµ±(pρ) ⇒ 2ᾱ
~pt · ~e±
ᾱ2s+ ~p2t

(pµ + nµ) + (0, ~e±)

⇒ 2ᾱ
~pt · ~e±
ᾱ2s+ ~p2t

[
1− ~p2t

ᾱ2s

]
pµ + 2

~pt · ~e±
ᾱ2s+ ~p2t

pµT + (0, ~e±). (5.146)

Consequently, the amplitude of this process can be simplified as

A = ( ~Nt · ~e ∗±)(~pt · ~ǫγt)A+ ( ~Nt · ~ǫγt)(~pt · ~e ∗±)B
+ ( ~Nt · ~pt)(~ǫγt · ~e ∗±)C + ( ~Nt · ~pt)(~pt · ~ǫγt)(~pt · ~e ∗±)D (5.147)

where A, B, C, D are also scalar functions of s, ξ, α and M2
πρ.

5.4.3 Transversity GPD and Double Distribution

In order to get an estimate of the differential cross section of this process, we need to propose a model for the
transversity GPD Hq

T (x, ξ, t = 0) (q = u, d). Contrary to what Enberg et al. have done [218], here we must get
a parametrization in both ERBL ([−ξ; ξ]) and DGLAP ([−1;−ξ] ⋃ [ξ; 1]) domains.

We use the standard description of GPDs in terms of double distributions [88, 147]

Hq
T (x, ξ, t = 0) =

∫

Ω

dβ dα δ(β + ξα− x)f q
T (β, α, t = 0) , (5.148)

where f q
T is the quark transversity double distribution and Ω = {|β|+ |α| 6 1} is its support domain. Moreover

we may add a D-term contribution, which is necessary to be completely general while fulfilling the polyno-
miality constraints. Since adding a D-term is quite arbitrary and unconstrained, we do not include it in our
parametrization. We thus propose a simple model for these GPDs, by writing f q

T in the form

f q
T (β, α, t = 0) = Π(β, α)δq(β)Θ(β) −Π(−β, α)δq̄(−β)Θ(−β) , (5.149)

where Π(β, α) = 3
4
(1−β)2−α2

(1−β)3 is a profile function and δq, δq̄ are the quark and antiquark transversity parton

distribution functions (PDF). The transversity GPD Hq
T thus reads

Hq
T (x, ξ, t = 0) = Θ(x > ξ)

∫ 1−x
1−ξ

−1+x
1+ξ

dy
3

4

(1 − x+ ξy)2 − y2
(1− x+ ξy)3

δq(x − ξy)

+ Θ(ξ > x > −ξ)
[∫ x

ξ

−1+x
1+ξ

dy
3

4

(1 − x+ ξy)2 − y2
(1 − x+ ξy)3

δq(x− ξy)

−
∫ 1+x

1+ξ

x
ξ

dy
3

4

(1 + x− ξy)2 − y2
(1 + x− ξy)3 δq̄(−x+ ξy)

]

− Θ(−ξ > x)

∫ 1+x
1+ξ

− 1+x
1−ξ

dy
3

4

(1 + x− ξy)2 − y2
(1 + x− ξy)3 δq̄(−x+ ξy) . (5.150)
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For the transversity PDFs δq and δq̄, we use the parametrization proposed by Anselmino et al. [237]

δu(x) = 7.5 · 0.5(1− x)5(xu(x) + x∆u(x)) , (5.151)

δū(x) = 7.5 · 0.5(1− x)5(x ū(x) + x∆ū(x)) , (5.152)

δd(x) = 7.5 · (−0.6) (1− x)5(x d(x) + x∆d(x)) , (5.153)

δd̄(x) = 7.5 · (−0.6) (1− x)5(x d̄(x) + x∆d̄(x)) , (5.154)

where the helicity-dependent PDFs ∆q(x), ∆q̄(x) are parametrized with the help of the unpolarized PDFs q(x)
and q̄(x) by [238]

∆u(x) =
√
x u(x) , (5.155)

∆ū(x) = −0.3 x0.4 ū(x) , (5.156)

∆d(x) = −0.7 √x d(x) , (5.157)

∆d̄(x) = −0.3 x0.4 d̄(x) , (5.158)

and the PDFs q(x), q̄(x) come from GRV parametrizations [239]. All these PDFs are calculated at the energy
scale µ2 = 10 GeV2. Fig.5.12 represents Hu

T (x, ξ, t = 0) and Hd
T (x, ξ, t = 0), respectively, for different values

of ξ, which are determined through (5.116) for SγN = 20 GeV2 of JLab and for M2
πρ equal 2, 4, 6 GeV2.

Similarly, Fig.5.13 represents Hu
T (x, ξ, t = 0) and Hd

T (x, ξ, t = 0), respectively, for different values of ξ, which
are determined through (5.116) for SγN = 200 GeV2 of Compass and for M2

πρ equal 2, 4, 6 GeV2.
These two GPDs show some common features like a peak when x is near ±ξ, their order of magnitude and the

fact that they both tend to zero when x tends to ±1. The main difference is their opposite sign. The restricted
analysis of Ref. [218] based on a meson exchange is insufficient for this study since it only gives us the transversity
GPDs in the ERBL region. The MIT bag model inspired method of Ref. [220] underestimates the value of
HT (x, ξ) in the ERBL domain because this model does not take into account antiquark degrees of freedom.
One can notice that these GPDs have the same order of magnitude but some differences with other models like
light-front constituent quark models [221, 222], principally due to the fact that in [221, 222], parametrizations
have been done at µ2 ∼ 0.1 GeV2 whereas our model is calculated at µ2 ∼ 10 GeV2. Other model-studies have
been developed in the chiral quark soliton model and a QED-based overlap representation [223, 224].

The t-dependence of these chiral-odd GPDs is related to the impact picture of the parton content of the
nucleon [231–236]. We use here the simple multiplicative ansatz

Hq
T (x, ξ, t) = Hq

T (x, ξ, t = 0)FH(t) (5.159)

where

FH(t) =
C2

(t− C)2 (5.160)

is a standard dipole form factor with C = .71 GeV2.

5.4.4 Unpolarized Differential Cross Section

Starting with the expression of the scattering amplitude (5.147) we now calculate the amplitude squared for
the unpolarized process

|M|2 =

(
1

2

)(
1

2

)∑

λ1λ2

AA∗ (5.161)

It can seem odd to study the chiral-odd quark content of the nucleon by calculating the cross section of an
unpolarized scattering but it is enough for now in order to reach this unknown structure. Of course it is possible
to consider the polarized one by producing the spin density matrix, which will be done in a future work.

We now present our preliminary results on the cross-section as a function of t, M2
πρ, −u′ which reads

dσ

dt du′ dM2
πρ

∣∣∣∣
t=tmin

=
|M|2

32S2
γNM

2
πρ(2π)

3
. (5.162)
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Figure 5.12: Transversity GPD Hu
T (x, ξ, t = 0) (a) and Hd

T (x, ξ, t = 0) (b) of the nucleon for ξ = .111 (solid
line), ξ = .176 (dotted line), ξ = .25 (dashed line), corresponding respectively to M2

πρ/SγN equal to 4/20, 6/20
and 8/20.
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Figure 5.13: Transversity GPD Hu
T (x, ξ, t = 0) (a) and Hd

T (x, ξ, t = 0) (b) of the nucleon for ξ = .01 (solid line),
ξ = .015 (dotted line), ξ = .02 (dashed line), corresponding respectively to M2

πρ/SγN equal to 4/200, 6/200 and
8/200.

Let us first discuss the u′ dependence at fixedM2
πρ and at t = tmin.We show, in Figs. 5.14 and 5.15, respectively,

the differential cross section (5.162) as a function of |u′| forM2
πρ = 6 GeV2 fixed at SγN = 20 GeV2 i.e. ξ = 0.176
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and at SγN = 200 GeV2 i.e. ξ = 0.015.
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Cut Èu' È > 1 GeV2

Cut Èt' È > 1 GeV2

Figure 5.14: Variation of the differential cross section (5.162) (nb.GeV−6) with respect to |u′| atM2
πρ = 6 GeV2,

SγN = 20 GeV2 and ξ = 0.176.

The physical region over |u′| is contained between −u′min and −u′max due to the typical cuts −t′, −u′ > Λ2

= 1 GeV2. Here a table where is written the minimal and maximal values of −u′ with respect to M2
πρ :

M2
πρ (GeV2) −u′min (GeV2) −u′max (GeV2)

2 1 0.378
3 1 1.378
4 1 2.378
5 1 3.378
6 1 4.378
7 1 5.378
8 1 6.378

One can notice that −u′max does not depend on SγN and that for M2
πρ = 2 GeV2 those cuts induce no

physical region, hence an impossibility to get any measurement for this value of the hard scale.
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Figure 5.15: Variation of the differential cross section (5.162) (nb.GeV−6) with respect to |u′| atM2
πρ = 6 GeV2,

SγN = 200 GeV2 and ξ = 0.015.

In Figs.5.16 and 5.17, we show the M2
πρ dependence of the differential cross section when integrating over

u′ in the range |u′|, |t′| > Λ2, with Λ = 1 GeV,

dσ

dtdM2
πρ

∣∣∣∣
t=tmin

=

∫ u′
max

u′
min

du′
dσ

dt du′dM2
πρ

∣∣∣∣
t=tmin

(5.163)

which quantifies the feasibility of the measurement that we propose. We plot it for both medium (JLab at SγN

= 20 GeV2) and high energy (Compass at SγN = 200 GeV2).

5.4.5 Rates for JLab and COMPASS

To get an experimental rate, we, at first, integrate dσ
dtdM2

πρ

∣∣∣
t=tmin

overM2
πρ ∈ [3 GeV2 , 8 GeV2], then multiply

the result by F 2
H(t)/F 2

H(tmin), to recover the t-dependence, and integrate it over a moderate t−range such as
[-0.01 GeV2 , -0.001 GeV2]. We finally obtain the following total cross sections for the photoproduction of a
πρT pair :

σγN→π+ρ0
TN ′(SγN = 20 GeV 2) ≃ 860 nb σγN→π+ρ0

T N ′(SγN = 200 GeV 2) ≃ 11 nb . (5.164)

Thus, one can get an estimate for the experimental rate RD
JLab at JLab Hall D (12 GeV) by

RD
JLab = σγN→π+ρ0

TN ′(SγN = 20 GeV 2)×Nγ ×Np

= 110 events . s−1 (5.165)

where Nγ ∼ 108 photons/s is the photon flux (for tagged photons at 9 GeV) and Np = 1.27 b−1 is the number
of protons per surface in the target (liquid hydrogen of 30 cm), assuming that the efficiency of the detector is
at 100%.
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Figure 5.16: M2
πρ dependence of the differential cross section (5.163) (nb.GeV−4) at SγN = 20 GeV2
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Figure 5.17: M2
πρ dependence of the differential cross section (5.163) (nb.GeV−4) at SγN = 200 GeV2

It is possible to relate the total cross section of our process to the leptoproduction l+N → l+π++ρ0T +N ′

studied at the Compass experiment (l = µ) and at JLab Hall A/B (l = e−) by

σ(lN → lπ+ρ0TN
′) =

∫∫
dQ2 dν Γl

T (Q
2, ν)σγ∗N→π+ρ0

TN ′(Q2, ν) (5.166)
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where

Γl
T (Q

2, ν) =
α

2πQ2ν2

(
ν − Q2

2M2

)[(
ν

El

)2(
1− 2

m2
l

Q2

)
+

(
1− ν

El
− Q2

4E2
l

)
2

1 + Q2

ν2

]
(5.167)

is the flux of transverse virtual photon, with the fine structure constant α = 1/137 and El the lepton energy
(in the laboratory frame), and where we assume that

σγ∗N→π+ρ0
TN ′(Q2, ν) ≃ σγN→π+ρ0

T N ′(Q2 = 0, ν =
SγN −M2

2M
) (5.168)

Consequently, the total cross section of the electroproduction at JLab Hall A/B (Ee = 11 GeV) is

σ(e−N → e−π+ρ0TN
′) ≃ σγN→π+ρ0

T N ′(Q2 = 0, ν = 10 GeV )

∫ 1

2 10−6

dQ2

∫ 6

4

dν ΓT (Q
2, ν) (5.169)

with

σγN→π+ρ0
T N ′(Q2 = 0, ν = 5 GeV ) ≃ σγN→π+ρ0

TN ′(SγN = 10 GeV 2) ≃ 20 µb (5.170)

and an estimate of the experimental rate R
A/B
JLab

R
A/B
JLab = σ(e−N → e−π+ρ0TN

′)× LA/B
JLab

= 3.5 103 events . s−1 (5.171)

where LA/B
JLab = 1035 cm−2 . s−1 is the luminosity for the electron beam.

The total cross section of the muon-production at Compass is

σ(µN → µπ+ρ0TN
′) ≃ σγN→π+ρ0

TN ′(Q2 = 0, ν = 100 GeV )

∫ 1

0.02

dQ2

∫ 144

56

dν ΓT (Q
2, ν) (5.172)

with

σγN→π+ρ0
TN ′(Q2 = 0, ν = 100 GeV ) ≃ σγN→π+ρ0

TN ′(SγN = 200 GeV 2) (5.173)

and an estimate of the experimental rate RCompass

RCompass = σ(µN → µπ+ρ0TN
′)× LCompass × 15%

= 2 10−3 events . s−1 (5.174)

where LCompass = 2.5 1032 cm−2. s−1 is the luminosity for the muon beam in Compass and 15% expresses the
efficiency of the detector.

According to these results, one can conclude that the photoproduction of a transversally polarized vector
meson on a nucleon target is a very good way to reach informations on the generalized chiral-odd quark content
of the proton. Indeed, if the JLab CLAS-12 upgrade gets the luminosity experimentalists expect (L ∼ 1035

cm2. s−1), one must reach very high statistics per year to extract transversity GPD and measure it with a rather
good precision, without demanding a polarization of the nucleon. This study thus clearly prove the feasibility
of the experiment at JLab. For COMPASS, the situation is unfortunately not so favorable.

Having proven the feasibility at JLab, the next stage is of course to get more reliable precision in our
prediction. This can be obtained in several ways. First, our model for this GPD Hq

T could be improved by
adding, for instance, the D-term which gives a complete parametrization by double distribution. Next, one
could think about extending this study to the polarized process, by calculating some observables like the spin
density matrix of the vector meson. Further, the extension to the case of electroproduction can be done. Last, a
interesting comparison could be obtain with respect to the photoproduction of longitudinaly polarized ρ−mesons
through non-flip GPDs, which are expected to dominate the cross-section.
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Appendix

The explicit calculation of the trace for the diagram 5.10b gives

T d
2b(x, v, z) =

iCF edf
⊥
ρ fπg

4z̄

32N3
Cs

2ᾱ[x− ξ − iǫ][x+ ξ − iǫ]

×

[
( ~Nt · ~σ∗ρt)(~pt · ~ǫγt)− ( ~Nt · ~pt)(~ǫγt · ~σ∗ρt) + 2αξ−ᾱ

2αξ+ᾱ (
~Nt · ~ǫγt)(~pt · ~σ∗ρt)

]

zvv̄[(αz̄ + ᾱv)(x + ξ − iǫ)− 2ξz̄v]
(5.175)

One can already notice that the hard part of this diagram depends on x only via two expressions x− ξ− iǫ and
x+ ξ − iǫ. This contribution should then be integrated over v and z, the integral with respect to x requiring a
specific model for GPDs, see Eq.(5.134). The choice of a specific order of integration over v involving the DA
of ρ or z involving the pion DA does not lead to any simplifications. We choose to integrate first over v. This
first integration is rather straightforward. The second integration is more involved because of the presence of iǫ
terms inside the integrand, and in particular as an argument of logarithmic funtion, leading in the final result
to appearance of imaginary parts. For example, it requires to evaluate integrals of the type

∫ 1

0

dz
1

2 ξ z − ᾱ X log

[
αXz

ᾱX + z (αX − 2ξ)

]
(5.176)

where X = x− ξ + iǫ contains all dependence of the integrand on iǫ.
Nevertheless, since we have rewritten the x-dependence of propagators with the new variable X, it is possible

to calculate this integral analytically without any problem. Thus the expression (5.176) gives

π2

12ξ
+

1

2ξ
Li2

[(
1− 2ξ

αX

)(
1− 2ξ

ᾱX

)]
− 1

2ξ
Li2

[
1− 2ξ

αX

]
− 1

2ξ
Li2

[
1− 2ξ

ᾱX

]
. (5.177)

The final result for each particular diagram is rather lenghty, and because of that we do not present explicit
final results for scalar functions A, B, C, D of (5.147). The final integration over x with any tranversity GPD
is done numerically.



Chapter 6

Extensions and applications

6.1 GPD crossing s↔ t: from DA to GDA

6.1.1 From GPDs to GDAs

In the generic situation investigated in chapter 5, we have dealt with DVCS γ∗(Q2) p → γ p in the regime
where Q2 and s were both large (with respect to Λ2

QCD), with a fixed ratio, and with t fixed. The reaction

γ∗(Q2)π → γ π can be treated along the same line of thought. It is however possible to consider this last
process in the cross-channel, i.e. γ∗ γ → π π , asking now for a large Q2 ≫ Λ2

QCD value and a small s value, i.e.,

due to the constraint s+ t+ u = −Q2 +M2 + 2m2
π , to study the limit t≫ Λ2

QCD . As shown formally in [104]
by considering the light-cone limit of the non-local twist 2 operators, and then investigated in [240, 241] by
similarity with DVCS, this process indeed factorizes, involving an hard part describing the process γ∗ γ → q q̄
with collinear and on-shell produced quark, and a soft part describing the production of the ππ pair from a q q̄.
This last part was called Generalized Distribution Amplitude (GDA).

As discussed in chapter 5, the non-perturbative matrix elements occurring in DVCS are GPDs defined in
the pion case as [242]

Hq(x, ξ, t) =
1

2

∫
dz−

2π
eix(P

+z−) 〈π+(p′)|q̄(−z−/2)γ+q(z−/2)|π−(p)〉 (6.1)

where we have made an interchange of notation between + and − components with respect to Sec.5.2 to make
the comparison with GDA easier. Here, as usual P = (p+ p′)/2, which is thus now along +.

In a similar way, in the crossed-channel investigated now, the GDAs for quarks and gluons are defined
respectively, in A+ = 0 gauge:

Φq(z, ζ,W
2) =

∫
dx−

2π
e−iz(P

+x−)〈π+(p)π−(p′)|q̄(x−)γ+q(0)|0〉, (6.2)

Φg(z, ζ,W
2) =

1

P+

∫
dx−

2π
e−iz(P

+x−)〈π+(p)π−(p′)|F+µ(x−)Fµ
+(0)|0〉, (6.3)

= z(1− z)P+

∫
dx−

2π
e−iz(P

+x−)〈π+(p)π−(p′)|Aµ(x−)Aµ(0)|0〉 ,

with

ζ =
p+

p+ + p′+
. (6.4)

Let us see how to pass from GDA to GPD in terms of kinematical variables. This is done by crossing of the
final state π−(p′) to an initial state π+(−p′) and then by the replacement

GDA GPD
−p′ −→ p
p −→ p′

(6.5)

147
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from which one can check that under the replacement (6.5), the relative fraction of longitudinal momenta 1−2ζ
becomes

1− 2 ζ =
p′+ − p+
p+ + p′+

−→ p+ + p′+
p+ − p′+

=
1

ξ
(6.6)

while the internal z variable transforms according to the argument of the Fourier transform

(2z − 1)(p+ + p′+)
x−

2
−→ (2z − 1)(p′+ − p+)

x−

2
= (2z − 1)

p′+ − p+
p′+ + p+

p′+ + p+

2
x− (6.7)

which thus implies that

1− 2 z −→ x

ξ
. (6.8)

From the form of the non-local correlator (6.3), one readily obtains, after performing the replacement z → 1−z,
then using translation invariance on the obtained correlator, performing the change of variable x− → −x− and
the fact that A field commute on the light cone, that

Φg(z, ζ,W
2) = Φg(1− z, ζ,W 2). (6.9)

C−invariance leads to the identity

Φg(z, 1− ζ,W 2) = Φg(z, ζ,W
2) , (6.10)

which is easily obtained after inserting the C operator in the correlator (6.3).
The quark case is more involved, since one needs to combine the two above transformations and to compare

the obtained correlators in order to get symetrical properties. One gets from the well-known transformation
properties (6.11)

CΨ(x) C† = ηC C Ψ̄T (x) and C Ψ̄(x) C† = η∗C ΨT (x)C ,

where C = C† = C−1 = CT = −C and C γµC = −γTµ the relations

Φq(1− z, ζ,W 2) = −C Φq(z, ζ,W
2) = −Φq(z, 1− ζ,W 2) , (6.11)

where C = ± denote in this last equation the C−parity quantum number of the two-pion state. For further
use, we note that based on the fact that the isoscalar state I = 0 is a symetrical combination of π+ and π−

while the isovector state I = 1 is an antisymetrical combination of π+ and π−, the C−even state (denoted Φ+)
corresponds to the isoscalar state while the C−odd state (denoted Φ−) corresponds to the isovector combination.
In the present case, due to the initial C = + state, we are of course restricted to the case of Φ+ , which we here
after denote Φ for simplicity.

6.1.2 Evolution equations

ERBL evolution kernel

As discussed in Sec.5.3.6, non-perturbative correlators involved in hard processes satisfy evolution equation due
to the arbitrariness of the factorization scale µF .

We here present the evolution of the distributions for gluons and of quarks in the singlet combination
of nf flavors and adhere to the approach and notations of [241], where the evolution kernel involved in the
renormalization group equation due to the factorization scale arbitrariness was obtained in axial gauge A+ = 0,
based on the computation of collinear singular diagrams, when dressing the hard part at one loop. This was
done following the approach of Refs. [243] and [244]. Another approach, as explained in Chap. 5, relies on the
renormalization group equations for non-local operators [138].

As in intermediate step, one introduces the auxiliary functions

zz̄ fQ(z) =

nf∑

q=1

Φq(z), (6.12)

z2z̄2 fG(z) = Φg(z) . (6.13)
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Figure 6.1: The scattering amplitude in the factorized form H ⊗ f , where f denotes the soft matrix elements
and H is the hard coefficient. X is a given system of bound states (single hadron state in the case of a DA, two
hadron state or three hadron state in the case of a GDA).

The dependence with respect to the factorization scale is controlled by the usual ξ parameter [56,57] involved
for example in the DGLAP evolution equation, arising from the β−function of QCD, which reads1

ξ(µ2, µ2
0) =

2

β0
ln

(
αS(µ

2
0)

αS(µ2)

)
, (6.14)

where αS is the one-loop running coupling and β0 = 11 − 2nf/3. ξ is analogous to a time variable describing
the evolution from the scale µ0 to the scale µ . The evolution equation takes the form

∂

∂ξ
f(z, ξ) =

∫ 1

0

du V (z, u) f(u, ξ) ≡ V ⊗ f , (6.15)

where f is a two-component vector due to quark-gluon mixing, which reads

f =

(
fQ
fG

)
, (6.16)

and V is the 2× 2 matrix kernel

V =

(
VQQ VQG

VGQ VGG

)
. (6.17)

In axial gauge, contrarily to the covariant gauge case, the one-loop corrections to the hard coefficient H are
obtained by insertion of diagrams of the type illustrated in Fig. 6.2 between the hard part H and the soft
part f , leading a ladder-like structure of the same type as the one encountered in the computation of the
familiar DGLAP evolution kernel in planar gauge [54]. To get the whole one-loop corrections this should be
supplemented with (renormalized) self-energy insertions on each line connecting H to f . These corrections thus
have the symbolic form H ⊗ ξV ⊗ f . Now, instead of considering the evolution kernel as acting on the hard
part, as was done during the practical stages of the computation, it may be viewed as acting on the soft part,
again exactly in same spirit as for inclusive quantities [54]. This thus leads to the following evolution equation

f (1)(z) = f (0)(z) + ξ

∫ 1

0

du V (z, u) f (0)(u). (6.18)

The diagrams involve an integration with respect to the loop momentum k. The integration with respect to
k− is done using standard Cauchy method, closing around relevant pole in the complex plane. In the one-loop
approximation, the collinear singularities are responsible for contribution of the type 1/k2⊥ which, after taking
into account the fact that the coupling αs is to be taken at the scale k2⊥,

2

∫ µ2

µ2
0

dκ2T
κ2T

αS(κ
2
T )

2π
, (6.19)

1Note that this notation may differ depending on the author: ξ[here]=ξ [241]=2 ξ [54], which should be taken into account in

the proper definition of the evolution kernel.
2Note that the problem of fixing scale at which the coupling should be taken has been investigated in [54] from the point of

view of perturbation theory. The proof is very tricky, and as far as we know was not investigated at higher loop level [245]. On
the contrary, the scale fixing for the running coupling is given for free in the language of operator product expansion combined wih
renormalization group analysis.
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Figure 6.2: One-loop insertions, to be supplemented by self-energy insertions on every line appearing in Fig. 6.1.
The sum of all insertions gives the evolution kernel ξV . We remark that the one-loop graph (e) must be
multiplied by 1/2 to avoid double counting. u and z denote light cone plus momentum fractions, and κ the loop
four-momentum.

relying on the fact that the k2⊥ momentum is assumed to be larger than the IR cut-off µ2
0 provided by the soft

part, and smaller than the UV regulator µ2 coming from the hard part. This contribution equals the “time”
variable ξ(µ2, µ2

0) defined by Eq.(6.14). The next step is to note, in the spirit of all-order renormalization group
analysis, that this one loop contribution should resummed, since the large logarithm of the ratio of the two scales
µ2/µ2

0 may compensate the smallness of the coupling. This means that one should rather consider the infinite
set of ladder-like diagrams instead of one single rung, exactly in the same spirit as for DGLAP equation [54],
which at the level of the whole γ∗γ → X process means that one should consider

∑
n(αs lnQ2/µ2

0)
n instead of

a single αs lnQ2/µ2
0 one-loop contribution.

At this stage, before proceeding, one should note that the analysis can be performed in a non-physical
gauge, like the covariant gauge. This makes the evaluation of the leading logarithmic contribution much more
involved. Indeed, it is known that in covariant gauge, a non-ladder like diagram provides a contribution of
double-logarithmic type, ∼ αs ln2Q2/µ2

0 . It turns out that the whole series
∑

n(αs ln2Q2/µ2
0)

n cancels, when
considering a colourless bound state [246]. By direct inspection at a given order of perturbation theory, one can
prove that is true for all terms like ∼ αn

s lnmQ2/µ2
0 with 2n ≥ m > n, in agreement with the expectation of the

operator product extension analysis. Such a tedious analysis is much simplified when using planar gauges [54],
in which the logarithmic contribution are ladder like, and are of the type expected by the operator product
extension analysis. The first use of physical gauge for exclusive processes is due to the work of Brodsky and
Lepage [98, 166, 247], who computed the evolution kernel for DAs in the language of perturbation theory on
the light cone (also called light-front perturbation theory, or old fashioned perturbation theory), using an axial
gauge. It is only in such physical gauges that evolution equations have a natural partonic interpretation.

Assuming now that the logarithmic analysis has been performed, in whatever gauge, the resummed evolution
is a Bethe-Salpeter equation, where the kernel is the one-loop kernel (this generalizes to higher loop order).
This means simply that in Eq. (6.18), one should just remove the index (1) in l.h.s and the index (0) in the
second term of the r.h.s, giving thus

f(z) = f (0)(z) + ξ

∫ 1

0

du V (z, u) f(u). (6.20)

which is equivalent to the expected form (6.15).

The integration over k+ may be reexpressed as an integral over the incoming light cone fraction u, denoted
above as a convolution ⊗. In this collinear approach, the obtained evolution kernels act only in z space, and



6.1. GPD CROSSING S ↔ T : FROM DA TO GDA 151

describe the change of light cone fractions from u to z. They reads

VQQ(z, u) = CF

[
θ(z − u)u

z

(
1 +

1

z − u

∣∣∣∣
+

)
+ {u↔ ū, z ↔ z̄}

]
,

VQG(z, u) = 2nfTF

[
θ(z − u)u

z
(2z − u)− {u↔ ū, z ↔ z̄}

]
,

VGQ(z, u) =
CF

zz̄

[
θ(z − u)u

z
(z̄ − 2ū)− {u↔ ū, z ↔ z̄}

]
,

VGG(z, u) =
CA

zz̄

[
θ(z − u)

(
uū

1

z − u

∣∣∣∣
+

− uū− u

2z
[(2z − 1)2 + (2u− 1)2]

)

+{u↔ ū, z ↔ z̄}]− 2

3
nfTF δ(u− z), (6.21)

where the color factors are CF = 4/3, TF = 1/2 and CA = 3. The subscript + denotes the usual + distributions,
which act on a given test function f as

∫ 1

0

da

[
1

a

]

+

f(a) =

∫ 1

0

da
f(a)− f(0)

a
. (6.22)

The kernels (6.21) are the remaining finite parts after the cancellation of infrared divergences between graph
(a), resp. (d), and quark self-energy, resp. gluon self-energy insertions, in the same way as the DGLAP kernel
is obtained. These singularities of the real diagrams arises when the momentum of the emitted vector particle
(here a gluon) drawn vertically in Fig. 6.2 tends to zero, and as usual are compensated by virtual correction
(here the self-energy insertions). These self-energy corrections are related to parton splitting

f
(1)
Q (z)

∣∣∣
SE

=

[
1− ξ

∫
dxPQQ(x)

]
f
(0)
Q (z) =

[
1− ξ

∫
dxPGQ(x)

]
f
(0)
Q (z)

f
(1)
G (z)

∣∣∣
SE

=

[
1− ξ

∫
dx

(
1

2
PGG(x) + nfPQG(x)

)]
f
(0)
G (z), (6.23)

with the unregularized DGLAP splitting functions

PQQ(x) = CF
1 + x2

1− x ,

PQG(x) = TF
[
x2 + (1− x)2

]
,

PGQ(x) = CF
1 + (1− x)2

x
,

PGG(x) = 2CA

[
x

1− x +
1− x
x

+ x(1− x)
]
. (6.24)

Indeed, a given virtual correction can be seen as the probability of non-emission of the given final state during
the “time” ξ, which is just 1 minus the probability of emission, given by the splitting function multiplied by
the time ξ.

Solution

We will now study the solution of the evolution equation (6.15). This can be done in two ways: either directly,
using orthogonal polynomials, as will do now, or using the hidden conformal symmetry. The solution can be
provided for arbitrary values of C . For future applications to γ∗ γ → γ γ and γ∗ γ → H (H = 1−+, see Sec.6.5),
it will be enough for us to consider the case C = + appearing in the process γ∗ γ → π π from which we started.
The case C = − will be used when playing with Pomeron/Odderon interference in Sec. 11.5.

In the direct way, one is looking for solutions of the form

f(z, ξ) = f(z) e−γξ. (6.25)
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Introducing the natural set of variables y = 2u − 1 and x = 2z − 1 which are the relative momentum fraction
of the bound state3, we study the action of the matrix kernel V acting on the states

f
(0)
Q =

(
xn

0

)
, f

(0)
G =

(
0

xn−1

)
, (6.26)

where n should be an odd integer due to the symmetry properties (6.11) and (6.9). One gets

VQQ ⊗ yn = −γQQ(n)x
n +O(xn−2), VQG ⊗ yn−1 = −γQG(n)x

n +O(xn−2),

VGQ ⊗ yn = −γGQ(n)x
n−1 +O(xn−3), VGG ⊗ yn−1 = −γGG(n)x

n−1 +O(xn−3), (6.27)

with the anomalous dimensions

γQQ(n) = CF

(
1

2
− 1

(n+ 1)(n+ 2)
+ 2

n+1∑

k=2

1

k

)
, (6.28)

γQG(n) = −nfTF
n2 + 3n+ 4

n(n+ 1)(n+ 2)
, (6.29)

γGQ(n) = −2CF
n2 + 3n+ 4

(n+ 1)(n+ 2)(n+ 3)
, (6.30)

γGG(n) = CA

(
1

6
− 2

n(n+ 1)
− 2

(n+ 2)(n+ 3)
+ 2

n+1∑

k=2

1

k

)
+

2

3
nfTF (6.31)

which are identical to the celebrated anomalous dimensions of the flavour singlet operators. This is of course
not accidental and is related to the fact that the anomalous dimensions remain unchanged in the local limit, in
which the anomalous dimensions coincide with the one of form factors (see Sec. 6.1.2).

We therefore deduce from (6.27) that the space of solutions with n ≤ n0 is stable when applying the kernel
V . One can thus look for polynomials pn(x) and qn−1(x) satisfying

VQQ ⊗ pn = −γQQ(n) pn, (6.32)

VQG ⊗ qn−1 = −γQG(n) pn, (6.33)

VGQ ⊗ pn = −γGQ(n) qn−1, (6.34)

VGG ⊗ qn−1 = −γGG(n) qn−1 . (6.35)

Based on the theory of orthogonal polynomials, the complete identification can be performed relying on the
interval of definition of the system of polynomials we are looking for and on the weight with respect to which
these polynomial are orthogonal among themselves.

The weight can be obtained as follows, relying on the symetries of the evolution kernels:

(1 − x2)VQQ(x, y) = (1− y2)VQQ(y, x), (6.36)

2CF (1− x2)VQG(x, y) = nfTF (1 − y2)2 VGQ(y, x), (6.37)

(1− x2)2 VGG(x, y) = (1− y2)2 VGG(y, x) . (6.38)

For a given couple of integer numbers n,m, Eq.(6.32) implies that

1∫

−1

dx (1 − x2) pn(x) pm(x) = − 1

γQQ(n)

1∫

−1

dx

1∫

−1

dy VQQ(x, y) pn(y) pm(x) (1 − x2)

= − 1

γQQ(n)

1∫

−1

dx

1∫

−1

dy VQQ(y, x) pn(y) pm(x) (1 − y2)

=
γQQ(m)

γQQ(n)

1∫

−1

dy pn(y) pm(y) (1− y2) (6.39)

3One may find the notations ζ [19] or ξ [168–170] for y in the litterature.
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after using the property (6.36). This shows that for n 6= m, pn and pm are orthogonal with the weight 1− x2 .
Analogously, using Eq.(6.38), one easily gets that qn−1 and qm−1 are orthogonal with the weight (1 − x2)2 .
Thus, pn is proportional to the Gegenbauer polynomials C

(3/2)
n (x) while qn−1 is proportional to the Gegenbauer

polynomials C
(5/2)
n−1 (x). Indeed, Gegenbauer polynomials Cν

n [248] are defined in such a way that

pn(x) = 2νΓ(ν)

[
n! (n+ ν)

2π Γ(n+ 2ν)

] 1
2

Cν
n(x) (6.40)

where pn(x) are orthonormal basis with weight (1−x2)ν− 1
2 . The last step is to check that the symmetry relation

(6.37) is compatible with this identification. This requires to fix accurately the normalization of pn and qn−1 .
This is done by using the mixing of pn and qm−1, according to

1∫

−1

dx (1 − x2)2 qm−1(x) qn−1(x) = −
1

γGQ(n)

1∫

−1

dx

1∫

−1

dy VGQ(x, y) qm−1(x) pn(y) (1− x2)2

= − 2CF

nf TF

1

γGQ(n)

1∫

−1

dx

1∫

−1

dy VQG(y, x) qm−1(x) pn(y) (1− y2)

=
2CF

nf TF

γQG(n)

γGQ(n)

1∫

−1

dy pm(y) pn(y) (1 − y2) =
n+ 3

n

1∫

−1

dy pm(y) pn(y) (1 − y2) (6.41)

after using the explicit form of the anomalous dimensions (6.30, 6.29). Now, according to Eq.(6.40),

||C5/2
n−1||2 =

n(n+ 3)

9
||C3/2

n ||2 , (6.42)

and thus one can identify pn with C
(3/2)
n (x) and (qn−1) with C

(5/2)
n−1 (x) provided that one makes the redefinition

γQG(n)→ γ′QG(n) =
n

3
γQG(n), γGQ(n)→ γ′GQ(n) =

3

n
γGQ(n) (6.43)

in such a way that
γ′QG(n)

γ′GQ(n)
=
n(n+ 3)

9

in accordance to the ratio (6.42) of the squared norms.
To get an explicit solution, one needs to diagonalize the 2 × 2 anomalous dimension matrices, in the same

way as for DGLAP equation [54]. The eigenvalues are

Γ(±)
n =

1

2

[
γQQ(n) + γGG(n)±

√
[γQQ(n)− γGG(n)]

2 + 4γ′QG(n)γ
′
GQ(n)

]
, (6.44)

with the corresponding eigenvectors

v(±)n (x) =

(
C

(3/2)
n (x)

g
(±)
n C

(5/2)
n−1 (x)

)
, (6.45)

where

g(±)n =
Γ
(±)
n − γQQ(n)

γ′QG(n)
. (6.46)

The general C even solution of Eq. (6.15) may then be written as

f(x, ξ) =
∑

odd n

{
A(+)

n v(+)
n (x) e−Γ

(+)
n ξ +A(−)

n v(−)n (x) e−Γ
(−)
n ξ
}

(6.47)
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with integration constants A
(±)
n .

The solution for the GDAs Φq and Φg thus reads

nf∑

q=1

Φ+
q (z, µ

2) = z(1− z)
∑

odd n

An(µ
2)C(3/2)

n (2z − 1),

Φg(z, µ
2) = z2(1− z)2

∑

odd n

A′n(µ
2)C

(5/2)
n−1 (2z − 1), (6.48)

with

An(µ
2) = A(+)

n

(
αS(µ

2)

αS(µ2
0)

)K(+)
n

+A(−)
n

(
αS(µ

2)

αS(µ2
0)

)K(−)
n

, (6.49)

A′n(µ
2) = g(+)

n A(+)
n

(
αS(µ

2)

αS(µ2
0)

)K(+)
n

+ g(−)n A(−)
n

(
αS(µ

2)

αS(µ2
0)

)K(−)
n

. (6.50)

In these expression, all the exponents K
(±)
n = 2Γ

(±)
n /β1 are positive except for K

(−)
1 = 0. Therefore, in the

asymptotical regime µ→∞ , A
(−)
1 wil be the only term to be kept.

Relation with local matrix elements and polynomiality

Up to now, all what we have said in this section applies to any DA, since the only internal variable involved in
the above description is the relative q − q̄ momentum fraction, which has to do with the splitting of the hard
part into a q − q̄ pair. The second variable which is involved is the factorization scale, which governs the QCD
evolution. The GDA gets involved when specifying that the final state is actually not a single bound state, but
a pair or a triplet 4 of bound states. In collinear factorization, restricting to the case of a hadron pair GDA, e.g.
ππ pair, this means the introduction of a second longitudinal variable, denoted hereafter as ζ, which encodes
the fraction of longitudinal momentum carried by one of the hadron in the pair. This dependency is hidden in

the coefficients A
(+)
n and A

(−)
n , which are also dependent of the Mandelstam variable W 2.

Based on the relationship between z−moments of the GDAs and matrix elements of local operators, one
can show that the ζ−dependency with respect to ζ is polynomial. Indeed, let us consider the moments of the
quark GDA (6.2). Defining ∂+ = ∂/∂x− , it reads

∫ 1

0

dz znΦq(z) =

∫
dx−

2π

∫
dz zn e−iz(P

+x−)〈π(p)π(p′)|q̄(x−)γ+q(0)|0〉

=
1

(P+)n

∫
dx−

2π

(
i
∂

∂x−

)n [∫
dz e−iz(P

+x−)

]
〈π(p)π(p′)|q̄(x−)γ+q(0)|0〉

=
1

(P+)n+1

∫
dx− δ(x−)(−i∂+)n〈π(p)π(p′)|q̄(x−)γ+q(0)|0〉

=
1

(P+)n+1

[
(−i∂+)n〈π(p)π(p′)| q̄(x)γ+q(0) |0〉

]
x=0

, (6.51)

where the third line is obtained after integrating by part, and similarly for the gluonic operators:

∫ 1

0

dz zn−1Φg(z) =
1

(P+)n+1

[
(−i∂+)n−1〈π(p)π(p′)|F+µ(x)Fµ

+(0) |0〉
]
x=0

. (6.52)

The next step is similar to the usual treatment of matrix elements of twist 2 operators in DIS (except for
the non-forward nature of the matrix elements considered here): the above local matrix elements are the +-
components of tensors which one can decompose on the available set of vectors or tensors, i.e. the metric gµν ,
the vectors (p + p′)µ and (p − p′)µ. Identifying now the + components of these vectors, (p + p′)+ = P+ and
(p − p′)+ = (2ζ − 1)P+ (g++ = 0), the r.h.s of Eqs.(6.51, 6.52) are explicitely polynomials in 2ζ − 1 with
degree at most n+1. The expansion (6.48) explicitely show that the coefficients An and A′n are respectively the

4Generalization from ππ to πππ was discussed in [249].
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Gegenbauer moments of the GDAs
∑

q Φq and Φg, with their corresponding weights. Thus, since the degrees

of C
(3/2)
n (x) and C

(5/2)
n−1 (x) are respectively n and n− 1, the above reasoning for the power moments, which we

considered in Eqs.(6.51, 6.52) of the GDAs, applies also for the coefficients An and A′n, showing that they are
themselves polynomials in 2ζ − 1 with degree at most n+ 1.

In order to perform easily the angular analysis of the pion pair, it is convenient to use Legendre polynomials
when expanding these coefficients. Using the notations of [242], it reads

An(ζ,W
2) = 6nf

n+1∑

even l

Bnl(W
2)Pl(2ζ − 1) . (6.53)

A similar expansion can be performed for A′n , introducing coefficients B′nl.
The C−invariance properties (6.11) and (6.10) govern the ζ symmetry and restrict l to even integers in the

C−even sector we are investigating.
The expansion Eq.(6.53) leads to a complete separation of variables µ and W 2 on one side (coefficients

Bnl and B′nl), and ζ on the other hand (Legendre polynomials). This implies interesting properties of these
coefficients Bnl and B

′
nl . First, the expansion coefficients Bnl being linear combinations of the local operator

matrix elements in Eq.(6.51, 6.52), they are analytic functions of W 2. This allows one to relate them to the
moments of parton distribution of the pion when W 2 becomes zero or spacelike. Second, for each fixed value
of n, An (A′n) are linear combination of Bnl (resp. B

′
nl), showing that the factorization scale dependence of

Eqs.(6.49, 6.50) leads to the same dependency for Bnl (resp. B
′
nl), which reads for of the Bnl coefficients

Bnl(W
2, µ2) = B

(+)
nl (W 2)

(
αS(µ

2)

αS(µ2
0)

)K(+)
n

+B
(−)
nl (W 2)

(
αS(µ

2)

αS(µ2
0)

)K(−)
n

. (6.54)

A similar equation for B′nl can be written, involving the factors g
(±)
n . For further use within our study of hybrid

production with πη decay, let us explicitely display, in the limit µ → ∞, the asymptotic form of the GDAs,
which reads

nf∑

q=1

Φ+
q (z, ζ,W

2) = 18nfz(1− z)(2z − 1)
[
B

(−)
10 (W 2) +B

(−)
12 (W 2)P2(2ζ − 1)

]
, (6.55)

Φg(z, ζ,W ) = 48z2(1− z)2
[
B

(−)
10 (W 2) +B

(−)
12 (W 2)P2(2ζ − 1)

]
, (6.56)

where P2(2ζ − 1) = 1 − 6ζ(1 − ζ). We note that B
(−)
10 and B

(−)
12 are µ0 independent due to the vanishing of

K
(−)
1 = 0.
For further use in the case of the C−odd π+π− GDA, when studying interference between Odderon and

Pomeron in Sec. 11.5, we shortly provide similar expression for the C = − sector:

Φq(−)(z, ζ, s;µ2) = 6z(1− z)
∞∑

n=0
even

n+1∑

l=1
odd

Bq
nl(s, µ

2)C3/2
n (2z − 1)Pl(2ζ − 1) (6.57)

where now n is restricted to be even and l to be odd due to the symmetry properties (6.11). Since in the C−odd
sector there is no mixing with gluon, one has simply a multiplicative renormalization of the coefficients Bq

nl

which thus evolve as

Bq
nl(W

2, µ2) = Bq
nl(W

2, µ2
0)

(
αs(µ

2)

αs(µ2
0)

)2γQQ(n)/β0

for even n (6.58)

which is the same as the evolution of the DA for a single C−odd ρ or π [85,98], with the anomalous dimension
(5.90). Note that a C−even DA satisfies the same evolution equation (6.58), this time with n odd.

Polar angle distribution

The last step in order to relate the previous expansion of the GDAs is to relate ζ with the external kinematical
variables.
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In the CMS fo the pion pair, denoting θ as the polar angle of the pion 1 with respect to the z axis, the
momentum of the pions reads

pπ1 = (
√
|~p |+m2

π, |~p | sin θ ~uφ, |~p | cos θ) and pπ2 = (
√
|~p |+m2

π,−|~p | sin θ ~uφ,−|~p | cos θ) , (6.59)

or equivalently, in the light-cone basis (+,−,⊥),

pπ1 = (

√
|~p |+m2

π + |~p | cos θ√
2

,

√
|~p |+m2

π − |~p | cos θ√
2

, |~p | sin θ ~uφ) ,

pπ2 = (

√
|~p |+m2

π − |~p | cos θ√
2

,

√
|~p |+m2

π + |~p | cos θ√
2

,−|~p | sin θ ~uφ) , (6.60)

the total momentum of the pair being, in the CMS and in the light-cone basis

P =
1√
2
(mππ ,mππ, 0⊥) . (6.61)

From the definition of the + momentum fraction of the pion 1,

ζ =
p+π1

P+
, (6.62)

it thus follows that the relative + momentum fraction is

2 ζ − 1 = 2 cos θ
|~p |
mππ

= β cos θ , (6.63)

where β = |~p |/Eπ is the velocity of each pion in the CMS. This relation can be extended in the case of a GDA
with final hadron states of differents masses, e.g. in Sec. 6.5, when dealing with the hybrid decay H → π η .

Thus, the expansion in Legendre polynomials of 1 − 2 ζ can be replaced by an expansion in Legendre
polynomials of cos θ , making thus contact with the usual partial wave expansion. Since on one hand the
involved Legendre polynomials are of even degrees, and on the other hand knowing that a Legendre polynomial
of a degree of given parity (here even) only contains monomials of the same parity, this expansion can be recast
in the form

nf∑

q=1

Φ+
q = 6nf z(1− z)

∞∑

n=1
odd

n+1∑

l=0
even

B̃nl(W
2)C(3/2)

n (2z − 1)Pl(cos θ) (6.64)

for quarks, where the coefficients B̃nl(W
2) are linear combinations of the type

B̃nl = βl [Bnl + cl, l+2Bn, l+2 + . . .+ cl, n+1Bn, n+1] (6.65)

with polynomials cl, l′ in β
2. As explain above, in the asymptotic limit µ→∞ we restrict ourselves to n = 1 in

the Gegenbauer expansion, which therefore leads to a partial wave expansion which only contains an S- and a
D-wave:

nf∑

q=1

Φ+
q = 18nf z(1− z)(2z − 1)

[
B10(W

2) +B12(W
2)P2(2ζ − 1)

]

= 18nf z(1− z)(2z − 1)
[
B̃10(W

2) + B̃12(W
2)P2(cos θ)

]
(6.66)

with

B̃10(W
2) = B10(W

2)− 1− β2

2
B12(W

2),

B̃12(W
2) = β2B12(W

2). (6.67)
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6.2 The photon GDAs

In this section, we illustrate the concept of GDA by calculating the leading order diphoton GDAs. This relies
on the computation of the amplitude of the process γ∗γ → γγ in the low energy and high photon virtuality
region at the Born order and in the leading logarithmic approximation. As in the case of the anomalous photon
structure functions, the γγ generalized distribution amplitudes exhibit a characteristic lnQ2 behaviour and
obey inhomogeneous QCD evolution equations [250, 251, 252].

The photon is a much interesting object for QCD studies. Its pointlike coupling to quarks enables to
calculate perturbatively part of its wave function. In the case of a virtual photon, this perturbative part is
leading at large virtuality; a twist expansion generates non-leading components of the photon distribution
amplitude [172, 253, 254], from which the lowest order one is chiral-odd (like for a transversally polarized ρ-
meson, in accordance with Vector Meson Dominance) and proportional to the magnetic susceptibility of the
vacuum. The construction of the photon DA relies on the background field method (for a review see [255]) in
order to separate the point-like, i.e. electromagnetic component, from its hadronic one. This photon DA is at
the moment unknown experimentally, although several propositions have been made to measure it [207, 256].
The study of the two photon state is kinematically richer and is thus a most welcome theoretical laboratory for
the study of exclusive hard reactions. It will illustrate the concept of GDA developped in the previous section.

The parton content of the photon (for a review see [257]) has been the subject of many studies since the
seminal paper by Witten [258] which lead to the concept of photon structure functions with evolution equations
involving an inhomogeneous term due to the point-like coupling of the photon, which has no counterpart in
the case of the proton structure functions. They key point which explains the appearance of this anomalous
contribution is the fact that the photon plays two dual roles in the analysis: on one side it is an external state,
and on the other side it is a dynamical degree of freedom, like the quark of the gluon.

The notion of anomalous parton distribution in a photon can be extended to the case of GPDs, leading to
a factorized description of the DVCS on a photon [259], γ∗(q)γ → γγ, in the regime discussed in Sec.5.1.2, i.e.
at large energy and small hadronic momentum transfer but large photon virtuality (Q2 = −q2).

The two meson GDAs [260–262] is a natural extension of GDA for a pion pair studied in Sec.6.1. In the same
way, they describe the coupling of a quark-antiquark (or gluon-gluon) pair to a pair of mesons, and are related
by crossing to the meson GPDs. Analogously, the two photon generalized distribution amplitudes (GDAs)
which describes the coupling of a quark antiquark (or gluon-gluon) pair to a pair of photons, are related by
crossing to the photon GPDs.

Our starting point is the scattering amplitude of the γ∗(q)γ → γγ process in the near threshold kinematics,
namely at small s and large −t ∼ Q2, at large Q2 in the leading order of the electromagnetic coupling. Our
motivation here is essentially formal, since the measurement of this GDA would be presumably very hard: the
quantum number of this channel is the same as the one of pseudoscalar neutral mesons production, decaying in
a pair of photon, e.g. π0 → γγ which dominates the counting rates of our purely electromagnetic process.

6.2.1 The γ∗γ → γγ process in the threshold region

Let us consider the two photon production occuring in Compton scattering on a photon target

γ∗(q)γ(q′)→ γ(p1)γ(p2) . (6.68)

It involves, at leading order in αem, and zeroth order in αS the six Feynman diagrams of Fig. 6.3 with quarks
in the loop. The pure QED content of this amplitude, involving a lepton in the loop, can be straightforwardly
be obtained from the results below, and will not ne considered here.

We restrict ouselves to the threshold kinematics where W 2 = (p1 + p2)
2 = 0, although the factorization in

terms of GDAs could be straightforwardly extended to the situation where 0 6=W 2 ≪ −t. This simplifies greatly
the tensorial structure of the amplitude while still preserving the richness of the skewedness (ζ) dependence of
GDAs, but would not allow any impact parameter interpretation of the GDAs [260–262]. We use the following
kinematics:

q = p− Q2

s
n , q′ =

Q2

s
n ,

p1 = ζ p , p2 = ζ̄p , (6.69)
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Figure 6.3: The 6 Born order diagrams for γ∗ γ → γ γ

where p and n are two light-cone Sudakov vectors with 2 p · n = s. The momentum ℓ in the quark loop is
parametrized as

ℓµ = z pµ + β nµ + ℓ⊥ . (6.70)

The process involves one virtual and three real photons and its amplitude can be written as

A = ǫµ ǫ
′
ν ǫ1
∗
α ǫ
∗
2β T

µναβ, (6.71)

where in our (forward) kinematics the four photon polarization vectors ǫ(q), ǫ′(q′), ǫ1(p1) and ǫ2(p2) are trans-
verse with respect to the Sudakov vectors p and n.

The tensorial decomposition of T µναβ reads [263]

T µναβ(W = 0) =
1

4
gµν⊥ g

αβ
⊥ W1 +

1

8

(
gµα⊥ gνβ⊥ + gνα⊥ gµβ⊥ − g

µν
⊥ g

αβ
⊥

)
W2 +

1

4

(
gµα⊥ gνβ⊥ − g

µβ
⊥ gαν⊥

)
W3 , (6.72)

and it involves three scalar functions Wi, i = 1, 2, 3.
The integration over ℓ is performed as usual within the Sudakov representation, using

d4ℓ =
s

2
dz dβ d2ℓ⊥ →

πs

2
dz dβ dℓ2 . (6.73)

Our goal here is to exhibit a factorization of a hard part convoluted with a GDA, thus involving an integration in
the z variable. This means that our expressions should not be computed completely, but rather left unintegrated
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with respect to z. In all the following calculations, the mass of the quark will play the role of an infrared regulator.
The calculation of each of the six diagrams goes along the same line, and for illustration we only detail the
calculations for the diagram A. One gets for WA

1

WA
1 = −i se

4
qNC

32π3

∫
dz dβ dℓ2 TrA1

[(ℓ − q)2 −m2 + iη][(ℓ − p1)2 −m2 + iη](ℓ2 −m2 + iη)[(ℓ − q − q′)2 −m2 + iη]
, (6.74)

where TrA1 = T r[γµ⊥(ℓ/ − q/ +m)γµ⊥(ℓ/ − /p1 − /p2 +m)γα⊥(ℓ/ − /p1 +m)γα⊥(ℓ/ +m)] and T r means the trace over
spinorial indices.

The integration over β is done using the Cauchy theorem (a straighforward analysis shows that each diagram
separately converges when β → ±∞). The propagators induce poles in the complex β-plane with values

β1 =
ℓ2 +m2 − iη

zs
, β2 =

ℓ2 +m2 − iη
(z − ζ)s ,

β3 = − ℓ
2 +m2 + z̄Q2 − iη

z̄s
, β4 = − ℓ

2 +m2 − iη
z̄s

. (6.75)

Since the four poles lie all below the real axis for z > 1 and lie all above the real axis for z < 0, the only region
where the amplitude may not vanish is 1 > z > 0. One identifies two different regions:

• the region where ζ < z < 1, for which one may close the contour in the lower half plane and get the
contribution of the poles β1 and β2 ,

• the region where 0 < z < ζ, for which one may close the contour in the lower half plane and take the
contribution of the pole β1 .

The β integration thus leads to

IA1 =−2iπ
∫ 1

ζ

dz

∫
dℓ2
(
TrA1(β = β1)

DAβ1

+
TrA1(β = β2)

DAβ2

)
− 2iπ

∫ ζ

0

dz

∫
dℓ2

TrA1(β = β1)

DAβ1

, (6.76)

where DAβi denote the value of the product of propagators at the pole βi.

To go further, one should disentangle UV and IR divergencies. In the leading logarithmic approximation
we are interested in, the trace TrA1 may be simplified by taking the limit m2 → 0. Of course one should keep
m2 6= 0 in the denominators, since it regulates IR divergencies. When considering each of the six diagrams
separately, each integral over l2 in Eq.(6.76) is UV divergent. However, it is a well-known classical result of
QED that the sum of integrals corresponding to the six diagrams of Fig. 6.3 is UV finite based on QED gauge
invariance (see of example p 321 of Ref. [264]), so we separate UV divergent terms of each diagram in an
algebraic way, and we show that the UV finiteness appears for the sum of diagrams A, B and C and for the
sum of diagrams D, E and F separately.

The traces are clearly simple polynomials in ℓ2, which may be written as TrA1(β = βi) ∼ αiℓ
4 + γiQ

2ℓ2 +
δiQ

4 , where αi, γi and δi are dimensionless functions of z and ζ. Power counting in ℓ2 shows that the αiℓ
4 term

in these integrals is ultraviolet divergent, since DAβi behaves as ℓ6. Our aim is to recover the UV finiteness
of the sum of diagrams before performing the integration over z. This cancellation of UV divergences occurs
separately in each interval z ∈ [0, ζ] and z ∈ [ζ, 1]. For illustration, we consider the interval [0, ζ] , which
coreesponds to the second term in the r.h.s of Eq.(6.76). The UV divergent part of IA1 in this interval has the
form :

−2iπ
∫ ζ

0

dz

∫
dℓ2

ℓ2
adiv1 (z, ζ), (6.77)

where adiv1 is a definite function of z and ζ. The contributions from diagrams B and C lead to similar equations
as Eq.(6.77) with adiv1 replaced respectively by bdiv1 and cdiv1 . The cancellation of UV divergences in the sum of
A, B and C diagrams is manifest through the fact that adiv1 + bdiv1 + cdiv1 = 0.

The technical key point is now to extract the convergent UV part of the second term of Eq.(6.76) by adding
and subtracting a simple term which reproduces the same UV divergence, without spoiling the IR convergency.
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This can be done in the form

IA1

div = −2iπ
∫ ζ

0

dz

∫
dℓ2
(
TrA1(β = β1)

DAβ1
− ℓ4

(ℓ2 +m2)3
adiv1 (z, ζ)

)

− 2iπ

∫ ζ

0

dz

∫
dℓ2

ℓ4

(ℓ2 +m2)3
adiv1 (z, ζ) (6.78)

The first term in Eq.(6.78) is thus both UV and IR finite and can be computed analytically. Since the second
term in Eq.(6.78) cancels out when summing diagrams A, B and C, we do not need to compute it. The same
procedure is applied to the contribution coming from the interval z ∈ [ζ, 1]. Finally, the contributions from the
diagrams D, E and F are considered in the same way5.

This leads to following result of our calculation of the amplitude W1 , in the leading log Q2 approximation:

W1 =
e4qNC

2π2

∫ 1

0

dz (2z − 1)

[
2z − ζ
zζ̄

θ(z − ζ) + 2z − 1− ζ
z̄ζ

θ(ζ − z)

+
2z − ζ̄
zζ

θ(z − ζ̄) + 2z − 1− ζ̄
z̄ζ̄

θ(ζ̄ − z)
]
log

m2

Q2
. (6.79)

The amplitudes W2 and W3 are calculated in the same way and we get

W2 = 0 (6.80)

and

W3 = −
e4qNC

2π2

∫ 1

0

dz

[
ζ

zζ̄
θ(z − ζ) − ζ̄

z̄ζ
θ(ζ − z)

− ζ̄

zζ
θ(z − ζ̄) + ζ

z̄ζ̄
θ(ζ̄ − z)

]
log

m2

Q2
. (6.81)

6.2.2 QCD factorization of the DVCS amplitude on the photon

Our aim is now to interpret the results (6.79) and (6.81) from the point of view of QCD factorization based on
the operator product expansion, yet still in the zeroth order of the QCD coupling constant and in the leading
logarithmic approximation. The crucial point is to note that the final contribution to this amplitude involves
mixing of operators constructed from quark fields with operators constructed from photon fields [258]. This

mixing can be understood by denoting the integrands of Eq.(6.79) and Eq.(6.81) by F(z, ζ) log m2

Q2 and rewriting
them by using the obvious identity

F(z, ζ) log
m2

Q2
= F(z, ζ) log

m2

M2
F

+ F(z, ζ) log
M2

F

Q2
, (6.82)

where MF corresponds to an arbitrary QCD factorization scale. As will be shown below the first term with

log m2

M2
F
may be identified with the quark GDA of the photon, whereas the second term with log

M2
F

Q2 corresponds

to the so-called photon GDA of the photon, coming from the matrix element of the correlator field from
photonic fields which contributes at the same order in αem as the quark correlator to the scattering amplitude.
The choice M2

F = Q2 will allow to express the amplitude only in terms of the quark-antiquark fragmentation
into two photons.

We first consider two quark non local correlators on the light cone and their matrix elements between the
vacuum and a diphoton state which define the diphoton GDAs Φ1, Φ3 :

F q =

∫
dy

2π
ei(2z−1)

y
2 〈γ(p1)γ(p2)|q̄(−

y

2
N)γ.Nq(

y

2
N)|0〉 = 1

2
gµν⊥ ǫ

∗
µ(p1) ǫ

∗
ν(p2)Φ1(z, ζ, 0) (6.83)

5This set of tranformations can be implemented in an automatic way using for example MATHEMATICA, and allows for an
automatic treatment of the resulting integrals.
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and

F̃ q =

∫
dy

2π
ei(2z−1)

y
2 〈γ(p1)γ(p2)|q̄(−

y

2
N)γ.Nγ5q(

y

2
N)|0〉 = − i

2
ǫµνpN ǫ∗µ(p1) ǫ

∗
ν(p2)Φ3(z, ζ, 0) , (6.84)

where we note N = n/n.p, ǫµνpN = ǫµναβpαNβ , with ǫ0123 = 1, and where we did not write explicitely, for
simplicity of notation, neither the electromagnetic nor the gluonic Wilson lines. We will also define the matrix
elements of photonic correlators

F γ =

∫
dy

2π
ei(2z−1)

y
2 〈γ(p1)γ(p2)|FNµ(−y

2
N)FN

µ (
y

2
N)|0〉 (6.85)

and

F̃ γ =

∫
dy

2π
ei(2z−1)

y
2 〈γ(p1)γ(p2)|FNµ(−y

2
N)F̃N

µ (
y

2
N)|0〉, (6.86)

where FNµ = NνF
νµ and F̃µν = 1

2ǫ
µνρσFρσ , which mix with correlators (6.83) and (6.84), but contrarily to

the quark correlator matrix element, are non zero at order α0
em [258].

The quark correlator matrix elements, calculated in the lowest order of αem and αS , suffer from ultraviolet
divergences, which we regulate through the usual dimensional regularization procedure, with d = 4 + 2ǫ. We
obtain (with 1

ǫ̂ = 1
ǫ + γE − log 4π)

F q = −NC e
2
q

4π2
gµνT ǫ∗µ(p1)ǫ

∗
ν(p2)

[
1

ǫ̂
+ logm2

]
F (z, ζ) , (6.87)

with

F (z, ζ) =
z̄(2z − ζ)

ζ̄
θ(z − ζ) + z̄(2z − ζ̄)

ζ
θ(z − ζ̄) + z(2z − 1− ζ)

ζ
θ(ζ − z) + z(2z − 1− ζ̄)

ζ̄
θ(ζ̄ − z) (6.88)

for the µ↔ ν symmetric (polarization averaged) part. The corresponding results for the antisymmetric (polar-
ized) part read

F̃ q = −
NC e

2
q

4π2
(−iǫµνpN )ǫ∗µ(p1)ǫ

∗
ν(p2)

[
1

ǫ̂
+ logm2

]
F̃ (z, ζ) , (6.89)

with

F̃ (z, ζ) =
z̄ζ

ζ̄
θ(z − ζ)− z̄ζ̄

ζ
θ(z − ζ̄)− zζ̄

ζ
θ(ζ − z) + zζ

ζ̄
θ(ζ̄ − z). (6.90)

Let us stress again that here we concentrate only on the leading logarithmic behaviour and thus focus on
the divergent parts and their associated logarithmic functions. The ultraviolet divergent parts are removed
through the renormalization procedure (see for example [265]) involving quark and photon correlators (Oq , Oγ)
corresponding to one of the two following pairs

(q̄(−y
2
N)γ.Nq(

y

2
N), FNµ(−y

2
N)FN

µ (
y

2
N)) , (6.91)

or
(q̄(−y

2
N)γ.Nγ5q(

y

2
N), FNµ(−y

2
N)F̃N

µ (
y

2
N)). (6.92)

The renormalized operators are defined as:

(
Oq

Oγ

)

R

=

(
Zqq Zqγ

Zγq Zγγ

)(
Oq

Oγ

)
. (6.93)

The matrix element of the renormalized quark-quark correlator is thus equal to

< γ(p1)γ(p2)|Oq
R|0 >= Zqq < γ(p1)γ(p2)|Oq |0 > +Zqγ < γ(p1)γ(p2)|Oγ |0 > , (6.94)

with Zqq = 1+O
(

e2

ǫ̂

)
. Since the matrix element < γ(p1)γ(p2)|Oq|0 > contains a UV divergence (see Eqs.(6.87),

(6.89)) and since < γ(p1)γ(p2)|Oγ |0 > is UV finite and of order α0
em, one can absorb this divergence into the
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renormalization constant Zqγ . The normalization of the renormalized correlator is fixed with the help of the
renormalization condition which is chosen as

< γ(p1)γ(p2)|Oq
R|0 >= 0 at MR = m. (6.95)

In this way the renormalized GDA with vector correlator is equal to

F q
R = −NC e

2
q

4π2
gµνT ǫ∗µ(p1)ǫ

∗
ν(p2) log

m2

M2
R

F (z, ζ) (6.96)

and we have a similar result for the renormalized GDA with axial correlator

F̃ q
R = −

NC e
2
q

4π2
(−iǫµνpN )ǫ∗µ(p1)ǫ

∗
ν(p2) log

m2

M2
R

F̃ (z, ζ) . (6.97)

As we want to use the QCD factorization formula, which correspond to the factorization scale MF , we identify
now the renormalization scale MR with MF ,

MR =MF . (6.98)

Eqs. (6.96, 6.97) together with Eqs (6.88, 6.90) permit us to write the expressions of the diphoton generalized
distribution amplitudes:

Φq
1(z, ζ, 0) = −NC e

2
q

2π2
log

m2

M2
F

F (z, ζ) , (6.99)

Φq
3(z, ζ, 0) = −NC e

2
q

2π2
log

m2

M2
F

F̃ (z, ζ). (6.100)

Now we are able to write the quark contribution to the γ∗γ → γγ amplitude at threshold as a convolution
of coefficient functions and GDAs Φq

i (z, ζ, 0)

W q
1 =

1∫

0

dz Cq
V (z)Φ

q
1(z, ζ, 0) , W q

3 =

1∫

0

dz Cq
A(z)Φ

q
3(z, ζ, 0) , (6.101)

where the Born order coefficient functions Cq
V/A attached to the quark-antiquark symmetric and antisymmetric

correlators are equal to:

Cq
V = e2q

(
1

z
− 1

z̄

)
, Cq

A = e2q

(
1

z
+

1

z̄

)
. (6.102)

We recover in that way the ln m2

M2
F

term in the right hand side of Eq.(6.82). The photon operator contribution

involves a new coefficient function of order α2
em calculated at the factorization scale MF , which plays the

role of the infrared cutoff. This function is convoluted with the photonic correlators FNµ(− y
2N)FN

µ (y2N)

and FNµ(− y
2N)F̃N

µ (y2N) (cf Eqs.(6.85, 6.86)) which are of order α0
em. These convolutions have the same

expressions as those in Sec. 6.2.1 (Eqs.(6.79, 6.81)) with the quark mass replaced by the factorization scale,
m → MF . In this way, we recover the second term in the right hand side of Eq.(6.82). This equation in fact
reflects the independence of the scattering amplitude on the choice of the scale MF , which is controlled by the
renormalization group equation.
The factorization scale M2

F can be chosen in any convenient way. The choice M2
F = Q2 kills the logarithmic

terms coming from the contribution of photonic GDAs, so that the scattering amplitude is written (at least in
the leading logarithmic approximation) solely in terms of the quark correlators. With M2

F = Q2 we interpret
this process within the parton model (see e.g. [266], [259] for an analogous interpretation of parton distributions
inside the photon).

Before ending this section, it is interesting to connect our factorized structure with the initial direct com-
putation based on the 6 diagrams of Fig. 6.3. Among these 6 diagrams, the diagrams B and B̄ do not have the
topology of factorizable diagrams at twist 2, since one cannot isolate a left part from a right part by just cutting
two lines, a fact which may seems at odd with our obtained factorized result. It turns out that a carreful analysis
shows that these (laying) cat-ears diagrams in fact only contribute for regulating UV divergencies. They do not
contribute to the leading logarithmic finite part which lead to the definition of the GDA. This is thus consistent
with a diagrammatic analysis of factorization involving a quark-antiquark exchange in the s-channel, within a
hand-bag diagram interpretation.
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6.2.3 The diphoton GDAs and their QCD evolution equations

We have thus demonstrated that it is legitimate to define the Born order diphoton GDAs at zero W and at
MF = Q as

Φq
1(z, ζ, 0) =

NC e
2
q

2π2
log

Q2

m2

[
z̄(2z − ζ)

ζ̄
θ(z − ζ) + z̄(2z − ζ̄)

ζ
θ(z − ζ̄)

+
z(2z − 1− ζ)

ζ
θ(ζ − z) + z(2z − 1− ζ̄)

ζ̄
θ(ζ̄ − z)

]
(6.103)

and

Φq
3(z, ζ, 0) =

NC e
2
q

2π2
log

Q2

m2

[
z̄ζ

ζ̄
θ(z − ζ)− z̄ζ̄

ζ
θ(z − ζ̄)

− zζ̄

ζ
θ(ζ − z) + zζ

ζ̄
θ(ζ̄ − z)

]
. (6.104)

Since we focus on the leading logarithmic contribution, we only obtain the anomalous part of these GDAs.
Their z− and ζ−dependence are shown on Figs.6.4 and 6.5.
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Figure 6.4: The unpolarized anomalous diphoton GDA Φq
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2/(NC e
2
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old for ζ = 0.1 (dashed), 0.2 (dash-dotted), 0.4 (solid).

Note that Φq
i (z, ζ, 0) GDAs are discontinuous functions of z at the points z = ζ and z = ζ̄. Nevertheless,

these GDAs still verify the property of polynomiality discussed in Sec.6.1.2:

∫ 1

0

dz (2z − 1)n Φq
1(z, ζ) =

n+1∑

k=0

ak ζ
k , (6.105)

∫ 1

0

dz (2z − 1)n Φq
3(z, ζ) =

n+1∑

k=0

ãk ζ
k. (6.106)

As we have two photons in the final state, the only non vanishing correlators are the C-even one, i.e. the
singlet sector of the GDAs which correspond to the combinations of operators 1

2 (O
q(x1, x2) − Oq(x2, x1))

and 1
2 (Õ

q(x1, x2) + Õq(x2, x1)). This singlet sector means for the GDAs Φq
i the combinations Φq

+(z, ζ, 0) =
1
2 (Φ

q
1(z, ζ, 0)−Φq

1(z̄, ζ, 0)) and Φ̃q
+(z, ζ, 0) =

1
2 (Φ

q
3(z, ζ, 0)+Φq

3(z̄, ζ, 0)), which respectively simplifies into

Φq
+(z, ζ, 0) = Φq

1(z, ζ, 0) (6.107)
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Figure 6.5: The polarized anomalous diphoton GDA Φq
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and
Φ̃q

+(z, ζ, 0) = Φq
3(z, ζ, 0) . (6.108)

One can indeed check on Eqs.(6.103) that

Φ1(1− z, ζ) = −C Φ1(z, ζ) = −Φ1(z, 1− ζ) , (6.109)

with here C = + , consistently with (6.11) based on the C−parity properties of the correlator (6.2) of the same
non-local operator also entering in Eq.(6.83). On top of the correlators encoutered there for the pion case, we
now use a non-local correlator (6.84) involving an additionnal γ5 matrix, for which

Φ3(1− z, ζ) = +C Φ3(z, ζ) = −Φ3(z, 1− ζ) , (6.110)

with again here C = + . This symmetry can be readily check on our result (6.104).
Now, from the point of view of flavor decomposition, we can distinguish either the singlet sector

ΦS
+ ∝

Nf∑

q=1

Φq
+ , Φ̃S

+ ∝
Nf∑

q=1

Φ̃q
+ , (6.111)

or the non-singlet sector

ΦNS
+ = Φq

+ − Φq′

+ , Φ̃NS
+ = Φ̃q

+ − Φ̃q′

+ , (6.112)

where q and q′ are two different quark flavors.
Let us illustrate the effect of evolution in the simplest, i.e. without mixing with gluons, case of non-singlet and
vector GDA ΦNS

+ .
Switching on QCD, the non-singlet and vector sector of diphoton GDAs evolves according to the ERBL

evolution equation [85, 97, 98] modified by the presence of the anomalous part (6.103)

Q2 d

dQ2
Φ′NS

+ (z, ζ,Q2) =
αs(Q

2)

2π

∫ 1

0

du VNS(z, u,Q
2)Φ′NS

+ (u, ζ,Q2) + (e2q − e2q′) f ′1(z, ζ) , (6.113)

with ΦNS
+ (z, ζ,Q2) = z(1− z)Φ′NS

+ (z, ζ,Q2) and f1(z, ζ) = z(1− z)f ′1(z, ζ). Here f1(z, ζ) is defined by the r.h.s.
of Eqs.(6.103), as the corresponding functions which multiply e2q lnQ

2/m2. The QCD kernel VNS is given by
(6.21)6. Note that the homogeneous part of Eq.(6.113) is equivalent to Eq.(6.15) in the limit Q2 ≫ m2 we are
considering here, since from Eq.(6.14) one has

ξ(Q2,m2) =
2

β0
ln

[
1 +

β0
4π

ln
Q2

m2

]
∼ 2

β0
ln ln

Q2

m2
+ cst. (6.114)

6Note that with respect to Ref.[250] the notation for VNS is changed, by a permutation of the arguments z and u and by
factorizing the factor αs(Q2)/(2π) .



6.2. THE PHOTON GDAS 165

As shown in Sec.6.1.2, the kernel VNS is diagonalized in the basis spanned by Gegenbauer polynomials

C
(3/2)
p (x). This property permits us to write the solution of the equation (6.113) as

ΦNS
+ (z, ζ,Q2) = z (1−z)

∞∑

p odd


Ap

[
log

Q2

m2

]−6 γqq(p)

33−2Nf

+ (e2q − e2q′) log
Q2

m2

f ′p(ζ)

1 + 6
γqq(p)

33−2Nf


C(3/2)

p (2z−1) , (6.115)

where Ap are integration constants, Nf is the number of flavors, γqq(p) are the usual anomalous dimensions

(6.28) and the coefficients f ′p(ζ) are projection of f ′1(z, ζ) on appropriate C
(3/2)
p polynomials

f ′p(ζ) =
4(2p+ 3)

(p+ 1)(p+ 2)

∫ 1

0

dz z z̄ f ′1(z, ζ)C
(3/2)
p (2z − 1). (6.116)

The expressions for f ′p(ζ) are lenghty, involving hypergeometric functions, and their explicit expression is not
illuminating. For large Q2, the solution (6.115), at the leading logarithm level, reads

ΦNS
+ (z, ζ,Q2) ≃ (e2q − e2q′) log

Q2

m2
z z̄

∞∑

p odd

f ′p(ζ)

1 + 6
γqq(p)
33−2Nf

C(3/2)
p (2z − 1). (6.117)

Due to the non-trivial form of f ′p(ζ) , it was not possible to obtain a resummed form of (6.117), and not even of
the asymptotics of the large p terms.

The formula (6.117) shows the known result that the anomalous part of GDAs dominates at large Q2. The
z, ζ dependences of Φq

1 are nevertheless modified by strong interaction, due to the presence of the denominator

1+6
γqq(p)

33−2Nf
. The result of this method, for Nf = 2, is shown in Fig. 6.6. The procedure of decomposing a GDA

0.2 0.4 0.6 0.8 1

-1

-0.5
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1

Figure 6.6: The bare (solid line) and the QCD evolved (dashed line) non-singlet and vector sector of diphoton
GDA at large Q2 ΦNS

+ /((e′2q − e2q) log(Q2/m2)) (see Eq.(6.117)) for ζ = 0.2. The dotted line is the truncated
(see text) Gegenbauer expansion of the bare GDA.

into series of Gegenbauer polynomials ensures a good numerical description of both the unevolved GDA and the
one with the evolution taken into account, except in the regions z close to ζ and 1−ζ . This is technically due to
the well known fact that theta function are very badly described by series of polynomials, thus creating spurious
oscillations around the points where theta functions changes from 0 to 1, at z = ζ and z = 1− ζ. Fig. 6.6 was
obtained after combining the sum of 41 (201) contributions of Gegenbauer polynomials for the regions 0 < z < ζ
and 1 − ζ < z < 1 (ζ < z < 1− ζ). Such a choice for the regions 0 < z < ζ and 1 − ζ < z < 1 is motivated by
numerical instabilities of the Gegenbauer series (6.117) when z is close to 0 and 1, which requires to truncate
the series at a moderate number of terms (41 terms), which nevertheless leads to a good stability of results.
These numerical instabilities are due to the fact that, as soon as z deviates from 0 or 1, f ′p(ζ) (Eq.(6.116))
becomes very large with ζ fixed and p larger than 50. This is in contrast with the region ζ < z < 1− ζ where a
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very good stability of the results is achieved when summing a very high number of terms (we took 201 terms:
taking more terms would then generate huge instablities in the vicinity of ζ and 1− ζ).

As can be seen from Fig. 6.6, QCD evolution affects the form of the GDA in the whole z range. In practice,
one cannot trust the truncated Gegenbauer expansion near the discontinuity points. To obtain a trustable
behaviour of the evolved GDA around z = ζ and z = ζ̄ , one has to sum in Eq.(6.117) the infinite series
involving Gegenbauer polynomials, which is a non trivial task. Because of that, one could think about a
method based on direct iteration of the non-homogeneous equation (6.113), keeping only the leading terms at
large Q2. In particular, we have solved the evolution equation (6.113, 6.21) in the vicinity of singularity points
z = ζ, 1− ζ. Because of the antisymmetry of the GDA (6.103), let us concentrate our discussion on the form of
the evolved GDA around the singular point z = ζ. The iteration of the kernel (6.113) generates leading terms
of the form Kn lnn(ζ − z) for z → ζ− and Kn lnn(z − ζ) for z → ζ+ , which we resummed. The details of the

0.399 0.3995 0.4005 0.401

-2.5

-2

-1.5

-1

-0.5

Figure 6.7: The behaviour of the evolved GDA from the leading logarithmic resummations (6.118, 6.119) in
the vicinity of the discontinuity point z = ζ, for the case ζ = .4 (dotted curve). The Born GDA is given for
reference as the solid line.

method can be found in the Appendix of Ref. [250]. The key point there is to approximate correctly the kernel
without spoiling the series which should be resummed. Physically, this series corresponds to the resummation
of soft gluons exchanged between quark-antiquark lines, when iterating the ERBL kernel on the bare GDA. The
result of this resummation is

ΦNS
+ (z → ζ−, ζ) =

1

2
(e2q − e2q′) log

Q2

m2

[
4ζ2 − ζ − 1

ζ̄
(1 −K ln(ζ − z)) + 1

1−K ln(ζ − z)

]
(6.118)

and

ΦNS
+ (z → ζ+, ζ) =

1

2
(e2q − e2q′) log

Q2

m2

[
4ζ2 − ζ − 1

ζ̄
(1−K ln(z − ζ)) − 1

1−K ln(z − ζ)

]
, (6.119)

where K = 6CF /(11NC−2Nf) .We display in Fig. 6.7 the asymptotic resummation given by Eqs.(6.118,6.119).
As mentionned above, the resummation of logarithmic contribution is required in the regions K log |z − ζ| & 1
and K log |z − ζ̄| & 1, which in our case (K = 8/29) corresponds to |z − ζ|, |z − ζ̄| . 3. 10−2. In practice,
subleading contributions are non negligible in a larger domain in z around ζ and ζ̄, and prevent us from getting
trustable numerical results based on this iterative method. This is due to the numerically large values of K.

One can check that this iterative method stabilizes only when applied for unphysically small values of K
(typically . .03). In that case, we could verify numerically the efficiency of our resummation.

Note that these singularities of the GDA at z = ζ and z = 1− ζ does not affect the DVCS amplitude (6.101)
since they are integrable singularities7. The study of these singularities is however important since the photon

7The coefficient function Cq
V (6.102) is regular. This would remain true after taking into account its QCD evolution.
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GDA is a universal object which is process independent.

We have thus derived the leading amplitude of the DVCS (polarization averaged or polarized) process on a
photon target at threshold. We have shown that the amplitude coefficients W q

i factorize in the forms shown in
Eq.(6.101), irrespectively of the fact that the handbag diagram interpretation appears only after cancellation of
UV divergencies in the scattering amplitude. We have shown that the objects Φq

i (z, ζ, 0) are matrix elements of
non-local quark operators on the light cone, and that they have an anomalous component which is proportional
to log(Q2/m2). They thus have all the properties attached to generalized distribution amplitudes, and they obey
non-homogeneous ERBL evolution equations. This new type of evolution equations is an interesting playground
to study the effects of gluon radiation on a non diagonal object such as a GDA.

6.3 Crossing s↔ u: TDAs

In the same spirit of the crossing s↔ t which lead from the GPD to the GDA, one can investigate the crossing
t ↔ u . GPDs occurs in DVCS in the small scattering angle regime. Similarly, the study of DVCS in the
regime where the scattering angle is around π corresponds to the small u limit, for s fixed. This regime leads
naturally to the introduction of the concept of Transition Distribution Amplitude (TDA), obtained by analytic
continuation from GPD by t ↔ u crossing [267, 268], as illustrated in Fig. 6.8. Consider a process of the type

Figure 6.8: Passing from GPD to TDA, illustrated here for the pion case.

a b→ c d , where a is for illustration a hard γ∗ , and other particles are on-shell (and neglecting masses) (see the
conventions of Fig. 6.9), e.g. γ∗ π → γ π . In particular the process γ∗p→ pγ in the backward regime should be
studied a JLab in a the near future [269].

t

s

u

a

b

c

d

Figure 6.9: Mandelstam variables.

One can construct a Sudakov basis from the momentum of particle b (p2) and through the expansion of the
momentum of the hard photon a as q = p1−Q2/s p2 which thus defines p1. In that frame, in the kinematics we
are considering now, the particle c almost flies along p2. A similar analysis as the one leading to the introduction
of GPDs from DVCS, for which d would fly almost along p2, shows that one can expect a factorization between
a hard coefficient function, describing the transition γ∗ → c in a perturbative manner, and a TDA, which
describes the non-perturbative transition b → d . The main difference with the GPDs lies on the fact that the
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pp
p′p′

qq q′ q′

π+

π−

P

P̄

γγ

γ∗γ∗

uuu d̄

e+e+

e−e−

d

a b

Figure 6.10: The factorization of the annihilation process H̄ H → γ∗ γ into a hard subprocess (upper blob) and
a transition distribution amplitude (lower blob) for the meson case (a) and the baryon case (b). Figure taken from
Ref. [268].

TDA is not anymore diagonal in the quantum numbers, since there is now a non-trivial exchange of quantum
numbers in the t−channel. A natural generalisation of the process γ∗N → γ N is obtained when replacing the
produced photon by a pion, through its corresponding DA [270].

From this direct connection with GPDs from t ↔ u crossing, used as a starting example, one can further
apply the notion of TDA for other processes related by the additional crossing s ↔ u. For example, in the
case where c is a hard time-like photon (seen as a lepton-antilepton pair) providing the hard scale, one can
consider the annihilation processes π− π+ → γ∗ γ or p̄ p → γ∗ γ in the near forward regime (see Fig. 6.10).
This process is expected to be studied at PANDA [271] and was studied in detail in Ref. [272]. The related
process γ∗ γ → π− π+ at small t was investigated in Ref. [273]. In these processes, the quantum number which
are exchanged in the t−channel are respectively the one of a pion and of a proton. The computation of the
hard part for these two processes goes along the same line as the one for the hard part of the DVCS, after
projecting the t−channel state on appropriate quantum numbers. In the case of the process p̄ p → γ∗ γ , instead
of the 〈p |u(z1)u(z2) d(z3) |p〉 matrix element, diagonal in baryonic quantum numbers, one introduces the matrix
element 〈γ|u(z1)u(z2) d(z3) |p〉 of a non-local operator which carries a baryonic quantum numbers. The hard
part describes the perturbative q̄q̄q̄qqq → γ∗ transition, which should be convoluted with the antiproton DA to
describe the p̄ q q q → γ∗ transition. A similar analysis [268] can be carried for the process p̄ p → γ∗ π , involving
this time the TDA defined through 〈π |u(z1)u(z2) d(z3) |p〉 matrix elements, as illustrated in Fig. 6.11.

p p′

q

P

P̄ γ∗

uu

e+

e−

d

π

k
DA

TDA

TH

Figure 6.11: The factorization of the annihilation process p̄ p → γ∗ π into the antiproton distribution amplitude (DA),
the hard subprocess amplitude (TH) and a baryon → meson transition distribution amplitude (TDA). Figure taken
from Ref. [267].

Before illustrating the appearance of TDA in a specific perturbative example, we end this section by noting
the fact that TDA satisfy QCD evolution equation of the same type as the one for GPDs.
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6.4 An (almost) perturbative situation: γ∗ γ∗ → ρ0L ρ
0
L

We will now consider an (almost) perturbative situation where one may describe the same process in a factorized
form involving a GDA or a TDA, depending on the kinematical regime and on the polarization of the states
[274, 275, 276, 277]. We consider the process

γ∗(Q2
1) γ
∗(Q2

2)→ ρ0L ρ
0
L . (6.120)

Our study was motived by several reasons. First, based on our investigations of this process in the perturbative
Regge limit, see Sec. 11.4, the present study at Born order is a way to control precisely the contribution of
quark exchange with respect to gluon exchange, which dominates at large W 2 , although suppressed in the
power counting of αs . Second, due to presence of several scales (Q2

1 , Q
2
2 and W 2) in this process, it is a very

interesting process for factorization studies.
We will show by a Born order analysis that the scattering amplitude simultaneously factorizes in two quite

different ways: the part with transverse photons is described by the QCD factorization formula involving the
generalized distribution amplitude of two final ρ mesons, whereas the part with longitudinally polarized photons
takes the QCD factorized form with the γ∗L → ρ0L transition distribution amplitude. In this peculiar example
which is almost perturbative, we will compute perturbative expressions for these GDA and TDA, which, as
we saw in previous sections, are in general, non-perturbative functions, in terms of the ρ−meson distribution
amplitude.

Note that we focus here on the peculiar case of transversally produced ρ−meson to avoid any complication
due to higher twist contributions which one should then consider. Therefore, our treatment will exhibit a
factorization at twist 2 level.

The contribution which we will investigate now is based on quark exchange. At high energy, in the Regge
limit which we will investigate later in Sec. 11.4, gluonic exchange in t−channel would dominate, and large
logarithms of s could compensate the higher power in αs . We will not be concerned here by this regime,
although the present study will provide us some typical cuts on the kinematical regime in which one or another
dynamics is applicable.

The Born order contribution with quark exchanges is described by the same set of diagrams which contribute
to the scattering of real photons producing pions, e.g. γγ → π+π−, at large momentum transfer, studied
long ago by Brodsky and Lepage [20] in the framework of the factorized form of exclusive processes at fixed
angle [85, 97, 98], in which mesons are described by their light-cone distribution amplitudes (DAs). This is
illustrated in Fig. 11.11. In this sense our present study can be seen as a complement of Ref. [20] for the case

ρ(k1)

ρ(k2)

q1

q2

M =

/p1

/p2

q1

q2

MH

DA

ρ(k1)/p2

DA

ρ(k2)/p1

Figure 6.12: The amplitude of the process γ∗(Q1)γ
∗(Q2) → ρ0L(k1)ρ

0
L(k2) in the collinear factorization.

of the scattering with virtual photons, i.e. with both, transverse and longitudinal polarizations, and in the
forward kinematics. A similar analysis was carried in Ref. [278] for the process γ∗T γT → π+ π− , in the regime
s, −t, −u ≫ Λ2

QCD , for which a factorization involving a GDA could occur, and where the GDA could be
computed in terms of the pion DAs. Since we will deal with longitudinally polarized ρ−meson, our results for
the transition γ∗T γT → ρ0L ρ

0
L , will be rather similar when considering the same peculiar kinematical regime.
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In our case, the virtualities Q2
i = −q2i , i = 1, 2, supply the hard scale to the process (6.120) which justifies the

use of the QCD collinear factorization methods and the description of ρ mesons by means of their distribution
amplitudes.

6.4.1 Kinematics

As usual, we rely on a Sudakov basis (defined through p1 and p2 with 2 p1 · p2 = s), in such a way that the two
incoming virtual photon would fly along p1 and p2 if they would be on-shell. In the forward regime that we are
investigating, there is no transverse momentum and therefore no complicated tensorial structures can occur.
This is however only a technical simplification, and the approach would be very similar in the non-forward case.
The photon momenta thus reads

q1 = p1 −
Q2

1

s
p2 q2 = p2 −

Q2
2

s
p1 , (6.121)

and neglecting the meson masses, their momenta reads

k1 = (1− Q2
2

s
)p1 k2 = (1− Q2

1

s
)p2 . (6.122)

The positivity of energy of produced ρ′s requires that s ≥ Q2
i . The usual invariant W 2 is defined as

W 2 = (q1 + q2)
2 = (k1 + k2)

2 = s

(
1− Q2

1

s

)(
1− Q2

2

s

)
, (6.123)

or

s =
1

2

[
Q2

1 +Q2
2 +W 2 + λ(Q2

1, Q
2
2,−W 2)

]
, (6.124)

with λ(x, y, z) ≡
√
x2 + y2 + z2 − 2xy − 2xz − 2zy , while the minimum squared momentum transfer is

tmin = (q2 − k2)2 = (q1 + k1)
2 = −Q

2
1Q

2
2

s
. (6.125)

We note that, contrarily to the large angle case where all Mandelstam invariants were assumed to be large,
as studied in Ref. [20], here tmin may not be large with respect to Λ2

QCD depending on the respective values

of Q2
1, Q

2
2 and W 2. The above kinematics is written in a form which seems compatible with a TDA type of

factorization (“upper” and “lower” meson flies along two different light-cone directions) and not to a GDA
factorization. We will see below that this is just an artefact of our treatment restricted to the forward case,
which in fact does not prevent a GDA-type of factorization.

6.4.2 The Born order amplitude

The scattering amplitude A of the process (6.120) can be written in the form

A = T µνǫµ(q1)ǫν(q2) , (6.126)

where the tensor T µν has in the above kinematics a simple decomposition which is consistent with Lorentz
covariance and electromagnetic gauge invariance

T µν =
1

2
gµ ν
T (TαβgT αβ) + (pµ1 +

Q2
1

s
pµ2 )(p

ν
2 +

Q2
2

s
pν1)

4

s2
(Tαβp2α p1β) , (6.127)

and where the transverse projector reads gµν
T = gµν − (pµ1p

ν
2 + pν1p

µ
2 )/(p1.p2). The first term on the rhs of

Eq. (6.127) contributes in the case of transversely polarized photons, the second one for longitudinally polarized
virtual photons. The longitudinally polarized ρ0−meson DA φ(z) is defined from the non-local correlator (5.83).
Taking into account the ρ0−wave function, it reads

〈ρ0L(k)|q̄(x)γµq(0)|0〉 =
fρ√
2
kµ

1∫

0

dz eiz(kx)φ(z) , for q = u, d , (6.128)
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proportional to the coupling constant fρ , and where as usual for simplicity of notation we omit the Wilson line.
The Born order contribution to the amplitude (6.126) is calculated in a similar way as in the classical work

of Brodsky-Lepage [20] but in very different kinematics. In our case the virtualities of photons supply the hard
scale, and not the transverse momentum transfer. Within the collinear approximation, the momenta of the
quarks and antiquarks which constitute the ρ−mesons can be written as

ℓ1 ∼ z1k1, ℓ2 ∼ z2k2
ℓ̃1 ∼ z̄1k1, ℓ̃2 ∼ z̄2k2 . (6.129)

There are 20 possible diagrams, which can be organized into two classes. The first class corresponds to the
diagrams where the two virtual photons couple to two different quark lines, leading to 8 different diagrams, as
illustrated in Fig. 6.13. The second class of diagrams corresponds to the one where the two virtual photons are


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Figure 6.13: Feynman diagrams contributing to MH , in which the virtual photons couple to different quark
lines.

coupled to the same quark line, resulting into 12 different contributions, as illustrated in Fig. 6.14.
We first focus on the case of longitudinally polarized photon. Their polarization read

ǫ‖(q1) =
1

Q1
q1 +

2Q1

s
p2 and ǫ‖(q2) =

1

Q2
q2 +

2Q2

s
p1 . (6.130)

Due to the gauge invariance of the total amplitude, when computing each Feynman diagrams, one can make use
of the fact that the longitudinal polarization of photon 1 (resp. 2) can be effectively considered as proportional
to p2 (resp. p1), in accordance with the structure of the second term of Eq.(6.127). One then readily sees that
in the kinematics we are investigating, the only diagrams which are non zero in the Feynman gauge are the
diagrams (1b)⊗ (2a), (3a)⊗ (4b) on the one hand, and (s2), (s2′) on the other hand, leading to the 4 diagrams
illustrated in Fig. 6.15.

Second, for transversally polarized virtual photons, described by the first term in Eq.(6.127), one needs to
contract the two polarization indices through the two dimensional identity tensor gTµν . The four non vanishing
graphs corresponding to the coupling of the photons to different quark lines are (1a)⊗(2b), (1b)⊗(2a), (3a)⊗(4b)
and (3b)⊗ (4a). When considering the graphs corresponding to the coupling of the photons to the same quark
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Figure 6.14: Feynman diagrams contributing to MH , in which the virtual photons couple to a single quark line.
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Figure 6.15: Feynman diagrams contributing to MH in the case of longitudinally polarized virtual photons.
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line, the above mentioned contraction kills the graphs (s2), (s2′) and (s5), (s5′), that is the graphs where the
gluon is emitted from the quark connecting the two virtual photons. In this second class of diagrams, 8 diagrams
thus remain. The whole set of twelve diagrams to be computed is shown in Fig. 6.16.

It should be noted that in the peculiar kinematics which is chosen here, the only diagrams which contribute
both to the longitudinal and to the transverse virtual photon cases are (1b)⊗ (2a), (3a)⊗ (4b), that is the two
first diagrams of Fig. 6.15 and Fig. 6.16.

Our final result for the scalar components of the scattering amplitude (6.127) reads :

TαβgT α β = −e
2(Q2

u +Q2
d) g

2CF f
2
ρ

4Nc s

1∫

0

dz1 dz2 φ(z1)φ(z2) (6.131)

×
{
2

(
1− Q2

2

s

)(
1− Q2

1

s

)[
1

(z2 + z̄2
Q2

1

s )2(z1 + z̄1
Q2

2

s )2
+

1

(z̄2 + z2
Q2

1

s )2(z̄1 + z1
Q2

2

s )2

]
+

(
1

z̄2 z1
− 1

z̄1 z2

)[
1

1− Q2
2

s

(
1

z̄2 + z2
Q2

1

s

− 1

z2 + z̄2
Q2

1

s

)
− 1

1− Q2
1

s

(
1

z̄1 + z1
Q2

2

s

− 1

z1 + z̄1
Q2

2

s

)]}

Tαβp2α p1β = −s
2f2

ρCF e
2g2(Q2

u +Q2
d)

8NcQ2
1Q

2
2

1∫

0

dz1 dz2 φ(z1)φ(z2) (6.132)

×
{

(1− Q2
1

s )(1 − Q2
2

s )

(z1 + z̄1
Q2

2

s )(z2 + z̄2
Q2

1

s )
+

(1− Q2
1

s )(1− Q2
2

s )

(z̄1 + z1
Q2

2

s )(z̄2 + z2
Q2

1

s )
+

1

z2z̄1
+

1

z1z̄2

}
,

where Qu = 2/3 (Qd = −1/3) denote the charge of the quark u (d).
The above results are obtained for arbitrary values of the photon virtualities Qi. A closer look into formulas

(6.126-6.132) leads to the conclusion that all integrals over quarks momentum fractions zi are convergent due
to the non-zero values of Qi. Further inspection of the amplitudes (6.126-6.132) reveals that the transverse
photon part has a behaviour like 1/W 2 while the longitudinal photon part behaves like 1/(Q1Q2). We will
correspondingly now distinguish two regions:

• (a) the region where the squared invariant mass of the two rho’s W 2 is much smaller than the largest
photon virtualities, namely Q2

1 ≫ W 2 (or Q2
2 ≫ W 2), with Q1 and Q2 being not parametrically close.

This will lead to a factorization regime involving a two-ρ GDA.

• (b) the region where photon virtualities are strongly ordered, that is Q2
1 >> Q2

2 (or Q2
2 >> Q2

1). This will
lead to a factorization regime involving a γ∗ → ρ TDA.

6.4.3 γ∗
Tγ

∗
T → ρ0Lρ

0
L in the generalized Bjorken limit

We first focus on the region where the scattering energy W is small in comparison with the highest photon
virtuality, arbitrarily chosen to be Q1

W 2

Q2
1

=
s

Q2
1

(
1− Q2

1

s

)(
1− Q2

2

s

)
≈ 1− Q2

1

s
≪ 1 , (6.133)

which leads to the kinematical conditions very close to the ones considered in Sec.6.1 when discussing the
factorization of γ∗T γT → ππ near threshold in terms of a perturbatively calculable coefficient function convoluted
with a GDA, or in Sec.6.2 when considering γ∗TγT → γγ at threshold. We will recover a similar type of
factorization with a GDA of the expression (6.131) also in the case of our process (6.120), as illustrated in
Fig. 6.17, provided Q1 and Q2 are not parametrically close (we shall come back to the peculiar case Q1 = Q2

at the end of this section), i.e.

1− Q2
1

s
≪ 1− Q2

2

s
. (6.134)

Indeed, in the scaling limit (6.133) with (6.134), the contribution of the four cats-ears diagrams (i.e. the first
line of Fig. 6.16), which corresponds to the second line of (6.131), is subdominant and the dominant contribution



174 CHAPTER 6. EXTENSIONS AND APPLICATIONS
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Figure 6.16: Feynman diagrams contributing to MH in the case of transversally polarized virtual photons.
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Figure 6.17: Factorisation of the amplitude in terms of a GDA.

is given by the last term in (6.131), i.e.

TαβgT α β ≈
e2(Q2

u +Q2
d) g

2 CF f
2
ρ

4NcW 2

1∫

0

dz1 dz2 φ(z1)φ(z2) (6.135)

(
1

z̄2 z1
− 1

z̄1 z2

)(
1

z̄1 + z1
Q2

2

s

− 1

z1 + z̄1
Q2

2

s

)
.

The virtuality Q2 plays in the expression (6.135) the role of a regulator of the end-point singularities. Before
recovering each factor of the factorized equation (6.135) by a direct calculation, let us discuss the physics which
is behind. In Fig. 6.16, the diagrams which contribute in the scaling region (6.133) with (6.134) are (s3), (s3′)
and (s6), (s6′).

The sum of these four diagrams factorizes into a hard part convoluted with a soft (but still perturbative)
part.

This result can be understood diagrammatrically by investigating the typical virtualities of the hard quark
connecting the two virtual photons (denoted as p2H), and the virtuality of the quark connecting the emitted
gluon to the virtual photon (denoted as p2S). One gets, for the 8 non-vanishing diagrams,

(s1) p2H = z2W
2 p2S = −Q2

2

(
z2 + z̄2

Q2
1

s

)
(6.136)

(s3) p2H = z̄1W
2 p2S = −Q2

1

(
z̄1 + z1

Q2
2

s

)
(6.137)

(s4) p2H = z2W
2 p2S = −s

(
z̄2 + z2

Q2
1

s

)
(6.138)

(s6) p2H = z̄1W
2 p2S = −s

(
z1 + z̄1

Q2
2

s

)
(6.139)

(s1′) p2H = z̄2W
2 p2S = −Q2

2

(
z̄2 + z2

Q2
1

s

)
(6.140)

(s3′) p2H = z1W
2 p2S = −Q2

1

(
z1 + z̄1

Q2
2

s

)
(6.141)

(s4′) p2H = z̄2W
2 p2S = −s

(
z2 + z̄2

Q2
1

s

)
(6.142)

(s6′) p2H = z1W
2 p2S = −s

(
z̄1 + z1

Q2
2

s

)
. (6.143)

The gluon propagator has a virtuality p2G = s z̄1 z2

(
1− Q2

2

s

)(
1− Q2

1

s

)
∼ z̄1 z2W 2 for diagrams (s1), (s3), (s4), (s6)

and p2G = s z̄2 z1

(
1− Q2

2

s

)(
1− Q2

1

s

)
∼ z1 z̄2W 2 for diagrams (s1′), (s3′), (s4′), (s6′) . A careful analysis of the

numerators of these diagrams shows that under the constraint (6.134), the diagrams (s3), (s3′) and (s6), (s6′)
dominates with respect to the 4 other ones (this is an artefact of our forward kinematics which force us to insert
this additional constraint in order to get a GDA factorization). Then, comparing the typical virtuality of the
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hard quark connecting the two virtual photons with the one of the quark connecting the emitted gluon to the
virtual photon and of the gluon, one can see that the first one is of order of Q2

1 for graphs (s3), (s3′) and s
for graphs (s6), (s6′), while the later ones are of the order of W 2, which is negligible in the scaling region with
respect to Q2

1 and s. This justifies the expected factorization between a short distance coefficient function and
a soft part (although still perturbative in our case) which will be part of a double ρ GDA.

Let us now recall the definition of the leading twist GDA for ρ0L pair. We introduce the vector P = k1+k2 ≈
p1, whereas the field coordinates are the ray-vectors along the light-cone direction nµ = pµ2/(p1.p2). In our
peculiar kinematics the usual variable ζ = (k1n)/(Pn) characterizing the GDA equals ζ ≈ 1. Thus we define
the GDA of the ρ0L pair Φq(z, ζ,W

2) by the formula

〈ρ0L(k1) ρ0L(k2)|q̄(−α n/2) /n




α
2∫

−α
2

dy nν A
ν(y)


 q(α n/2)|0〉

=

1∫

0

dz e−i(2z−1)α(nP )/2ΦρLρL(z, ζ,W 2) , q = u, d. (6.144)

in the similar way as for the two pions GDA (6.2).
Now we calculate the GDA Φq(z, ζ,W

2) in the Born order of the perturbation theory. First we show that
the gluonic Wilson line does not give a contribution in our kinematics. For that expand the Wilson line and the
S-matrix operator with quark-gluon interaction in (6.144) at the first order in g. We obtain (up to an irrelevant
multiplicative factor)

nµg
2

∫
d4v 〈ρ0L(k1) ρ0L(k2)|T [q̄(−α n/2) γµ




α
2∫

−α
2

dy nν A
ν(y)


 q(α n/2) q̄(v)/A(v)q(v)]|0〉 (6.145)

After applying the Fierz identity and ordering quark operators into two non-local correlators defining DA of
ρ−mesons we obtain

nµ〈ρ0L(k1)|q̄(−αn/2) γδ q(v)|0〉〈ρ0L(k2)|q̄(v) γσ q(αn/2)|0〉Tr[γδγµγσγβ ]nβ + (k1 ↔ k2) , (6.146)

where we omitted the gluon propagator coming from the contraction of the two gauge fields. The original
Wilson line results at this order in the presence of the vector nβ in the above expression. The only nonvanishing
contribution at leading twist takes the form

〈ρ0L(k1)|q̄(−αn/2) /n q(v)|0〉〈ρ0L(k2)|q̄(v) /n q(αn/2)|0〉Tr[/p1/n/p1/n] + (k1 ↔ k2) . (6.147)

This is illustrated in Fig. 6.18. It equals zero since in our kinematics one of the matrix elements defining the

/p1/p1

/p1/p1

DA

ρ(k1)/n

DA

ρ(k2)/n

+

/p1/p1

/p1/p1

DA

ρ(k2)/n

DA

ρ(k1)/n

Figure 6.18: Wilson line contribution to the GDA, expressed as a convolution of a hard part with the DAs. In
each diagram, the right blobs with a cross symbolize non-local q̄ /n q operators, arising from Fierz decomposition,
while the left one are Γ matrices arising from Fierz decomposition when factorizing the ρ−DAs.

DA of the ρ−meson vanishes.
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/p1

/p2

/n

+

/p1

/p2

/n

Figure 6.19: Non vanishing contributions to the hard part of the GDA at Born order. The quark and gluon
bold lines correspond to propagators while the thin line indicates the spinorial content. In each diagram, the
left blob with a cross symbolizes a non-local q̄ /n q operator, arising from Fierz decomposition, while the right
one are Γ matrices arising from Fierz decomposition when factorizing the ρ−DAs.

The remaining contributions to the correlator in (6.144) at order g2 are illustrated in Fig. 6.19. It leads to
the result

ΦρLρL(z, ζ ≈ 1,W 2) = −f
2
ρ g

2 CF

2NcW 2

1∫

0

dz2 φ(z)φ(z2)

[
1

zz̄2
− 1

z̄z2

]
. (6.148)

The hard part TH of the amplitude corresponds to the diagrams shown in Fig. 6.20. In the case of a quark of

ℓ

/P

q1

q2

TH =

/P

q1

q2

+

/P

q1

q2

Figure 6.20: Expansion of the hard part TH at g2 order. In each diagram, the bold line correspond to a quark
propagator, while the thin line denote the spinorial structure. The blobs with a cross are Γ matrices arising
from Fierz expansion after factorization of the GDA.

a given flavour it equals

TH(z) = −4 e2NcQ
2
q

(
1

z̄ + z
Q2

2

s

− 1

z + z̄
Q2

2

s

)
(6.149)

The Eqs. (6.148, 6.149) taken together with the flavour structure of ρ0 permit to write (6.135) in the form

TαβgT α β =
e2

2

(
Q2

u +Q2
d

)
1∫

0

dz

(
1

z̄ + z
Q2

2

s

− 1

z + z̄
Q2

2

s

)
ΦρLρL(z, ζ ≈ 1,W 2) , (6.150)

which shows the factorization of TαβgT αβ into a hard part and a GDA. The Eq. (6.150) is the limiting case
for ζ → 1 of the original equation derived in Ref. [104].

The peculiar case of parametrically close photon virtualities deserves particular attention. In this case, there
are subtle problems for defining the light-cone vector P since the two outgoing mesons should be now treated in
an almost symmetric way. In order to circumvent this difficulty, it is useful to start from the factorized formula
(6.150) in the kinematical domain (6.133), assuming Q1 > Q2. Let us continue (6.150) in Q2 up to Q2 = Q1.
To control this continuation, one should restore the Q2

1 and Q2
2 dependence, encoded in ζ and W 2 through
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W 2/ζ = s(1−Q2
1/s), as

ΦρLρL(z, ζ,W 2) = −f
2
ρ g

2CF ζ

2NcW 2

1∫

0

dz2 φ(z)φ(z2)

[
1

zz̄2
− 1

z̄z2

]
. (6.151)

The hard part in (6.150) is proportional to 1 − Q2
2/s. This factor 1 − Q2

2/s, now of the order of 1 − Q2
1/s,

starts to play the role of a suppression factor. The amplitude (6.150) which is proportional to 1
s
1−Q2

2/s

1−Q2
1/s
, now

behaves as 1/s ∼ 1/Q2. In the leading twist approximation, this factorized result vanishes. This observation
is confirmed by the result (6.131) of the direct calculation. Indeed, in the case Q1 = Q2 = Q, the magnifying
factor 1/(1 − Q2/s) in the two terms of the last line of (6.131) is not present anymore. Thus, the resulting
amplitude should be considered as a higher twist contribution.

Let us finally note that in general GDAs are complex fuctions. In our case, i.e. in the Born approximation,
the hard part (6.149) and the GDA (6.148) are real quantities. This is due to the use of the real DA of rho
mesons and to the absence of the s−channel cut of hard diagrams in the Born approximation. The situation
will be changed by inclusion of radiative corrections which can result in the appearence of an imaginary part of
the scattering amplitude. Similar properties, namely the reality of the perturbative GDA are discussed also in
Ref. [278], dealing with different kinematics.

6.4.4 γ∗
Lγ

∗
L → ρ0Lρ

0
L in the generalized Bjorken limit

To analyse the case of longitudinally polarized photon scattering, let us now turn to another interesting limiting
case where

Q2
1 >> Q2

2 . (6.152)

This is the regime which we have investigated in Sec.6.3. In this limit, the amplitude with initial longitudinally
polarized photons should factorize as the convolution of a perturbatively calculable coefficient function and a
γ → ρ TDA defined from the non-local quark correlator

∫
dz−

2π
e−ixP

+z−

< ρ(p2)|q̄(−z−/2)γ+q(z−/2))| γ(q2) > . (6.153)

We use the same notation for the TDA as for GPDs and thus write

q1 =
1

1 + ξ
n1 − 2ξ n2 , k1 =

1− Q2
2

s

1 + ξ
n1

q2 = − Q2
2

(1 + ξ)s
n1 + (1 + ξ)n2 , k2 = (1− ξ)n2 , (6.154)

where ξ is the skewedness parameter which equals ξ = Q2
1/(2s−Q2

1) (see also the formula (6.124) which relates
s with the total scattering energy W ) and the new ni Sudakov light-cone vectors are related to the pi’s as

p1 =
1

1 + ξ
n1 , p2 = (1 + ξ)n2 , (6.155)

with p1 · p2 = n1 ·n2 = s/2. As for GPDs, we introduce the average “target” momentum P and the momentum
transfer ∆

P =
1

2
(q2 + k2) , ∆ = k2 − q2 . (6.156)

We still restrict our study to the strictly forward case with t = tmin = −2ξQ2
2/(1 + ξ).

In the region defined by Eq. (6.152) we can put Q2 = 0 inside {...} in the expression in Eq. (6.132), which
results, in this approximation, in the formula:

1∫

0

dz1 dz2 φ(z1)φ(z2) {....} (6.157)

=

1∫

0

dz1 dz2 φ(z1)φ(z2)

{
(1− ξ)

z̄1[z̄2(1 + ξ) + 2ξ z2]
+

(1− ξ)
z1[z2(1 + ξ) + 2ξ z̄2]

+
1

z2 z̄1
+

1

z1 z̄2

}
.
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The terms in the {· · · } are ordered in accordance with diagrams shown in Fig. 6.15. Each of these 4 diagrams
contributes, in accordance with their topology which allows for a factorization of TDA type.

Now our aim is precisely to rewrite Eq. (6.157) in a form corresponding to the QCD factorization with a
TDA, as illustrated in Fig. 6.21.

q1

/p1

/p2

TH DA
ρ(k1)/p2

q2

/p2

/p1

TDAH DA
ρ(k2)/p1

Figure 6.21: Factorization of the amplitude in terms of a TDA. In the left of each DA blob, the crossed-blobs are
non-local operators with indicated Fierz structure. In the right of each left TH and TDAH blobs, the crossed-
blobs are Fierz Γ matrices, with the indicated structure. At the bottom of the TH blob, the crossed-blob is
a Fierz Γ matrix, while at the top of the TDAH blob, the crossed-blob is a non-local operator with indicated
Fierz structure.

For that we look more closely into diagrams contributing to each of the four terms in (6.157) from the point
of view of such a factorization. For example, the second term in (6.157), corresponding to the second diagram
shown in Fig. 6.15, suggests the introduction of the new variable x, defined through z2 = (x− ξ)/(1− ξ), with
x ∈ [ξ, 1], which results in the equality

1∫

0

dz2
φ(z2)(1− ξ)

z1[z2(1 + ξ) + 2ξ z̄2]
=

1∫

ξ

dx
φ
(

x−ξ
1−ξ

)

z1(x+ ξ)
, (6.158)

i.e. which corresponds to a part of the contribution from the DGLAP integration region of the amplitude with
a factorized TDA. A similar analysis of all remaining terms permits to represent Eq. (6.157) in the form

1∫

0

dz1 dz2 φ(z1)φ(z2) {....} (6.159)

=

1∫

−1

dx

1∫

0

dz1 φ(z1)

(
1

z̄1(x− ξ)
+

1

z1(x + ξ)

)

×
[
Θ(1 ≥ x ≥ ξ)φ

(
x− ξ
1− ξ

)
− Θ(−ξ ≥ x ≥ −1)φ

(
1 + x

1− ξ

)]
,

with the step fuction Θ(a ≥ x ≥ b) = Θ(a−x)Θ(x− b). This factorized expression suggests the identification of

1∫

0

dz1 φ(z1)

(
1

z̄1(x− ξ)
+

1

z1(x+ ξ)

)
(6.160)
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as the coefficient function TH (up to a multiplicative factor), and of

T (x, ξ, tmin) ≡ Nc

[
Θ(1 ≥ x ≥ ξ)φ

(
x− ξ
1− ξ

)
−Θ(−ξ ≥ x ≥ −1)φ

(
1 + x

1− ξ

)]
(6.161)

as the γ∗L → ρL TDA.

To justify this interpretation we start from the hard part TH(z1, x) of the scattering amplitude, which
appears in Fig. 6.21, as illustrated at order g2 in Fig. 6.22. It equals, for a meson built from a quark with a

/p2

/p1

q1

TH
=

/p2

/p1

q1

+

/p2

/p1

q1

+

/p2

/p1

q1

+

/p2

/p1

q1

Figure 6.22: The hard part TH at order g2. Bold quark and gluon lines are hard propagators. Thin line are
spinor lines. For each diagram, the right crossed-blob is a given Γ matrix arising from Fierz expansion when
factorizing the DA, and the bottom crossed-blob is a given non-local operator of given Fierz type.

single flavour,

TH(z1, x) = −i fρ g2 eQq
CF φ(z1)

2NcQ2
1

ǫµ(q1)

(
2ξ n2µ +

1

1 + ξ
n1µ

)

×
[

1

z1(x+ ξ − iǫ) +
1

z̄1(x − ξ + iǫ)

]
, (6.162)

and obviously coincides with the hard part of the ρ−meson electroproduction amplitude. The tensorial structure
2ξ nµ

2 + 1
1+ξn

µ
1 = pµ1 + Q2

1/s p
µ
1 coincides again with the one present in Eq.(6.127) when performing the direct

calculation.
Passing to the TDA, let us consider the definition of γ∗L(q2)→ ρqL(k2) TDA, T (x, ξ, tmin), in which we assume

that the meson is built from a quark with a single flavour, ρqL(k2) = q̄q. The vector P = 1/2(q2 + k2) ≈ n2 in
our kinematics, and the ray-vector of coordinates is oriented along the light-cone vector n = n1/(n1.n2). The
non-local correlator defining the TDA is given by the formula

∫
dz−

2π
eix(P.z) 〈ρqL(k2)|q̄(−z/2)n̂ e

−ieQq

−z/2
∫

z/2

dyµ Aµ(y)

q(z/2)|γ∗(q2)〉

=
eQq fρ
P+

2

Q2
2

ǫν(q2)

(
(1 + ξ)nν

2 +
Q2

2

s(1 + ξ)
nν
1

)
T (x, ξ, tmin) , (6.163)

in which we explicitly show the electromagneticWilson-line assuring the abelian gauge invariance of the non-local
operator. On the contrary, for simplicity of notation, we omit the Wilson line required by the non-abelian QCD

invariance since it does not play any role in this case. Note also that the factor (1+ξ)nν
2 +

Q2
2

s(1+ξ)n
ν
1 = pν2+

Q2
2

s p
ν
1

corresponds to a part of the tensorial structure of the second term in Eq. (6.127).
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Figure 6.23: The hard part of the TDA at order eQq. In each diagram, the lower crossed-blob denotes a given Γ
matrix arising from Fierz expansion. The bold lines are hard quark propagators, while the thin lines only carry
spinor indices. The upper crossed-blobs denotes non-local operators with given Fierz structure. The dotted line
is a QED Wilson line.

Now, the simple perturbative calculation of the matrix element in (6.163) in the lowest order in the electro-
magnetic coupling constant e leads to the expression for T (x, ξ, tmin) given by Eq. (6.161). The contributing
diagrams are drawn in Fig. 6.23. In particular, the contribution to the rhs of (6.163) proportional to the vec-
tor nν

1 (or pν1) corresponds to the contribution coming from the expansion of the electromagnetic Wilson line,
illustrated by the last diagram in Fig. 6.23.

Putting all factors together and restoring the flavour structure of the ρ0, we obtain the factorized form
involving a TDA, of the expression Tαβp2αp1β in Eq. (6.132) as

Tαβp2αp1β = −if2
ρe

2(Q2
u +Q2

d)g
2 CF

8Nc

1∫

−1

dx

1∫

0

dz1

[
1

z̄1(x− ξ)
+

1

z1(x+ ξ)

]
T (x, ξ, tmin) . (6.164)

Note that in this perturbative analysis, only the DGLAP part of the TDA, with 1 ≥ |x| ≥ ξ, contributes.
This is a consequence of the support properties of the ρ−meson distribution amplitude. From a diagramatic
point of view, this can be easily understood from the analysis of Fig. 6.15, where one can readily check, from
the momentum flow of each quark and antiquark which makes each of the two ρ−meson, that the quark and
antiquark in the t−channel can always be interpreted in accordance with the two DGLAP regions for quarks or
antiquarks, as we have seen p117.

Finally a few remarks are in order. Firstly let us note that our choice of the ordering of virtualities Q2
1 ≫ Q2

2

is a quite arbitrary one. Equally well we could assume the opposite condition, i.e. Q2
1 ≪ Q2

2. In this case one
gets of course again the QCD factorization with a TDA but this time describing the transition γ∗(q1)→ ρ0L(k1).
In view of this observation one can conclude that both the polarizations of participating particles and also the
kinematical conditions like the ordering of virtualities determine a TDA-type of factorization.

Secondly let us note that the restriction to the DGLAP region in our TDA is related to a description of
the ρ−mesons by their DAs and by the limitation to the Born approximation. The calculations of our process
beyond the Born approximation would lead to the factorization of the obtained result into the corrected hard
part which includes effects of radiative contributions and a modified TDA absorbing - by using the DGLAP-
ERBL evolution equations - the infrared and collinear divergences caused by these radiative corrections. The
evolution governed by these evolution equations do in fact connect the DGLAP region, both with the ERBL
and the DGLAP region, as discussed e.g. in Ref. [88].

We have thus shown that the direct calculation of the scattering amplitude of (6.120) at Born level factorizes
in the two regimes: (a) the region where the squared invariant mass of the two rho’sW 2 is much smaller than the
largest photon virtualities, namely Q2

1 ≫ W 2 (or Q2
2 ≫ W 2), with Q1 and Q2 being not parametrically close,

and (b) the region where photon virtualities are strongly ordered, that is Q2
1 >> Q2

2 (or Q2
2 >> Q2

1). In the
region (a) the amplitude with transverse photons factorizes in a hard subprocess and a GDA, up to corrections
of order W 2/Q2

1 (resp. W 2/Q2
2). In the region (b) the amplitude with longitudinal photons factorizes in a hard

subprocess and a TDA, up to corrections of order Q2
2/Q

2
1 (resp. Q2

1/Q
2
2). This is illustrated in Fig. 6.24. We

have also shown that the polarization states of the photons dictate either the factorization involving a GDA
or involving a TDA. Usually these two types of factorizations are applied to two different kinematical regimes.
These two domains have here a non empty intersection, in which we get two factorisation formulas for both
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Figure 6.24: Different kinematical regions. In the domain (1), denoted with vertical lines, the QCD fac-
torization with a GDA is justified. This region is the union of two disconnected domains: the lower
right one is given by the conditions 1 − Q2

2/s ≥ c(1 − Q2
1/s) and Q2

1/W
2 ≥ c while the upper left

one is given by 1 − Q2
1/s ≥ c(1 − Q2

2/s) and Q2
2/W

2 ≥ c, c being arbitrary large. In the domain
(2), denoted with horizontal lines, the QCD factorization with a TDA is justified. It corresponds to
Q2

1/Q
2
2 ≥ c or Q2

1/Q
2
2 ≤ 1/c. In the intersecting domain, both factorizations are valid. In the region with-

out any lines, no factorization neither in terms of GDA nor TDA is established; however, inside this re-
gion, in the upper part which is limited by two converging line the amplitude is zero at dominant twist.
For illustration, we choose c = 3. The grey band represents the domain where the Born order amplitudes with
transverse and longitudinal photon, calculated directly, have comparable magnitudes. In the upper (lower)
corner the transverse (resp. longitudinal) polarizations give dominant contribution. Below the dashed line is
the perturbative Regge domain.

polarizations of the photons, γ∗Tγ
∗
T → ρLρL and γ∗Lγ

∗
L → ρLρL , as shown in Fig. 6.24. Fig. 6.24 illustrates

also that the collinear QCD factorization with GDA or TDA is not demonstrated by our analysis in the limited
region where the virtualities Q2

i are parametrically close, but vanishes at dominant twist8. In this figure, the
different domains where the transverse or longitudinal amplitudes dominates are displayed. Finally, Fig. 6.24
shows the perturbative Regge domain, corresponding to the large W 2 limit, to be studied in Sec. 11.4.

Our analysis is restricted to the case of longitudinally polarized ρ0−mesons. In this way we have avoided
the potential problems due to the breaking of QCD factorization with GDA or TDA at the end-point region of
the distribution amplitudes of transversally polarized vector mesons, to be discussed in Chap. 7. The problem
of obtaining a factorized formula with GDA or TDA in this case is open.

Although we have restricted ourselves, for simplicity, to the forward kinematics, similar results may be

8We thanks M. Diehl for pointing out this to us.
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obtained in a more general case. These results involving neutral ρ0−mesons can be generalized to the case
of the production of a (ρ+ρ−)−meson pair. On the theoretical side, in order to preserve the electromagnetic
gauge invariance of the TDA γ∗ → ρ±, one should modify the definition of the non-local correlator (6.163).
This may be done by applying the Mandelstam approach [279], i.e. by replacing the electromagnetically gauge
invariant corelator (6.163) by the product of two effective electromagnetically gauge invariant quark fields

q(z) exp(i eq
∞∫
z

dy nµA
µ(y)).

6.5 Exotic hybrid mesons

In QCD, hadrons are bound states described in terms of quarks, anti-quarks and gluons. The usual, well-known,
mesons are supposed to contain quarks and anti-quarks as valence degrees of freedom. These valence degrees of
freedom define the charge and other quantum numbers of corresponding hadrons, while the sea configurations
do not change the quantum numbers. On the other hand, gluons carry the interaction, and do not participate
in the quantum number content of the hadron. They only appear when considering higher order Fock states in
the infinite tower of states describing the hadron, on the same footing as sea quark and antiquarks.

However, QCD does not prohibit the existence of explicit gluonic degrees of freedom in the form of a vibrating
flux tube, for instance. Indeed, the only severe constraint which must be fulfilled is the color neutrality of the
state, which is one the pilar of QCD. This can be satisfied in various situations outside of the usual meson qq̄ and
baryons qqq quark-model description. This includes the states where the qq̄g and gg configurations in Fock space
are dominating, respectively called hybrids and glueballs, and are of fundamental importance to understand the
dynamics of quark confinement and the nonperturbative sector of quantum chromodynamics [280–286].

Let us now consider the specific case of hard processes, which allows to apply perturbative QCD. As we have
seen above, any description of hard exclusive process involves matrix elements of non-local light-cone operators.
The gluonic degrees of freedom are hidden, even when considering twist 2 operators, in the path-ordered gluonic
exponential which connect the fermionic fields and make these operators gauge invariant. This thus opens the
way to the description of the production of states which are outside the usual quark model (called exotic
particles). We will now specifically consider the case of hard electroproduction of an isotriplet exotic hybrid
meson JPC = 1−+, for which we proved [287, 288] that the corresponding amplitude has a non-vanishing twist
2 component, leading to non-suppressed rates at large Q2. On top of the theoretical interest for such states,
our motivation is also based on the fact that there exist candidates for such states, like π1(1400) and π1(1600) ,
and evidence for a π1(2015) has been reported. In particular, we made some phenomenological investigation
[288, 289] based on the fact that the π1(1400) was seen mostly through its πη decay mode, as investigated by
the Brookhaven collaboration E852 [290, 291].

6.5.1 Quark model and spectroscopy

Let us first recall basics about the quark model. In this model the hadrons, mesons and baryons, are bound
states of quark-antiquark or three-quarks systems. We consider the mesons, i.e. the quark-antiquark systems.
Their total angular momentum results from the summation of spin S and orbital L angular momenta of quarks.
Neglecting any spin-orbital interaction, the quantum numbers S and Lmay be considered as additional quantum
numbers for the classification of hadron states. Therefore, the eigenvalues of the squares of the angular momenta
read:

J2 = J(J + 1) S2 = S(S + 1) L2 = L(L+ 1),

J = S+ L, (6.165)

where the number L may take all positive integer values (including zero). The meson octets correspond to the
case where S = 0, 1. For given values of S and L, the total angular momentum J can take the values

J = S + L, S + L− 1, ... , |S − L| . (6.166)

The values S and L are related to the C- and P -parity of the quark-antiquark system in the form:

C = (−)L+S , P = (−)L+1. (6.167)
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Consequently, in the quark model, the quantum numbers S, L, J , P , C and the relations between them (6.166),
(6.167) leads to the following classification of the meson states:

• S = 0, L = J :

JPC = 0−+, 1+−, 2−+, 3+−, ... (6.168)

• S = 1, L = 0, J = 1 :

JPC = 1−− (6.169)

• S = 1, L = 1, J = 2, 1, 0 :

JPC = 0++, 1++, 2++ (6.170)

• S = 1, L = 2, J = 3, 2, 1 :

JPC = 1−−, 2−−, 3−− (6.171)

and so on. From this, one can see explicitly that the mesons with JPC = 0−−, 0+−, 1−+, · · · are forbidden.
However, as sketch above, such mesons may be described beyond the quark model, by adding an extra degree of
freedom (a gluon, for instance) to get the needed quantum numbers, as discussed for instance in Ref. [292,293].
We will now consider this in the context of hard processes.

6.5.2 Hybrid meson distribution amplitude

After this recall about the fact that 1−+ is forbidden in the quark model and that non-local quark twist
2 operators necessarily involve gluon operators due to color gauge invariance, thus opening the way to the
description of states outside the quark model but still within a non-suppressed scaling, it remains to be proven
that this is practically possible, both in a qualitative and quantitative way.

Quantum numbers

The first key problem is whether this gluon admixture allows this quark matrix element to have exotic quantum
numbers such as JPC = 1−+. Let us define, as usual, the meson distribution amplitude through the Fourier
transformed correlator taken at z2 = 0,

〈H(p, λ)|ψ̄(−z/2)γµ[−z/2; z/2]ψ(z/2)|0〉=

ifHMH

[(
e(λ)µ − pµ

e(λ) · z
p · z

) 1∫

0

dyei(ȳ−y)p·z/2φHT (y)

+pµ
e(λ) · z
p · z

1∫

0

dyei(ȳ−y)p·z/2φHL (y)

]
, (6.172)

where ȳ = 1 − y; fH denotes a dimensionful coupling constant for the hybrid meson, so that the distribution
amplitude φH is dimensionless, following the convention of the previous chapter. fH is the analog of fπ or fρ.
Its normalization will be discussed in a second step.
For the longitudinal polarization case (neglecting mass effects),

e(0)µ =
e(0) · z
p · z pµ

only φHL contributes, so that our correlator reads

〈H(p, 0)|ψ̄(−z/2)γµ[−z/2; z/2]ψ(z/2)|0〉= ifHMHe
(0)
µ

1∫

0

dyei(ȳ−y)p·z/2φHL (y) . (6.173)
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As discussed in Sec. 5.2.1, Eqs. (6.172) and (6.173) involve a path-ordered gluonic exponential along the straight
line connecting the initial and final points [z1; z2] which provides the gauge invariance for our bilocal operator.
It equals unity in a light-like (axial) gauge. In the following we will only consider the case of a longitudinally
polarized H and we will therefore omit the index L from the hybrid meson distribution amplitude.

Let us now prove that it is possible to describe in this way an exotic J = 1 meson state with quantum
numbers PC = −+. Let us first consider the charge conjugation invariance. Inserting the charge conjugation
operator C inside our correlator (6.173), one can immediately deduce for the neutral member of the isotriplet
H0 (with the flavour structure 1/

√
2(ūu − d̄d) analogous to the ρ0) that the parameterizing function φH is

antisymmetric , i.e.

φH(y) = −φH(1− y). (6.174)

This is at odd with the DA symetrical property that one would get in the more familiar case of the ρ-meson,
which has C = − .

Isospin invariance and G-parity imply the same relation for charged hybrids. The property (6.174) is in
agreement with the case of the C−even two pion GDA discussed in Eq. (6.11). In particular, the antisymmetric
property implies

1∫

0

dy φH(y) = 0. (6.175)

We now consider the remaining quantum number, the parity. Since the UV singularities only occur in the
hard part, one can Taylor expand the left hand side of (6.172), which does not contain any singularities in z.
We thus rewrite the hybrid–to–vacuum matrix element in the form

〈H(p, λ)|ψ̄(−z/2)γµ[−z/2; z/2]ψ(z/2)|0〉= (6.176)
∑

n odd

1

n!
zµ1 ..zµn〈H(p, λ)|ψ̄(0)γµ

↔
Dµ1 ..

↔
Dµn ψ(0)|0〉,

where Dµ is the usual covariant derivative and

↔
Dµ=

1

2
(
→
Dµ −

←
Dµ) . (6.177)

Due to the positive charge parity of H0, see (6.174), only odd terms in (6.176) do contribute. The simplest case
is provided by the n = 1 twist 2 operator

Rµν = S(µν)ψ̄(0)γµ
↔
Dν ψ(0), (6.178)

where S(µν) denotes the standard symmetrization operator

S(µν)Tµν =
1

2
(Tµν + Tνµ) .

Note that the removal of the trace is here automatically implied due to the Dirac equation satisfied by the fields.
Rµν is proportional to the quark energy-momentum tensor9, i.e. Rµν = −iΘµν. Its matrix element of interest
is

〈H(p, λ)|Rµν |0〉 =
1

2
fH MH S(µν) e

(λ)
µ pν

1∫

0

dy(1− 2y)φH(y), (6.179)

Note that it is the symmetry in µν of the energy momentum tensor which selects the twist-2 function, since the
spin of the operator equals 2, while its dimension equals 4.

To determine the parity one should treat the meson polarization with some care. Indeed the equation
eLµ ∼ pµ/MH holds for a fast longitudinally polarized vector meson. But we know that the meson is an

9See for example [62] appendix E for explicit expressions.
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eigenstate of the parity operator P only in its rest frame. In this frame pµ has only a zeroth component, while
eµ has a vanishing zeroth component. One need thus to study the parity transformation of R0k . This can be
readily done by evaluating P R0k P† , using the well know properties of Dirac field under P (with |ηP | = 1)

P Ψ(x)P† = ηP γ
0 Ψ(x̃) and P Ψ̄(x)P† = η∗P Ψ̄(x̃) γ0 , (6.180)

where x̃ = (x0,−~x) for x = (x0, ~x) , and the corresponding transformation of the field Aµ:

P Aµ(x)P† = Aµ(x̃) (6.181)

and leads, for k = 1, 2, 3 , to

P

(
S(k0)ψ̄(0)γk

↔
D0 ψ(0)

)
= − , (6.182)

where we have used the fact that γ0 γk γ
0 = −γk for k = 1, 2, 3 . This ends the proof that the non-local matrix

element (6.173) may describe an exotic hybrid meson and that its light-cone distribution amplitude is a leading
twist quantity with vanishing first moment (6.174).

Normalization

After showing that the hybrid meson JPC = 1−+ can be produced at twist two level, we now show that the
electroproduction amplitude has an order of magnitude comparable with ρ−electroproduction. The key point is
to evaluate the magnitude of the non-perturbative coupling fH . For this purpose, we will rely on the appearance
of the quark energy-momentum tensor in the infinite set of local operators in Eq.(6.176).

The non-zero matrix element of the quark energy-momentum tensor between vacuum and exotic meson state
was explored long ago [294]. It may be related, by making use of the equations of motion, to the matrix element
of quark-gluon operator and estimated with the help of the techniques of QCD sum rules [295,296], which allows
to fix the coupling constant, fH . It turns out that one of the solutions corresponds to a resonance with mass
around 1.4GeV , which is the order of magnitude of the π1(1400) candidate, and the coupling constant at this
scale is 10

fH ≈ 50MeV . (6.183)

Note that the same exotic quantum numbers (except isospin) were found [292, 293] for the gluonic energy mo-
mentum tensor (attributed therefore to the gluonium). It was noticed there that energy momentum conservation
leads to a zero coupling of the operator to such an exotic state. This argument would be applicable in our case
for the isosinglet combination, if the quark gluon interaction, leading to the non-conservation of both quark and
gluon energy momentum tensor (while the sum is conserved), is assumed to be negligible. However, there is no
reason to expect it to be applicable to isovector combinations or to each quark flavour separately. In addition,
even for isosinglet combination (including the pure gluonium case), this argument is no more applicable to the
local operators of higher spin (n = 3, 5...) which appear in Eq.(6.176). Indeed, since these local operators involve
extra covariant derivatives,

〈H(p, 0)|Rµν1...νn |0〉 = in+1fH MH S(µν1...νn)e
(0)
µ pν1 ...pνn

1∫

0

dy

(
y − 1

2

)n

φH(y) , (6.184)

although they preserves all the quantum numbers, and lead to a non zero vacuum-to-hybrid matrix element
(before adressing the question of its prefactor), the argument based on the conservation of the operator is not
anymore valid, as it is not the energy-momentum tensor anymore, and thus prevent the vanishing of the coupling
based on simple symmetry arguments.
In summary, the hybrid light-cone distribution amplitude is a leading twist quantity which should have a
vanishing first moment (6.174) because of the antisymmetry. This distribution amplitude obeys usual evolution
equations [85, 97, 98] and has an asymptotic limit [243]

ΦH
as = 30 y (1− y) (1 − 2y) (6.185)

10our fH corresponds to 2
√
2fR in the notations of Ref. [295, 296].
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with assumed normalization of the distribution amplitude φH(y) as

1∫

0

dy (1− 2y)φH(y) = 1 . (6.186)

As for any form factor, the coupling constant fH satisfies renormalization group evolution equations, given by
the formula (the hybrid DA evolves like a flavor non-singlet GDA, but for the value C = +, which constraints
n to be odd, see (6.58) and the comment after that equation)

fH(Q2) = fH

(
αS(Q

2)

αS(M2
H)

)K1

K1 =
2 γQQ(1)

β0
, (6.187)

where the QQ anomalous dimension is given by Eq. (6.28), i.e.

γQQ(n) = CF

(
1

2
− 1

(n+ 1)(n+ 2)
+ 2

n+1∑

k=2

1

k

)
, (6.188)

and thus γQQ(1) = 16/9 and where the one loop β function reads β0 = 11−2nf/3 (in the notation of Eq.(6.188),
n = 1 corresponds to the energy-momentum tensor). Since the exponent K1 is a small positive number which
drives slowly to zero the coupling constant fH(Q2) , while experiments are likely to be feasible at moderate
values of Q2, we neglect this evolution and in the following estimate we use the value from Eq. (6.183).

6.5.3 Hybrid electroproduction

We now study the exotic hybrid meson by means of its deep exclusive electroproduction, i.e.

e(k1) + N(p) → e(k2) +H(pH) + N(p′), (6.189)

through the subprocess:

γ∗L(q) + N(p) → HL(pH) + N(p′) (6.190)

when the baryon is scattered at small angle. Relying on the collinear factorization theorem for hard exclusive
electroproduction of a vector meson discussed in Sec. 5.3, the corresponding amplitude reads, at leading twist
and when −t≪ Q2 as

A =

1∫

0

dz

1∫

−1

dxΦH(z, µ2
F , µ

2
R)H(x, z,Q2, µ2

F , µ
2
R)F (x, µ

2
F , µ

2
R) ≡ ΦH ⊗ H ⊗ F, (6.191)

where the parameters µ2
F and µ2

R are the factorization and renormalization scales, respectively. We adopt the
standard convention that µF = µR . In Eq.(6.191), H is the hard part of amplitude which is controlled by
perturbative QCD. The hybrid meson DA ΦH describes the transition from the partons to the meson, and
F denotes generalized parton distributions which are related to nonperturbative matrix elements of bilocal
operators between different hadronic states, has explained in Sec. 5.2. One typical diagram corresponding to
the factorized amplitude (6.191) is illustrated in Fig. 6.25.
The calculation of the production amplitude, at leading order in αs, is now straightforward and leads to an
expression completely similar to the one for the production of longitudinally polarized vector meson, except for
the C−parity which enforce the coupling to a C = − GPD, while ρ−electroproduction involves a C = + GPD.

We estimate the ratio of hybrid to ρ electroproduction cross-sections through their Born order expression
and obtain, denoting asM (±) a meson of C−parity ∓ (we label the DAs through their symmetrical properties):

A
γ∗
Lp→M

(±)0
L p

=
eπαsfH CF√

2 NcQ

[
euH±uu − edH±dd

]
V(M,±), (6.192)
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N(p) N(p′)

H(pH)

q

Figure 6.25: Typical diagram describing the electroproduction of a meson at lowest order. The grey blobs are
non-perturbative matrix elements, namely the meson distribution amplitude and the nucleon generalized parton
distribution

where

H±ff =
1

P−

1∫

−1

dx

[
ū(p2) γ

− u(p1)Hff (x, ξ) + ū(p2)
iσ−α∆α

2M
u(p1)Eff (x, ξ)

][
1

x+ ξ − iǫ ±
1

x− ξ + iǫ

]
, (6.193)

and

V(M,±) =

1∫

0

dy φM (y)

[
1

y
± 1

1− y

]
. (6.194)

Here H and E are the quark non-flip GPDs defined by Eq. (5.30). Note that the simple pole in y in (6.192)
does not lead to any infrared divergency since the function φH(y) is expected to vanish, as usual, when the
fraction y goes to zero or unity. The symmetry properties of the hard part (i.e. of the product of the second
bracket of Eq. (6.193) with Eq. (6.194)) are in accordance with the C−parity of the produced mesonic state and
of the t−channel state: for the hybrid C = + , the DA is odd, as the hard part, under y ↔ ȳ while the GPD
C = − is even under x ↔ −x, in accordance with Eq. (5.64) (”non-singlet”, i.e. q − q̄ combination of quark
distributions). The symmetry are opposite for the ρ−meson, involving the ”singlet”, i.e. q + q̄, combination.

A full phenomenological study of hybrid electroproduction was performed in Ref. [288]. We here only
summarize our main results. The order of magnitude of hybrid electroproduction may be easily deduced
through a direct comparison with ρ meson electroproduction amplitude [60]. We thus estimate that the ratio
of hybrid and ρ electroproduction cross-sections is:

dσH(Q2, xB , t)

dσρ(Q2, xB , t)
=

∣∣∣∣
fH
fρ

(euH−uu − edH−dd)V(H,−)

(euH+
uu − edH+

dd)V(ρ,+)

∣∣∣∣
2

, (6.195)

with fρ = 216MeV.
If we neglect the antiquarks contribution, i.e. if we restrict the x-integral to [0, 1], one sees that the imaginary

parts of the amplitudes for both meson electroproduction are equal in magnitude up to the factor VM . The
ratio of the real parts depend much on the model used for guessing the generalized parton distributions. Since
the imaginary part dominates in some kinematics, it is not unreasonable as a first estimate of the ratio of the
cross sections, to assume that the full amplitude ratio is driven by the same quantity. Using the asymptotic
forms for the hybrid and ρ mesons distribution amplitudes, which for the ρ−meson case is supported by QCD
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sum rule [168, 297], we thus estimate that :

dσH(Q2, xB , t)

dσρ(Q2, xB, t)
≈
(
5fH
3fρ

)2

≈ 0.15. (6.196)

In Ref. [288], we did some more precise predictions, using the standard description of GPDs in terms of double
distributions [88, 147]. We also investigated the dependency on the renormalization scale µ2

R . We considered
two possibilities, in order to study the uncertainties when fixing the renormalization scale: the first one, in a
“default” way, is just the natural scale µ2

R = Q2 . The second one is based on the BLM scheme [191], for which
we made some devoted studies in Ref. [228]. We argued in particular in Ref. [228] that when applying the BLM
method to fix µ2

R , one fails to fix one single scale, since the amplitude has both real and imaginary parts, thus
leading to two different scales.

Furthermore, in both H and ρ cases, one faces a singularity when extracting the BLM scale through the real
part of the imaginary amplitude for certain value of ξ . Such a problem does not occur for π−electroproduction.
We thus suggested and implemented the BLM scheme at the level of the cross-sections 11.

The resulting differential cross sections for hybrid meson and ρ meson (quark contribution only) production
are shown on Fig. 6.26 for xB = 0.18 and 0.33, using the above mentioned naive scale fixing. The BLM
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Figure 6.26: Differential cross section for ρ and hybrid meson production with the naive choice of the renormal-
ization scale and different xB .

procedure, implemented at the level of the cross-section according to Ref. [228], leads to the following values of
the renormalization scales:

µ2
R = e−4.9Q2, for ρ meson,

µ2
R = e−5.13Q2, for H meson. (6.197)

for the case ξ = 0.2 (or xB ≈ 0.33), and

µ2
R = e−4.68Q2, for ρ meson,

µ2
R = e−5.0Q2, for H meson. (6.198)

for the case ξ = 0.1 (or xB ≈ 0.18).

11Note that this stimulated further studies on BLM scheme within exclusive processes in Ref. [229].
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Note that, taking into account the D-terms, the ρ meson BLM scale is slightly diminished. For instance, in the
case xB ≈ 0.33 we have

µ2
R = e−5.4Q2. (6.199)

These renormalization scales have rather small magnitudes. This has a tendency to enlarge the cross sections
but may endanger the validity of the perturbative approach. However, it is possible that the coupling constant
αs stays below unity and the perturbative theory does not suffer from the IR divergencies. We use the Shirkov
and Solovtsov’s ansatz [298] for the analytic running coupling constant.

The role of power corrections was investigated in Ref. [203], due to the intrinsic transverse momentum of
partons (the kinematical higher twist). In that approach the inclusion of the intrinsic transverse momentum
dependence results in a rather strong effect on the differential cross-section before the scaling regime is achieved.
In Ref. [203], the renormalization scale µ2

R is defined by the gluon virtuality so that the scale is a function of
parton fractions flowing into the corresponding gluon propagator.
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Figure 6.27: Differential cross-section for exotic hybrid meson electroproduction (dashed line) with µ2
R =

e−5.13Q2 compared with the quark contribution to ρ0 electroproduction (solid line) with µ2
R = e−4.9Q2, as

a function of Q2, for xB ≈ 0.33. The dash-dotted line is the result of Vanderhaegen et al [203] for ρ electropro-
duction.

On Fig. 6.27, we present our results for the differential cross section of the hybrid meson electroproduction
compared to the ρ meson electroproduction, using the BLM scales. We can see that the hybrid cross section is
rather sizeable in comparison with the corresponding ρ meson cross section. We also show the results obtained
in Ref. [203] for the ρ meson electroproduction. We see that in the region Q2 ∼ 5 − 10GeV2 the size of the ρ
meson cross section obtained with the inclusion of transverse momentum effects is very close to the analogous
cross section computed with the BLM scale and without the intrinsic transverse momentum dependence. On
the other hand, for higher values of Q2 the leading order amplitude computed with the BLM scale fixing is
falling faster that the corresponding amplitude derived in Ref. [203], whereas for smaller values of Q2 it is larger
than that prediction. We do not want to claim here that kinematical higher twist contributions have no effects
at low values of Q2 but rather that a rather strong effect on the Q2 dependence of the cross sections may be
dictated by another mechanism which is much more controllable since it depends on the estimate of higher
order perturbative contributions.

All this shows that the scale fixing ambiguities lead to a non negligible theoretical uncertainty on the absolute
value of cross sections. It is important however to understand that most of this uncertainty does not apply
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xB 0.33 0.18

Q2 (GeV2) 3.0 7.0 11.0 17.0 3.0 7.0 11.0 17.0

µ2
R = Q2 0.123 0.123 0.123 0.123 0.0325 0.0326 0.0326 0.0326

µ2
R = µ2

BLM 0.131 0.133 0.133 0.134 0.0356 0.0362 0.0365 0.0367

Table 6.1: Ratio dσH : dσρ for both the naive and BLM scales and for the different values of xB .

to ratios of cross sections, and in particular to the most interesting ratio dσH : dσρ, which measures the
expected cross section for hybrid production with respect to the well measured and large cross section for ρ
meson production. Indeed, as shown on Table 6.1, this ratio is very insensitive to the scale fixing procedure.
Moreover it is not small when xB is large enough and almost Q2 independent. The decreasing value of the ratio
when xB diminishes comes from the relative sign of the two terms contributing in Eq. (6.192), i.e. when ξ → 0
the structure H− goes to zero too. Exotic hybrid meson can be therefore electroproduced in an experimentally
feasible way in actual experiments at JLAB, HERMES or Compass. Their study in high statistics experiments
at JLAB should be fruitful. The signal may be discovered through a missing mass measurement provided the
recoil proton energy-momentum is well measured. This allows to study all decay channels of these poorly known
states.

6.5.4 Study of hybrid mesons via the electroproduction of πη pairs

In the case where there is no recoil detector which allows to identify the hybrid production events through a
missing mass reconstruction, one will have to base an identification process through the possible decay products
of the hybrid meson H0. Since the particle π1(1400) has a dominant πη decay mode [290,291], we now proceed
to the description of the process

e(k1) +N(p1)→ e(k2) + π0(pπ) + η(pη) +N(p2) (6.200)

or

γ∗(q) +N(p1)→ π0(pπ) + η(pη) +N(p2) . (6.201)

The formalism of GDAs, which we have presented in Ref. 6.1, allows one to compute the amplitude through a
factorization illustrated in Fig. 6.28. The πη GDA as a form of the type (6.55). We refer to Ref. [288] for the
detailled analysis of the πη GDA and the computation of the amplitude.

Since the mass region around 1400 MeV is dominated by the strong a2(1329) (2
++) resonance [290,291], it is

therefore natural to look for the interference of the amplitudes of hybrid and a2 production, which is linear, rather
than quadratic in the hybrid electroproduction amplitude. In our case, since the hybrid production amplitude
may be rather small with respect to a continuous background, we propose [288] to use the supposedly large
amplitude for a2 electroproduction as a magnifying lens to unravel the presence of the exotic hybrid meson.
Since these two amplitudes describe different orbital angular momentum of the π and η mesons, the asymmetry
which is sensitive to their interference is an angular asymmetry defined by

A(Q2, yl, t̂,mπη) =

∫
cos θcm dσπ0η(Q2, yl, t̂,mπη, cos θcm)∫

dσπ0η(Q2, yl, t̂,mπη, cos θcm)
(6.202)

as a weighted integral over polar angle θcm of the relative momentum of π and η mesons, illustrated in Fig. 6.29.
The angle θcm can be related to usual ζ variable entering the definition of GDA, as shown in Sec. 6.1.2 with

a slight modification when taking into account the different masses for π and η .). We refer to Ref. [288] for
details. Our estimation of the asymmetry (6.202) is shown on Fig. 6.30.

It vanishes formπη ≈ 1.3GeV. Besides, one can see from Fig. 6.30 that the first positive extremum is located
at mπη around the mass of a2 meson while the second negative extremum corresponds to the hybrid meson
mass. Note that this angular asymmetry is completely similar to the charge asymmetry which was studied in
π+π− electroproduction at HERMES [299].
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η(      )p
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Figure 6.28: Typical diagram describing the electroproduction of πη pair. The higher and lower blobs represent
the GDAs and GPDs, respectively.

6.5.5 Exotic hybrid meson production in γ∗γ collisions

Photon-photon collisions, with one deeply virtual photon, is an excellent tool for the study of different aspects
of QCD. The main feature of such processes is that a QCD factorization theorem holds, which separates a hard
partonic subprocess involving scattered photons from either a DA describing a transition of a quark–antiquark
pair to a meson or a GDA describing the transition of a quark–antiquark pair to two- or three-meson states.
In Ref. [289], we extended our previous study to γ∗ γ collisions with production of both longitudinally and
transversally polarised hybrid meson. Note that the positive C parity of the hybrid meson does not allow any
contribution from a Bremstrahlung process. We thus consider the process

e(k1) + e(l1)→ e(k2) + e(l2) +H(p) . (6.203)

Specifying a positive C parity two body decay channel, like π0η, one may equivalently investigate the process

e(k1) + e(l1)→ e(k2) + e(l2) + π(pπ) + η(pη) . (6.204)

We calculate the hard amplitude up to the level of twist 3 and thus ignore the contributions of mass terms.
The case of hybrid production and its decay products, πη pair in electron-photon collisions is similar to the
electron-proton case, with the important distinction that no unknown generalized parton distribution enters
the amplitude, so that the only place where non-perturbative physics enters is the final state DA or generalized
distribution amplitudes (GDA). We emphasize the πη pair production as a promising way for detecting the
hybrid meson.

Depending whether the hybrid is seen directly or through its decay mode, one should consider either the
factorization through DAs or through GDAs. The corresponding DAs, similar to the one of the ρ-meson (see
Sec.5.3.3), are naturally defined as

〈H(p, λ)|ψ̄(z)γµ[z;−z]ψ(−z)|0〉 = fHMH

[
pµ e

(λ) ·n
1∫

0

du ei(u−ū)p·zφH1 (u)+e
(λ)
µT

1∫

0

du ei(u−ū)p·zφH3 (u)

]
(6.205)

for the vector correlator, and

〈H(p, λ)|ψ̄(z)γµγ5[z;−z]ψ(−z)|0〉 = ifHMH ε
µe

(λ)
T pn

1∫

0

du ei(u−ū)p·zφHA (u) (6.206)
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Figure 6.29: Typical process describing the electroproduction of a πη pair.

for the axial correlator. We use the following short notation : εskml = εµ1µ2µ3µ4sµ1kµ2mµ3 lµ4 . In eqns (6.205)

and (6.206), the polarization vector e
(λ)
µ describes the spin state of the hybrid meson. Due to the C−charge

invariance, the symmetry properties of these DAs reads

φH1 (u) = −φH1 (1− u), φH3 (u) = −φH3 (1 − u), φHA (u) = φHA (1− u) . (6.207)

We refer to Ref. [289] for the definition and study of the corresponding πη GDAs, with an account of a possible
background, modeled by its magnitude K and its phase α.

We investigated the ratio of cross-sections for H production over the π0 production, proportional to the
square of the ratio of transition form factors for γ∗γ → H and γ∗γ → π0 . As for the usual treatment of a
pseudoscalar meson [166], the transition form factor FHγ scales like 1/Q2 up to logarithmic corrections due to
the QCD evolution of the DA. Based on this analysis, we got approximately R ≃ 40%. The effect of twist 3
contribution (treated here à la Wandzura-Wilczek) reduces this ratio below Q2 = 4 GeV2 . Still, the effect is not
dramatic, and this ratio is still larger then 20 % for Q2 = 1 GeV2 . We also studied the πη production through
the cross-section, as well as the angular distribution of the produced particles.

Since lepton beams are easily polarized, we may consider the single spin asymmetry associated with the case
where one of the initial lepton is longitudinally polarized while the polarizations of the other one are averaged
over. This single spin asymmetry will turn out to give access to the phase difference of leading twist and twist
3 components of the final state GDA.

For that, we consider now the exclusive process where a longitudinally polarized lepton (with helicity h)
scatters on an unpolarized photon to produce the lepton and the hybrid meson detected through its decay
into a πη pair. Such a process allows to define an asymmetry which is zero at the leading twist level but
receives contributions from the interference of twist 2 and twist 3 amplitudes. This asymmetry is related to the
azimuthal angular dependence of the polarized cross section and it is defined as

A1(seγ , Q
2,W 2;ϕ) =

∫
d cos θcm(dσ(→) − dσ(←))∫
d cos θcm(dσ(→) + dσ(←))

, (6.208)

where we denote by dσ(→) the differential cross section dσ
(h=1)
eγ→eπη/dW 2dQ2d cos θcmdϕ. The angles are defined

according to Fig. 6.31. This quantity depends much on the unknown background phase α. On Fig. 6.32, we
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Figure 6.31: Kinematics of the process e γ → e π η .

present our result with the choice α = 0. See Ref. [289] for other choices of parameters. The resulting asymmetry
is sizeable and should be measurable.

These various theoretical studies are thus very promising. Both in electroproduction mode and in γ∗γ
reactions, we have proven the feasibility of a dedicated experimental search and caracterization of a JPC = 1−+

hybrid state. This is basically based on the fact that the amplitudes are not suppressed in Q2 , being dominated
by twist 2 contributions.

In particular, if a hybrid meson exists with JPC = 1−+ around 1.4 GeV and with a sizeable branching ratio
to π − η, much can be learned about it from the experimental observation of γ∗γ reactions and the precise
study of the π − η final state. The magnitude of the cross section that we obtain in our model of the π − η
GDA indicates that present detectors at current e+e− colliders are able to get good statistics on these reactions,
provided the tagging procedure is efficient.
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Figure 6.32: The single spin asymmetry A1 as function of ϕ = (0, 2π). Values of parameters: W =
1.4GeV, Q2 = 5.0GeV2, seγ = 10GeV2, α = 0. The solid line corresponds to K = 0.8, the short-dashed
line to K = 1.0, the long-dashed line to K = 0.5.
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Chapter 7

Light-Cone Collinear Factorization

7.1 Introduction

In this chapter, we will extend the collinear factorization which have been discussed in previous chapters at
the twist 2 level to situations where higher twist corrections are included. Such an inclusion may improve
the description of data at moderate values of the hard scale. More importantly, there are processes which
are dominated by twist 3 effects. Such a consistent inclusion of higher twist contributions within collinear
factorization is then compulsory.

Indeed, the transversally polarized ρ−meson production does not enter the leading twist controlable case
[208, 209] but only the twist 3 more intricate part of the amplitude [193–195, 300]. This is due to the fact
that the leading twist distribution amplitude (DA) of a transversally polarized vector meson is chiral-odd,
and hence decouples from hard amplitudes at the twist two level, as we have seen in Sec. 5.3.9, even when
another chiral-odd quantity is involved [208, 209], unless in reactions with more than two final hadrons [217,
218, 213]. An understanding of the quark-gluon structure of a transversally polarized vector meson is however
an important task of hadronic physics if one cares about studying confinement dynamics. This quark gluon
structure may be described by distribution amplitudes which we have discussed in the previous chapter. On
the experimental side, a continuous effort has been devoted to the exploration of ρ-meson photo and electro-
production, from moderate [301–304] to very large energy [305–312]. The kinematical analysis of the final
π−meson pair allows then to separate the different helicity amplitudes, hence to measure the transversally
polarized ρ meson production amplitude. We will see in Chap. 9 that in particular at HERA, very precise
measurements of the whole spin density matrix element have been performed, and that the ρT production is by
no mean negligible, although non-dominant for deep electroproduction. This thus deserve dedicated studies in
terms of QCD.

In the literature there are two approaches to the factorization of the scattering amplitudes in exclusive
processes at leading and higher twists. The first approach [194, 195, 300, 313], being the generalization of the
Ellis-Furmanski-Petronzio (EFP) method [314–320] to the exclusive processes, deals with the factorization in
the momentum space around the dominant light-cone direction. We shall call it the Light-Cone Collinear
Factorization (LCCF). On the other hand, there exists a covariant approach in coordinate space succesfully
applied [168–170] for a systematic description of distribution amplitudes of hadrons carrying different twists.
This approach will be called the Covariant Collinear Factorization approach (CCF). Although being quite
different and using different distribution amplitudes, both approaches can be applied to the description of the
same processes. This fact calls for verification whether these two descriptions are equivalent and lead to the same
physical consequences. This can be clarified by establishing a precise vocabulary between objects appearing in
the two approaches and by comparing physical results obtained with the help of the two methods.

In this chapter, we will concentrate ourselves on the first point, i.e. on the descrition of LCCF method and
its equivalence with CCF, at twist 3. The arguments presented here will be as much as general as possible,
although when needed we will rely on a specific example for illustration, the γ∗ → ρT impact factor. We
conjecture that the method is very general and can be extended for other exclusive processes and for higher
twist corrections going beyond twist 3. The explicit verification of the equivalence between LCCF and CCF
on the specific example of the γ∗ → ρT impact factor will be performed, based on a detailled computation, in
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Chap. 10.
The LCCF method involves a Taylor expansion of the scattering amplitude in the momentum space around

the dominant light-cone direction and thus naturally introduces an appropriate set of non-perturbative correla-
tors which encode effects not only of the lowest but also of the higher Fock states of the produced particle. The
reduction of the original set of correlators to a set of independent ones is achieved with the help of equations of
motion and invariance of the scattering amplitude under rotation on the light-cone.

7.2 Factorization beyond leading twist

Let us start with the most general form of the exclusive amplitude for the hard process A→ ρB (where A and
B denotes initial and final states in kinematics where a hard scale allows a partonic interpretation) which we
are interested in, written in the momentum representation and in axial gauge, as

A =

∫
d4ℓ tr

[
H(ℓ)Φ(ℓ)

]
+

∫
d4ℓ1 d

4ℓ2 tr

[
Hµ(ℓ1, ℓ2)Φ

µ(ℓ1, ℓ2)

]
+ . . . , (7.1)

where H and Hµ are the coefficient functions with two parton legs and three parton legs, respectively, as
illustrated in Fig. 7.1 on the example of γ∗ → ρ impact factor, which is defined in full length in Sec.8.2. In

ℓ
γ∗

H Φ

ρ

+

ℓ
γ∗

Hµ Φµ

ρ

+ · · ·

Figure 7.1: 2- and 3-parton correlators attached to a hard scattering amplitude in the example of the γ∗ → ρ
impact factor, where vertical lines are hard t− channel gluons in the color singlet state.

(7.1), the soft parts are given by the Fourier-transformed two or three partons correlators which are matrix
elements of non-local operators. We consider the leading asymptotics of 1/Q expansion, separately for the cases
of longitudinaly (twist 2) and transversly polarized (twist 3) meson production. The amplitude (7.1) is not
factorized yet because the hard and soft parts are related by the four-dimensional integration in the momentum
space and by the summation over the Dirac indices.

To factorize the amplitude, we first choose the dominant direction around which we intend to decompose
our relevant momenta and we Taylor expand the hard part. Let p and n be the conventionally called “plus”
and “minus” light-cone vectors, respectively, normalized as p · n = 1 . We carry out an expansion of ℓ in the
basis defined by the p and n light-cone vectors:

ℓi µ = yi pµ + (ℓi · p)nµ + ℓ⊥i µ, yi = ℓi · n, (7.2)

and make the following replacement of the integration measure in (7.1):

d4ℓi −→ d4ℓi dyi δ(yi − ℓ · n). (7.3)

Afterwards, the hard part coefficient function H(ℓ) has to be decomposed around the dominant “plus” direction:

H(ℓ) = H(yp) +
∂H(ℓ)

∂ℓα

∣∣∣∣
ℓ=yp

(ℓ − y p)α + . . . (7.4)

where (ℓ − y p)α ≈ ℓ⊥α up to twist 3. One can see that the above-mentioned steps (7.2)-(7.4) do not yet allow
us to factorize collinearly the amplitude in the momentum space since the l⊥ dependence of the hard part is an
excursion out of the collinear framework. To obtain a factorized amplitude, one performs an integration by parts
to replace ℓ⊥α by ∂⊥α acting on the soft correlator. This leads to new operators O⊥ which contain transverse
derivatives, such as ψ̄ ∂⊥ψ, and thus to the necessity of considering additional DAs Φ⊥(l). This procedure
accomplishes the factorization of the amplitude in momentum space. Factorization in the Dirac space can be
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Figure 7.2: Factorization of 2-parton contributions in the example of the γ∗ → ρ impact factor.
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Figure 7.3: Factorization of 3-parton contributions in the example of the γ∗ → ρ impact factor.

achieved by the Fierz decomposition. For example, in the case of two fermions, one should project out the
Dirac matrix ψα(0) ψ̄β(z) which appears in the soft part of the amplitude on the relevant Γ matrices, using
Eq. (1.164). Thus, after all these stages, the amplitude takes the simple factorized form1,

A =

1∫

0

dy tr [Hqq̄(y) Γ] Φ
Γ
qq̄(y) +

1∫

0

dy tr
[
H⊥µqq̄ (y) Γ

]
Φ⊥Γqq̄ µ(y) +

1∫

0

dy1 dy2 tr
[
Hµ

qq̄g(y1, y2) Γ
]
ΦΓ

qq̄g µ(y1, y2) ,(7.5)

in which the two first terms in the r.h.s correspond to the two parton contribution and the last one to the three
body contribution. This is illustrated symbolically in the example of the γ∗ → ρ impact factor in Fig. 7.2 for
2-parton contributions and in Fig. 7.3 for 3-parton contributions.

Alternatively, combining the two last terms together in order to emphasize the fact they both originate from
the Taylor expansion based on the covariant derivative, this factorization can be written as

A =

1∫

0

dy tr [H(y) Γ] ΦΓ(y) +

1∫

0

dy1 dy2 tr [H
µ(y1, y2) Γ] Φ

Γ
µ(y1, y2). (7.6)

For definiteness2, let us focus on the ρ-meson production case where the soft parts of the amplitude read

ΦΓ(y) =

+∞∫

−∞

dλ

2π
e−iλy〈ρ(p)|ψ̄(λn) Γψ(0)|0〉 (7.7)

ΦΓ
ρ (y1, y2) =

+∞∫

−∞

dλ1dλ2
4π2

e−iλy1λ1−i(y2−y1)λ2〈ρ(p)|ψ̄(λ1n) Γ i
←→
DT

ρ (λ2n)ψ(0)|0〉 .

where in accordance with Eq. (5.33),

i
→
Dµ= i

→
∂ µ + g Aµ . (7.8)

Eq.(7.7) supplemented by the appropriate choice of the Fierz matrices defines the set of non-perturbative
correlators relevant for the description of the ρ−meson, which we will now discuss.

7.3 Parametrizations of vacuum–to–rho-meson matrix elements up

to twist 3

In this section, we introduce the parametrizations of the vacuum–to–ρ-meson matrix elements needed when
calculating the process of exclusive ρ−production. As a concrete example, we shall below calculate the γ∗T → ρT

1Despite the fact that these formulae are given here up to twist 3, the method can be extended to higher twist contributions.
2In the following, the notations |ρ〉 or |V 〉 will be used when the specific nature of the vector meson does not matter.
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impact factor. Since we will follow two different approaches for our calculations, it is instructive to present two
ways for parametrizing the corresponding matrix elements.

7.3.1 LCCF parametrization

We insist on the fact that in LCCF approach, the coordinates zi in the parametrizations have to be proportionnal
to the light-cone vector n. This is in contrast to the CCF approach where z lies on the light cone but does
not correspond to any fixed light-cone direction. The transverse polarization of the ρ−meson is defined by the
conditions (at twist 3, pρ ∼ p)

eT · n = eT · p = 0 , (7.9)

i.e. eT has only a ⊥ component, while eL has no ⊥ component. Now, we introduce the parametrizations of the
vacuum–to–ρ-meson matrix elements needed for the calculation, for example, of the γ∗T → ρT impact factor.
Keeping all the terms up to the twist-3 order with the axial (light-like) gauge, n · A = 0, the matrix elements
of quark-antiquark nonlocal operators can be written in terms of the light-cone basis vectors as (here, z = λn)

〈ρ(pρ)|ψ̄(z)γµψ(0)|0〉 F1= mρ fρ
[
ϕ1(y) (e

∗ · n)pµ + ϕ3(y) e
∗
Tµ

]
, (7.10)

〈ρ(pρ)|ψ̄(z)γ5γµψ(0)|0〉 F1= mρ fρ iϕA(y) εµαβδ e
∗α
T pβnδ , (7.11)

where the corresponding flavour matrix has been omitted3, and where we use ε0123 = −ε0123 = 1 and γ5 =

i γ0 γ1 γ2 γ3. For the sake of conciseness, we denote
F1= the Fourier transformation with measure

∫ 1

0

dy exp [iy p · z] , (7.12)

where z = λn. The momentum fraction y (ȳ ≡ 1 − y) corresponds to the quark (antiquark). Note that the
decomposition over the γ-matrix basis has been taken in the form:

−〈ψ ψ̄〉 = 1

4
〈ψ̄ γµ ψ〉 γµ +

1

4
〈ψ̄ γ5γµ ψ〉 γµγ5 + . . . , (7.13)

in such a way that the minus sign in front of the axial term is absorbed into the axial correlators. The matrix
elements of the quark-antiquark operators with transverse derivatives are parametrized according to

〈ρ(pρ)|ψ̄(z)γµi
←→
∂Tα ψ(0)|0〉 F1= mρ fρ ϕ

T
1 (y) pµe

∗
Tα (7.14)

〈ρ(pρ)|ψ̄(z)γ5γµi
←→
∂Tα ψ(0)|0〉 F1= mρ fρ iϕ

T
A(y) pµ εαλβδ e

∗λ
T pβ nδ , (7.15)

where we introduced
←→
∂ρ =

1
2 (
−→
∂ρ −

←−
∂ρ ) which is the standard antisymmetric derivative. The DAs ϕ1, ϕ3, ϕA

satisfies the normalization conditions

1∫

0

ϕ1(y) = 1 ,

1∫

0

ϕ3(y) = 1 and

1∫

0

(y − ȳ)ϕA(y) =
1

2
. (7.16)

In the same way, the matrix elements of quark-gluon nonlocal operators can be parametrized as

〈ρ(pρ)|ψ̄(z1)γµgAT
α(z2)ψ(0)|0〉

F2= mρ f
V
3 ρB(y1, y2; yg) pµe

∗
Tα,

〈ρ(pρ)|ψ̄(z1)γ5γµgAT
α(z2)ψ(0)|0〉

F2= mρ f
A
3 ρ iD(y1, y2; yg) pµ εαλβδ e

∗λ
T pβnδ, (7.17)

where the momentum fractions y1, ȳ2 and yg correspond to the quark, antiquark and gluon, respectively. The

symbol
F2= now stands for (here, zi = λi n)

1∫

0

dy1 dy2 dyg δ(y2 − y1 − yg) exp [iy1 p · z1 + iyg p · z2] . (7.18)

3The normalization in (7.10,7.11) thus corresponds to a meson which would be a one flavour quark-antiquark state |V 〉 = |f f̄〉,
with for example 〈V (p)|ψ̄f (z)γµψf (0)|0〉

F1= mV fV [· · · ].
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In the r.h.s. of (7.17), it is useful to perform the integration over the gluon fraction yg (which then equals
y2 − y1). Afterwards, the parametrizations (7.17) take the forms:

〈ρ(pρ)|ψ̄(z1)γµgAT
α(z2)ψ(0)|0〉

F2= mρ f
V
3 ρB(y1, y2) pµe

∗
Tα, (7.19)

〈ρ(pρ)|ψ̄(z1)γ5γµgAT
α(z2)ψ(0)|0〉

F2= mρ f
A
3 ρ iD(y1, y2) pµ εαλβδ e

∗λ
T pβnδ , (7.20)

with the symbol
F2= implying

1∫

0

dy1

1∫

0

dy2 exp [iy1 p · z1 + i(y2 − y1) p · z2] . (7.21)

Note that the positivity of the gluon light-cone momentum fraction imposes that quark-gluon parameterizing
functions have the form

B(y1, y2)
def
= B(y1, y2; y2 − y1) θ(y1 ≤ y2 ≤ 1), D(y1, y2)

def
= D(y1, y2; y2 − y1) θ(y1 ≤ y2 ≤ 1) . (7.22)

As we already mentioned by writting Eq.(7.6), it is also natural to introduce the following objects:

〈ρ(pρ)|ψ̄(z1)γµi
←→
DT

α (z2)ψ(0)|0〉 F2= mρ fρ B̃(y1, y2) pµe
∗
Tα,

〈ρ(pρ)|ψ̄(z1)γ5γµi
←→
DT

α (z2)ψ(0)|0〉 F2= mρ fρ iD̃(y1, y2) pµ εαλβδ e
λ∗
T pβ nδ , (7.23)

where these parameterizing functions are now equal to

B̃(y1, y2) =
1

2

(
ϕT
1 (y1) + ϕT

1 (y2)

)
δ(y1 − y2) + ζV3 B(y1, y2),

D̃(y1, y2) =
1

2

(
ϕT
A(y1) + ϕT

A(y2)

)
δ(y1 − y2) + ζA3 D(y1, y2) , (7.24)

with the dimensionless coupling constants

ζV3 =
fV
3 ρ

fρ
and ζA3 =

fA
3 ρ

fρ
. (7.25)

Note that the function ϕ1 corresponds to the twist-2, and functions B and D to the genuine (dynamical) twist-3,
while functions ϕ3, ϕA, ϕ

T
1 , ϕ

T
A (or alternatively B̃ and D̃) contain both parts: kinematical (à la Wandzura-

Wilczek, noted WW) twist-3 and genuine (dynamical) twist-3.
In (7.10)–(7.11), the functions ϕ1, ϕ3, ϕA, ϕ

T
1 and ϕT

A parameterizing the two-particle correlators obey the
following symmetry properties:

ϕ1(y) = ϕ1(1 − y), ϕ3(y) = ϕ3(1 − y), ϕA(y) = −ϕA(1− y), ϕT
1 (y) = −ϕT

1 (1 − y), ϕT
A(y) = ϕT

A(1− y) . (7.26)
These symmetry properties result from G-conjugation (or C-conjugation for neutral mesons). At the same time,
the symmetry properties of the functions parameterizing the quark-gluon correlators are:

B(y1, y2; yg) = −B(1− y2, 1− y1; yg), D(y1, y2; yg) = D(1 − y2, 1− y1; yg). (7.27)

Notice that, in the case of three-particle functions, G-conjugation involves the replacement: y1 ↔ ȳ2, while the
gluon fraction yg remains invariant under G-conjugation.

7.3.2 CCF parametrization

We recall and rewrite (doing standard fields transformations) the original CCF parametrizations of the ρ
DAs [168–170], which we already introduced in Sec. 5.3.3, adapting them to our case when vector meson is
produced in the final state. The formula for the axial-vector correlator reads

〈ρ(pρ)|ψ̄(z) [z, 0] γµγ5ψ(0)|0〉 =
1

4
fρmρ ε

e∗T p z
µ

1∫

0

dy eiy(p·z) g(a)⊥ (y) , (7.28)
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where we denote4

ε
e∗T p z

µ = ε αβγ
µ e∗Tα pβ zγ , (7.29)

and where

[z1, z2] = P exp


ig

1∫

0

dt (z1 − z2)µAµ(t z1 + (1 − t) z2


 (7.30)

is the Wilson line, defined in accordance with the convention (5.33). The transverse vector eT is orthogonal to
the light-cone vectors p and z. Neglecting mass effects, i.e. up to twist 3 level, it is decomposed as follows

eTµ = eµ − pµ
e · z
p · z − zµ

e · p
p · z , (7.31)

where e is the meson polarization vector. Since as we will discuss later n can be arbitrary, and since the concrete
definition of n influences the definition of transverse polarization, it is useful to remove the dependence on eT
in correlation functions. For that, we use Eq.(7.31) and rewrite the original CCF parametrization in terms of
the full meson polarization vector e. This is already done for the axial-vector correlator (7.28) since due to the
properties of fully antisymmetric tensor ǫµναβ one can use in the r.h.s. of (7.28) the full meson polarization
vector e instead of eT .

The definition of 2-parton vector correlator of a ρ-meson can be written in the form

〈ρ(pρ)|ψ̄(z) [z, 0] γµψ(0)|0〉 = fρmρ

1∫

0

dy eiy(p·z)
[
pµ

e∗ · z
p · z φ‖(y) + e∗Tµ g

(v)
⊥ (y)− zµ

m2

2

e∗ · z
(p · z)2 g3(y)

]
. (7.32)

All distribution amplitudes describing two particle correlators are normalized to unity

1∫

0

dy
{
φ‖, g

(a)
⊥ , g

(v)
⊥ , g3

}
(y) = 1 . (7.33)

Using relations (7.31, 7.33) and integration by parts one can rewrite the vector correlator (7.32) in the form

〈ρ(pρ)|ψ̄(z) [z, 0] γµψ(0)|0〉 = fρmρ

1∫

0

dy eiy(p·z)
[
−i pµ (e∗ · z)h(y) + e∗µ g

(v)
⊥ (y) + izµ

m2

2

e∗ · z
p · z h̄(y)

]
, (7.34)

where we introduce the auxiliary functions

h(y) =

y∫

0

dv
(
φ‖(v)− g(v)⊥ (v)

)
, (7.35)

h̄(y) =

y∫

0

dv
(
g3(v)− g(v)⊥ (v)

)
. (7.36)

Note that the r.h.s of (7.34) now only involves the full polarization vector e, as was noted above for the axial
correlator. The last term in the r.h.s. of (7.34) contributes to the physical amplitude starting from the twist 4
level only, therefore we will neglect it in the following.

For quark-antiquark-gluon correlators (up to twist 3 level) the parametrizations of Refs. [169, 170] have the
forms5

〈ρ(pρ)|ψ̄(z)[z, t z]γαg Gµν(t z)[t z, 0]ψ(0)|0〉 = −ipα[pµe∗⊥ν − pνe∗⊥µ]mρ f
V
3 ρ

∫
DαV (α1, α2)e

i(p·z)(α1+t αg), (7.37)

〈ρ(pρ)|ψ̄(z)[z, t z]γαγ5g G̃µν(t z)[t z, 0]ψ(0)|0〉 = −pα[pµe∗⊥ν − pνe∗⊥µ]mρ f
A
3 ρ

∫
DαA(α1, α2)e

i(p·z)(α1+t αg),(7.38)

4Note that, as already amphasized, our sign convention for the antisymmetric tensor is ǫ0123 = 1, opposite to the one used in
Ref. [168–170]. The corresponding sign change is taken here into account.

5Note that in those definition fρ, fV3 ρ and fA3 ρ have dimension of mass. This is agreement with Ref. [170] but differ from

Ref. [169] in which fV3 ρ and fA3 ρ have dimension of mass square.
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where α1, α2, αg correspond to momentum fractions of quark, antiquark and gluon respectively inside the
ρ−meson,

∫
Dα =

1∫

0

dα1

1∫

0

dα2

1∫

0

dαg δ(1 − α1 − α2 − αg) (7.39)

and G̃µν = − 1
2ǫµναβG

αβ . These three partons DAs are normalized as follows
∫
Dα (α1 − α2)V (α1, α2) = 1 ,

∫
DαA(α1, α2) = 1 . (7.40)

In what follows we will work in the axial gauge A ·n = 0, n2 = 0. In this gauge the gluon field can be expressed
in terms of field strength as follows

Aα(y) =

∞∫

0

dσ e−ǫ σnβGαβ(y + σn) (7.41)

which implies that the (q̄ A q ) correlators involving the gluon field A reads

〈ρ(pρ)|ψ̄(z)γµgAα(tz)ψ(0)|0〉 = −pµ e∗Tαmρ f
V
3ρ

∫
Dα

αg
ei(p·z)(α1+t αg) V (α1, α2) , (7.42)

〈ρ(pρ)|ψ̄(z)γµγ5gAα(tz)ψ(0)|0〉 = −ipµ
ε

z p e∗T
α

(p · z) mρ f
A
3ρ

∫
Dα

αg
ei(p·z)(α1+tαg)A(α1, α2) . (7.43)

7.4 Equations of motion

The correlators introduced above are not independent, since they are constrained by the QCD equations
of motion for the field operators entering them, as we discussed in the previous chapter. In the simplest
case of fermionic fields, they follow from the vanishing of matrix elements 〈(iD̂(0)ψ(0))α ψ̄β(z)〉 = 0 and

〈ψα(0) i(D̂(z)ψ̄(z))β〉 = 0 due to the Dirac equation, then projected on different Fierz structure.
Let us start with the QCD equation of motion written for the fermion field ψ(0):

〈i
→
/D (0)ψ(0) ψ̄(z)〉 = 0, (7.44)

where 〈. . .〉 denote arbitrary hadron states which we here specify as 〈ρ| . . . |0〉. Also, we stress that, in (7.44),
the fermion fields ψ and ψ̄ should be understood as fields with free Dirac indices. Then, we first focus on the
quark-antiquark part of (7.44) which can be written as

∫
d4z e−iyp·z−iȳp·x

{
〈i
→
/∂ x
L ψ(x) ψ̄(z)〉+ 〈i

→
/∂ x
T ψ(x) ψ̄(z)〉

}∣∣∣∣
x=0

. (7.45)

Here, we separate out the longitudinal derivatives from the transverse ones. Working with the longitudinal
derivative contribution, we get

iγρ

∫
d4z e−iyp·z−iȳp·x

∂L

∂xρ
〈ψ(x) ψ̄(z)〉

∣∣∣∣
x=0

= ȳ /p

∫
d4z e−iyp·z−iȳp·x〈ψ(x) ψ̄(z)〉

∣∣∣∣
x=0

, (7.46)

where an integration by parts has been used. Let us now decompose 〈ψ(x) ψ̄(z)〉 over the γ-basis (the Fierz
decomposition):

−〈ψ(x) ψ̄(z)〉 = 1

4
〈ψ̄(z)γαψ(x)〉γα +

1

4
〈ψ̄(z)γ5γαψ(x)〉γαγ5 . (7.47)

With (7.47), after the use of the parametrization of the relevant correlators, one gets for the longitudinal
derivative contribution (see, (7.46)):

ȳ

4
/p e/T ϕ3(y) + i

ȳ

4
/p /aT γ5 ϕA(y) = −

i

4
σp eT

{
ȳ ϕ3(y) + ȳ ϕA(y)

}
, (7.48)
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where again we introduced the short-hand notations:

σp eT = σαβ p
α e∗βT , aTρ = ερe∗

T
pn . (7.49)

We thus have for the longitudinal derivative contribution:
∫
d4z e−iyp·z−iȳp·x 〈i

→
/∂L ψ(x) ψ̄(z)〉

∣∣∣∣
x=0

= − i
4
σp eT mρfρ

{
ȳ ϕ3(y) + ȳ ϕA(y)

}
. (7.50)

While, the correlators with the transverse derivatives in (7.45) can directly be expressed via the corresponding
parameterizing functions with the help of (7.14) and (7.15):

∫
d4z e−iyp·z−iȳp·x 〈i

→
/∂ T ψ(x) ψ̄(z)〉

∣∣∣∣
x=0

= − i
4
σp e∗T

mρfρ

{
ϕT
1 (y) + ϕT

A(y)

}
. (7.51)

Therefore, within the WW approximation (where all genuine twist 3 are disappeared) the equations of motion
takes the following simple form:

ϕT
+(y) = −ȳ ϕWW

+ (y), (7.52)

where the plus (minus)-combination is defined as

ϕ±(y) = ϕ“vector”(y)± ϕ“axial”(y). (7.53)

Let us now take into account the quark-gluon correlators. Using (7.17), one can obtain that

−γρ〈ATρ(0)ψ(0) ψ̄(z)〉 = 1

4
γρ

{
〈ψ̄(z) γαATρ(0)ψ(0)〉γα + 〈ψ̄(z) γ5γαATρ(0)ψ(0)〉γαγ5

}
, (7.54)

where

〈ψ̄(z) γα g AT
ρ (0)ψ(0)〉 = mρ f

V
3 ρ pα e

∗
Tρ

1∫

0

dy1 dy2 e
iy1p·z B(y1, y2),

〈ψ̄(z) γ5γα g AT
ρ (0)ψ(0)〉 = mρ f

A
3 ρ i pα aTρ

1∫

0

dy1 dy2 e
iy1p·zD(y1, y2). (7.55)

Thus, combining the quark-antiquark and quark-gluon correlators, one derives the following relation:

1∫

0

dx
(
B̃(y, x) + D̃(y, x)

)
= −ȳ ϕ+(y), (7.56)

where one used the notations (7.24).
In a similar way, we can derive the relation associated with the C-conjugated equation:

〈ψ(0) ψ̄(z) i
←
/D (0)〉 = 0. (7.57)

which reads

1∫

0

dx
(
B̃(x, y)− D̃(x, y)

)
= y ϕ−(y). (7.58)

Combining the relations (7.56) and (7.58) with the use of (7.24) and (7.53), we obtain

ȳ1 ϕ3(y1) + ȳ1 ϕA(y1) + ϕT
1 (y1) + ϕT

A(y1)

= −
1∫

0

dy2
[
ζV3 B(y1, y2) + ζA3 D(y1, y2)

]
(7.59)
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and

y1 ϕ3(y1)− y1 ϕA(y1)− ϕT
1 (y1) + ϕT

A(y1)

= −
1∫

0

dy2
[
−ζV3 B(y2, y1) + ζA3 D(y2, y1)

]
. (7.60)

Note that Eq.(7.60) can be obtained by the replacement y1 → ȳ1 in (7.59) and the use of symmetry properties
(7.26, 7.27).

7.5 Additional set of equations

7.5.1 Light-cone factorization direction arbitrariness

Contrarily to the light-cone vector p related to the out-going meson momentum, the second light-cone vector
n (with p · n = 1), required for the parametrization of the needed correlators introduced in section 7.3.1 is
arbitrary. The physical observables do not depend on the specific choice of n, thus the scattering amplitudes
should be n−independent. For any specific process, there is a natural choice for n, which one may denote as
n0. For instance, in forward e− p collision, the proton momentum defines n0. More generally, one may expand
an arbitrary choice of n as [194, 300, 314–320]

nµ = α pµ + β n0µ + n⊥µ , (7.61)

with the two constraints
p · n = 1 and n2 = 0 , (7.62)

which fixes the coefficients β = 1 and α = −n2
⊥/2 . The light-cone vector n is thus parametrized by its transverse

components n⊥ .
Let us now analyse the various source of n−dependence. First, it enters the definition of the non-local

correlators introduced in Sec.7.3.1 through the light-like separation z = λn. These correlators are defined in
the axial light-like gauge n · A = 0 , which allows to get rid of Wilson lines. Second, it determines the notion
of transverse polarization of the ρ . Last, n inters the Sudakov decomposition (7.2) which defines the transverse
parton momentum involved in the collinear factorization. Note that this notion of parton transverse momentum
should not be confused with the notion of transverse momenta of external particles (e.g. in the case of γ∗ → ρ
impact factor to be discussed in Chap. 10, entering in γ∗N(p2) → ρ(p)N process, the t−channel gluons have
a transverse momentum determined within another Sudakov basis defined by the external light-cone momenta
p1 = p and incoming nucleon momentum p2).

This n−independence principle leads to additional non-trivial constraints between the non-perturbative
correlators entering the factorized amplitude. It was crucial for the understanding of inclusive structure functions
properties at the twist three level [314–320] and its relevance for some exclusive processes was pointed out
in [194, 300]. We show now that this condition expressed at the level of the full amplitude of any process
can be reduced to a set of conditions involving only the soft correlators. The obtained equations are process
independent and do not assume a priori any Wandzura-Wilczek approximation. The strategy for deriving these
equations relies on the power of the Ward identities to relate firstly amplitudes with different number of legs
and secondly higher order coefficients in the Taylor expansion (7.4) to lower order ones.

In the case of processes involving ρT production up to twist 3 level, we will now derive the equations

d

dy1
ϕT
1 (y1) + ϕ1(y1)− ϕ3(y1) + ζV3

1∫

0

dy2
y2 − y1

(B(y1, y2) +B(y2, y1)) = 0 , (7.63)

d

dy1
ϕT
A(y1)− ϕA(y1) + ζA3

1∫

0

dy2
y2 − y1

(D(y1, y2) +D(y2, y1)) = 0 . (7.64)

The n−independence of A for an arbitrary fixed polarization vector e is expressed by the condition

d

dnµ
⊥
A = 0 , (7.65)
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which we write in the form

d

dnµ
⊥
A =

∂ nα

∂ nµ
⊥

∂A
∂ nα

+
∂(e∗ · n)
∂nµ
⊥

∂A
∂ (e∗ · n) = [−n⊥µp

α + gα⊥µ]
∂

∂ nα
A+ e∗⊥µ

∂A
∂ (e∗ · n) . (7.66)

Let us emphasize the fact that although n fixes the gauge, the hard part does not depend on this gauge fixing
vector, as we will show below after the technical derivation of Eqs.(7.63, 7.64). It means that the variation
of n only affects the n−dependence related to the definition of transverse momentum ℓ⊥ and of transverse ρ
polarization.

We also note that the appearance of the total derivative in Eqs.(7.65, 7.66) may be interpreted as a (vector)
analog of the renormalization group (RG) invariance equation when the dependency on the renormalization
parameter coming from various sources cancel. One can view this as a RG-like flow in the space of light-cone
directions of contributions to the amplitude where the polarization vector plays the role of a beta function.

The scattering amplitude A receives contributions from the vector correlators, which result into Avector ,
and from the axial vector correlators, which lead to Aaxial part of A. Due to different parity properties of the
vector and the axial-vector correlators, the condition (7.66) means effectively two separate conditions:

d

dnµ
⊥
Avector = 0 (7.67)

and
d

dnµ
⊥
Aaxial = 0 . (7.68)

The dependence of A on the vector n⊥ is obtained through the dependence of A on the full vector n. This
dependence on n is different in Aaxial and in Avector parts.
The dependence of Aaxial on the vector n enters only through the expression εp nβ γ involving the contraction
with the momentum p and in which the indices β and γ are contracted with some other vectors. Thus the
condition (7.68) is equivalent to

∂ nα

∂ nµ
⊥

∂

∂ nα
Aaxial = [−nµ

⊥p
α + gαµ

⊥ ]
∂

∂ nα
Aaxial =

∂

∂ nµ
⊥
Aaxial = 0 (7.69)

where we took into account the peculiar dependence of Aaxial on n discussed above. This will lead at the level
of DAs to the equation (7.64).

In the vector part, the dependence with respect to n is identified by rewriting the polarization vector for
transversally polarized ρ with the help of the identity

eµT = eµ − pµ e · n , (7.70)

since e · p = 0 . Thus the dependence of Avector on the vector n enters only through the scalar product e∗ · n,
and Eq.(7.67) can be written as

d

dnµ
⊥
Avector = e∗µT

∂

∂ (e∗ · n) A
vector = 0 (7.71)

which results in
∂

∂ (e∗ · n) A
vector = 0 (7.72)

from which follows Eq.(7.63).
We will now derive equations (7.63, 7.64) using as a tool the explicit example of the γ∗ → ρ impact factor. We

want here to insist on the fact that the proof is independent of the specific process under consideration, and only
rely on general arguments based on Ward identities. For the γ∗ → ρ impact factor, which will be computed in
details in Chap. 10, one needs to consider 2-parton contributions both without transverse derivative (illustrated
by diagrams of Fig. 7.4) and with transverse derivative (see Fig. 7.5), as well as 3-parton contributions (see
Figs.7.6, 7.7, 7.8). Note that these drawing implicitely assume that the two right-hand side spinor lines are
closed on the the two possible Fierz structures /p or /p γ5 involved in the correlators of ρ−meson DAs.
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y

−ȳ

(a) (b) (c) (d)

(e) (f)

Figure 7.4: The 6 hard diagrams attached to the 2-parton correlators, which contribute to the γ∗ → ρ impact
factor, with momentum flux of external line, along p1 direction. These drawing implicitely assume that the two
right-hand side spinor lines are closed on the two possible Fierz structures /p or /p γ5.

With respect to the usual collinear factorization in t−channel, the only thing which should be kept in mind
when considering an impact factor is that the two t−channel gluons are off-shell, with a a non-sense polarisation,
i.e. proportional to p2 . More details about kT−factorization will be given in Sec. 8.2. This peculiar situation
does not play any important role in the following arguments.

In the color space, each of those diagrams can be projected in two parts, characterized by the two Casimir in-
variantsCF andNc. The equations (7.63, 7.64) are obtained by considering the consequence of the n−independency
on the contribution to the CF color structure. The n−independency condition applied to the Nc structure is
automatically satisfied and does not lead to new constraints, as we have shown in Appendix A of Ref. [321].

We start with the derivation of Eq.(7.63), which corresponds to the vector correlator contributions with CF

invariant. The 3-parton (qq̄g) contribution and the 2-parton contribution involving Φ⊥ to A can be reduced to
the convolution of the leading order hard 2-parton contributions with linear combination of correlators, thanks
to the use of the Ward identity.

In the case of the 3-parton vector correlator (7.19), due to (7.70) the dependency on n enters linearly and
only through the scalar product e∗ · n . Thus, the action on the amplitude of the derivative d/dn⊥ involved in
(7.72) can be extracted by the replacement e∗α → −pα , which means in practice that the Feynman rule (using
conventions of Ref. [54] for computing the T matrix element) g ta γα e∗α entering the coupling of the gluon inside
the hard part should be replaced by −g ta γα pα . Then, using the Ward identity for the hard part, it reads

(y1 − y2)tr
[
Hρ

qq̄g(y1, y2) pρ /p
]
= tr [Hqq̄(y1) /p]− tr [Hqq̄(y2) /p] ,
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y

−ȳ

(a1) (a2) (b1) (b2)

(c1) (c2) (d1) (d2)

(e1) (e2) (f1) (f2)

Figure 7.5: The 12 contributions arising from the first derivative of the 6 hard diagrams attached to the 2-
parton correlators, which contribute to the γ∗ → ρ impact factor, with momentum flux of external line, along
p1 direction.

which can be seen graphically as

pµ




y1

y2 − y1

µ

1− y2




=
1

y1 − y2




y1

1− y1

−

y2

1− y2




(7.73)

as we will show below with more details, and will give the last term of r.h.s of Eq.(7.63). The proof can be settled
easily relying on a graphical rule in order to use the collinear Ward identity. Indeed within the conventions
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of [54], the collinear Ward identity can be symbolically written as

pµ
y1 p y2 pγµ

=
1

y2 − y1




(y2 − y1) p

y2 p

−
y1 p

(y2 − y1) p



(7.74)

where each fermionic line is a propagator. The wavy lines with double arrows are there in order to fulfill
momentum conservation, since the incoming momentum is y1 p while the outgoing momentum is y2 p .

Let us consider the 3-parton ”abelian” diagrams, illustrated in Fig. 7.6. Applying the Ward identity (7.74)
to graphs (aG1) and (aG2) gives

−(y2 − y1)pµ




µ

y1

y2 − 1

y2 − y1

+
µ

y1

y2 − 1

y2 − y1




=

y2 − 1

y1 − y2

y1

y1 − 1 y2 − 1

−
y2 − 1

y1 − y2

y1

y2 − 1 y2 − 1

+

y1

y1 − 1 y1 − 1 y2 − 1

y1 − y2 −

y1

y2 − 1

y1 − y2

y1 − 1 y2 − 1

=

y1

y1 − 1y1 − 1 y1 − 1

−

y2

y2 − 1y2 − 1 y2 − 1

, (7.75)

where the indicated momentum fractions correspond to flow along the momentum p1 of the ρ−meson. The last
line of Eq.(7.75) has been obtained after cancellation of the first and fourth term in the second equality, and
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the two remaining diagrams have been relabelled (in the first term of the last line, one does y2 − 1 → y1 − 1
for the outgoing antiquark, and in the second term, one does y1 → y2 for the outgoing quark), as far as the
external lines are concerned, after using the fact that this does not change its internal structure.

The same identity applies for each couple of graphs (bG1, bG2), (cG1, cG2), (dG1, dG2), (eG1, eG2) and
(fG1, fG2). This leads to the following identity

−
1∫

0

dy1

1∫

0

dy2B(y1, y2)

× pµ




µ

y2 − y1

y1

y2 − 1
+ + + + +

+ + + + + +




=

1∫

0

dy1

1∫

0

dy2
B(y1, y2)

y2 − y1

×








−
−

y1

y1 − 1
+ + + + +


− (y1 ↔ y2)





=

1∫

0

dy1

1∫

0

dy2
y2 − y1

[B(y1, y2) +B(y2, y1)]

×




y1

y1 − 1
+ + + + +


 (7.76)

where the last line is obtained after performing the change of variable y1 ↔ y2 in the second term. Note that
the hard part given by diagrams inside Eq.(7.76) is convoluted with the last term of Eq.(7.63).

A similar treatment of 2-parton correlators with transverse derivative whose contributions can be viewed as
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3-parton processes with vanishing gluon momentum leads to

−
1∫

0

dy1

1∫

0

dy2 δ(y1 − y2)ϕT
1 (y1)

× pµ




D

µ

y2 − y1

y1

y2 − 1
+ + + + +

+ + + + + +




=

1∫

0

dy1

1∫

0

dy2 δ(y1 − y2)
ϕT
1 (y1)

y2 − y1

×








y1

y1 − 1
+ + + + +


− (y1 ↔ y2)





=

1∫

0

dy1
d

dy1
ϕT
1 (y1)

×




p
′

y1

y1 − 1
+ + + + +


 , (7.77)

where the last line is obtained after integration by part. This leads to the convolution of the first term of the
l.h.s of Eq.(7.63) with the [· · · ] part in (7.77).

The second term, with ϕ1, of the l.h.s of Eq.(7.63) originates from the 2-parton vector correlator and corre-
sponds to the contribution for the longitudinally polarized ρ with eL ∼ p. The third term with ϕ3 corresponds
to the contribution of the same correlator for the polarization vector of ρT written as in Eq.(7.70). To get
Eq.(7.63), we used the fact that each individual term obtained above when expressing the n−independency con-
dition involve the same 2-parton hard part, convoluted with the Eq.(7.63) through an integration over y1 . The
arguments used above, based on the collinear Ward identity, are clearly independent of the detailled structure
of this resulting 2-parton hard part. Therefore, we deduce from this that Eq.(7.63) itself should be satisfied.

A similar treatment for axial correlators leads to Eq.(7.64). To prove this, we start from Eq.(7.69) and we
note that the parametrizations of matrix elements of correlators with axial-vector currents (7.15, 7.17, 7.20)
involve the quantity

pµ εαe∗T pn (7.78)

in which the index α is contracted with the matrix γα appearing in the vertex of gluon emission in the hard
part and the momentum pµ is contracted with the Fierz matrix γµγ

5 corresponding in the hard part to the
meson vertex. First let us note that in the expression (7.78) one can replace e∗T by the full polarization vector
e∗, i.e.

pµ εα e∗T p n = pµ εαe∗ pn . (7.79)

Secondly, the inspection of the quantity (7.78) or (7.79) leads to the conclusion that in order to use the Ward
identities in a similar way as it was done in the vector part we need to interchange in (7.78) the indices µ ↔ α.
It is done with the help of the Schouten identity, which for our peculiar case means that

pµ εαe∗T pn = pα εµ e∗T p n . (7.80)
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After that, the momentum pα acts on the gluon vertex in the hard part, so the consequences of the n−independence
of the axial part of the impact factor maybe derived in exactly the same way as we did above in the case of
vector correlators, since the vector εµ e∗T p n is completely factorized. One then obtains Eq.(7.64) from Eq.(7.63)
after the replacements B → D, ϕ3 → ϕA, ϕ

T
1 → ϕT

A and ϕ1 → 0 since there is no counterpart of the twist 2
DA ϕ1 for the axial part.

Since we rely on the n−independency of the amplitude, one may wonder about the effect of the gauge choice,
which is fixed by n , on the hard part. The QCD Ward identities require the vanishing of the amplitude in which
polarization vector of a gluon is replaced by its momentum provided all other partons are on the mass shell. In
the framework of the kT−factorization (see Sec. 8.2), the t−channel gluons are off the mass-shell. Therefore the
replacement of the s−channel gluon polarization vector by its momentum leads to the vanishing of scattering
amplitude up to terms proportional to k2⊥/s where k⊥ are transverse momenta of t−channel gluons. From the
point of view of the t−channel, the gauge invariance of the impact-factor means that it should vanish when the
transverse momentum of any t−channel gluon vanishes. To acchieve this property it is necessary to include in
a consistent way not only DAs with lowest Fock state containg only quarks but also those involving quarks and
gluon, as we will show in detail in Chap. 10.

In practice, we here check this invariance by contracting the s−channel emitted gluon vertex in the hard
part with the momentum, which in collinear factorization is proportional to the ρ−meson momentum, which
leads to simplifications in the use of (collinear) Ward identities.

In order to prove this, one should first project on the various color Casimir structure. In the case of the
impact factor (see Chap. 10), this means to distinguish Nc and CF terms. In this case, CF terms arise from
2-partons diagrams and from 3-partons diagrams where the emitted gluon is attached to a quark line, while Nc

terms are obtained from 3-partons diagrams where the emitted gluon is attached to a quark line only between
2 t−channel exchanged gluons or from diagrams involving at least one triple gluon vertex.

The method is almost identical with the one used above when deriving the n−independence equations.
Consider first the case of hard 3-partons diagrams entering the vector part of Fierz decomposition. We contract
the s−channel emitted gluon vertex with its momentum, which is proportional to pµ . The next step is to use
the same method as the one used in Eq.(7.76), except that the DA B is not involved here. One thus finally gets
two groups of 6 diagrams (which differ by the labeling of outgoing quarks, one being y1 and ȳ1 for the quark
and antiquark respectively, and the other one being y2 and ȳ2 for the quark and antiquark respectively). Since
we started here from the consideration of the γ∗T → ρT transition, each of these 6 hard contributions, due to
the appearance of the remaining /p from the Fierz structure, thus now encodes the hard part of the transition
γ∗T → ρL . This transition vanishes in our kinematics, which leads to the conclusion that this hard part is
gauge invariant. The same treatment can be applied to the hard diagrams with derivative insertion displayed
in Fig. 7.5, since this insertion corresponds to the peculiar limit of vanishing “gluon” momentum.

The proof for the axial part of the Fierz decomposition goes along the same line. The only difference lays
on the appearance of the /p γ5 structure, which corresponds to a meson b1 with quantum numbers JPC = 1+−

instead of 1−− for ρ, leading finally to the hard part of the transition γ∗T → b1L which vanishes in our kinematics.

In the case of contribution proportional to Nc, one can prove that these hard terms are also gauge invariant.
This is proven in Appendix A of Ref. [321]. The reason is the same as the one which led to the conclusion that
Nc terms do not lead to additional n−independence condition.

Although our implementation of factorization and n−independence condition is illustrated here on the
particular example of the impact factor at twist 3, we expect that this procedure is more general and that the
above method can be applied for other exclusive processes, for which the key tool is still the collinear Ward
identity. This means in particular that each building block (soft and hard part, for each structure which lead
to the introduction of a DA) are separately gauge invariant. This fact simplifies dramatically the use of the
n−independence principle.

7.5.2 A minimal set of non-perturbative correlators

We now solve the previous equations, namely the two equation of motions (7.59,7.60) and the two equations
(7.63,7.64) coming from the n−independence. This effectively reduces the set of 7 DAs to the set of 3 independent
DAs ϕ1, B, D.

To start with we represent the distributions ϕ3(y), ϕA(y), ϕ
T
1 (y) and ϕ

T
A(y) generically denoted as ϕ(y) as
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the sums
ϕ(y) = ϕWW (y) + ϕgen(y) , ϕ(y) = ϕ3(y), ϕA(y), ϕ

T
1 (y), ϕ

T
A(y) , (7.81)

where ϕWW (y) and ϕgen(y) are contributions in the so called Wandzura-Wilczek approximation and the genuine
twist-3 contributions, respectively.

The Wandzura-Wilczek contributions are solutions of Eqs. (7.59, 7.60, 7.63, 7.64) with vanishing 3-parton
distributions B(y1, y2) and D(y1, y2), i.e. which satisfy the equations

ȳ1 ϕ
WW
3 (y1) + ȳ1 ϕ

WW
A (y1) + ϕT WW

1 (y1) + ϕT WW
A (y1) = 0 (7.82)

y1 ϕ
WW
3 (y1)− y1 ϕWW

A (y1)− ϕT WW
1 (y1) + ϕT WW

A (y1) = 0 . (7.83)

d

dy1
ϕT WW
1 (y1) = −ϕ1(y1) + ϕWW

3 (y1) ,
d

dy1
ϕT WW
A (y1) = ϕWW

A (y1) . (7.84)

By adding and subtracting Eqs. (7.82,7.83) together with the use of Eqs. (7.84) one obtains equations which
involve only ϕWW

3 and ϕWW
A

d

dy1
ϕWW
3 (y1) = −(ȳ1 − y1)

d

dy1
ϕWW
A (y1) , 2ϕ1(y1) =

d

dy1
ϕWW
A (y1) + (ȳ1 − y1)

d

dy1
ϕWW
3 (y1) (7.85)

and which solutions, satisfying the normalization conditions

1∫

0

dy ϕWW
3 (y) = 1 and

1∫

0

dy ϕWW
A (y) = 1 , (7.86)

read

ϕWW
A (y1) =

1

2




y1∫

0

dv

v̄
ϕ1(v)−

1∫

y1

dv

v
ϕ1(v)


 , ϕWW

3 (y1) =
1

2




y1∫

0

dv

v̄
ϕ1(v) +

1∫

y1

dv

v
ϕ1(v)


 . (7.87)

These expressions and Eqs. (7.82, 7.83) give finally the remaining solutions ϕT WW
A and ϕT WW

1

ϕT WW
A (y1) =

1

2


−ȳ1

y1∫

0

dv

v̄
ϕ1(v)− y1

1∫

y1

dv

v
ϕ1(v)


 , ϕT WW

1 (y1) =
1

2


−ȳ1

y1∫

0

dv

v̄
ϕ1(v) + y1

1∫

y1

dv

v
ϕ1(v)


 .

(7.88)
We note that these two WW results (7.87) were obtained in Ref. [322] when considering the transition form
factor B → ρ γ . The distributions ϕgen carring the genuine twist-3 contributions satisfy the equations

ȳ1 ϕ
gen
3 (y1) + ȳ1 ϕ

gen
A (y1) + ϕT gen

1 (y1) + ϕT gen
A (y1) = −

1∫

0

dy2
[
ζV3 B(y1, y2) + ζA3 D(y1, y2)

]
, (7.89)

y1 ϕ
gen
3 (y1)− y1 ϕgen

A (y1)− ϕT gen
1 (y1) + ϕT gen

A (y1) = −
1∫

0

dy2
[
−ζV3 B(y2, y1) + ζA3 D(y2, y1)

]
, (7.90)

d

dy1
ϕT gen
1 (y1) = ϕgen

3 (y1)− ζV3
1∫

0

dy2
y2 − y1

(B(y1, y2) +B(y2, y1)) ,

d

dy1
ϕT gen
A (y1) = ϕgen

A (y1)− ζA3
1∫

0

dy2
y2 − y1

(D(y1, y2) +D(y2, y1)) . (7.91)
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Similarly as in the WW case, one can obtain equations without distributions ϕT gen by adding and subtract-
ing Eqs. (7.89, 7.90) together with the use of (7.91)

d

dy1
ϕgen
3 (y1) + (ȳ1 − y1)

d

dy1
ϕgen
A (y1)

= 4 ζA3

1∫

0

dy2
y2 − y1

D(+)(y1, y2)− 2 ζV3
d

dy1

1∫

0

dy2B
(−)(y1, y2)− 2 ζA3

d

dy1

1∫

0

dy2D
(+)(y1, y2) , (7.92)

d

dy1
ϕgen
A (y1) + (ȳ1 − y1)

d

dy1
ϕgen
3 (y1)

= 4 ζV3

1∫

0

dy2
y2 − y1

B(+)(y1, y2)− 2 ζV3
d

dy1

1∫

0

dy2B
(+)(y1, y2)− 2 ζA3

d

dy1

1∫

0

dy2D
(−)(y1, y2) , (7.93)

where O(±)(y1, y2) = O(y1, y2) ± O(y2, y1) for O = B, D. Let us note that Eq. (7.93) can be obtained from
Eq. (7.92) and by the interchange ϕgen

A ↔ ϕgen
3 and B ↔ D.

From Eqs. (7.92, 7.93) supplemented by the boundary conditions B(y, y) = 0 = D(y, y) (see later in Section
7.6) one gets in a straightforward although somehow tedious way the equation for ϕgen

3

d

dy1
ϕgen
3 (y1) = −

1

2

(
1

y1
+

1

ȳ1

)



ζ

V
3


y1

1∫

y1

dy2
d

dy1
B(y1, y2)− ȳ1

y1∫

0

d

dy1
B(y2, y1) + (ȳ1 − y1)




1∫

y1

dy2
B(y1, y2)

y2 − y1
+

y1∫

0

dy2
B(y2, y1)

y2 − y1






+ζA3


y1

1∫

y1

dy2
d

dy1
D(y1, y2) + ȳ1

y1∫

0

d

dy1
D(y2, y1)−

1∫

y1

dy2
D(y1, y2)

y2 − y1
−

y1∫

0

dy2
D(y2, y1)

y2 − y1





 , (7.94)

which properly normalized solution can be written in the form

ϕgen
3 (y) =

1

2


−

1∫

y

dy1
y1

+

1∫

0

dy1
ȳ1


 {...} , (7.95)

in which both integrals act on the expression inside {...} on the r.h.s of Eq.(7.94). The expression (7.95) can be
simplified after changing the order of the nested integrals. After performing this task we obtain that

ϕgen
3 (y) = (7.96)

−1

2

1∫

y

du

u

[ u∫

0

dy2
d

du
(ζV3 B − ζA3 D)(y2, u)−

1∫

u

dy2
y2 − u

(ζV3 B − ζA3 D)(u, y2)−
u∫

0

dy2
y2 − u

(ζV3 B − ζA3 D)(y2, u)

]

−1

2

y1∫

0

du

ū

[ 1∫

u

dy2
d

du
(ζV3 B + ζA3 D)(u, y2)−

1∫

u

dy2
y2 − u

(ζV3 B + ζA3 D)(u, y2)−
u∫

0

dy2
y2 − u

(ζV3 B + ζA3 D)(y2, u)

]
.

Finally, the solution for ϕT gen
1 is obtained from the first Eq. (7.91) and (7.96)

ϕT gen
1 (y) =

y∫

0

duϕgen
3 (u)− ζV3

y∫

0

dy1

1∫

y

dy2
B(y1, y2)

y2 − y1
. (7.97)
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The corresponding expressions for ϕgen
A (y) and ϕT gen

A (y) are obtained from Eq.(7.96) and (7.97) by the substi-
tutions:

ϕgen
3 (y)

ζV
3 B↔ ζA

3 D←→ ϕgen
A (y) , (7.98)

ϕT gen
1 (y)

ζV
3 B↔ ζA

3 D←→ ϕT gen
A (y) . (7.99)

In conclusion of this section, we explicitely succeeded in representing our results (7.87), (7.88), (7.96), (7.97),
(7.98) (7.99) in terms of 3 independent DAs: the twist 2 DA ϕ1 and the twist 3 DAs B ,D .

7.6 Dictionary

For comparison of expressions (7.19, 7.20) with the definitions (7.42, 7.43) we perform the change of variables
z → z1, tz → z2, αd → y1 and αu = 1− y2, i.e. αg = y2 − y1. It results in the following identification of the
3-parton DAs in LCCF and CCF approaches

B(y1, y2) = −V (y1, 1− y2)
y2 − y1

(7.100)

D(y1, y2) = −A(y1, 1− y2)
y2 − y1

. (7.101)

From (7.100, 7.101) and Ref. [169] follows the boundary conditions B(y, y) = 0 = D(y, y) .
Taking in Eqs.(7.32, 7.34) the coordinate z along the light-cone vector n, z = λn, permits the identification

of the vector DAs in Eq.(7.10):

ϕ1(y) = φ‖(y), ϕ3(y) = g
(v)
⊥ (y) , (7.102)

and of the axial DA in Eq. (7.11)

ϕA(y) = −
1

4

∂g
(a)
⊥ (y)

∂y
. (7.103)

One can also check the validity of Eqs.(7.102, 7.103) directly by the use of our explicit solutions (7.87, 7.96,

7.98) and expressions for g
(v)
⊥ and g

(a)
⊥ given Ref. [169] in terms of φ‖, V and A DAs. This non trivial check can

be done with the help of methods similar to those used in Appendix B of Ref. [321] elaborated when comparing
the results of the calculation of the γ∗ → ρT impact factor in LCCF and CCF approaches, which we will discuss
in Chap. 10.

We have thus shown how the LCCF method should be used in practice when dealing with hard exclusive
processes beyond leading twist. We have shown in detail in the case of a twist 3 dominated process how a
non minimal set of DAs should be introduced, and then reduced to a minimal set through Lorentz invariance
on the light-cone combined with EOMs. The dictionnary between the independent DAs in LCCF and CCF is
straightforward, as we have shown in Sec. 7.6. The non-trivial part in LCCF is to express the spurious collection
of DAs (here ϕ3 , ϕA , ϕ

T
1 , ϕ

T
A ,) in terms of the independent one (here ϕ1 , B and D or equivalently φ‖ , V

and A) which is chosen to be a basis, and which contains all the non-perturbative information at a given twist.
Once this step has been made, the Feynman rules for computing the hard part are straightforward in LCCF.
This will be illustrated in details in Chap. 10, through an explicit computation within both methods.
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−

Figure 7.6: The 12 ”Abelian“ (i.e. without triple gluon vertex) type contributions from the hard scattering
amplitude attached to the 3-parton correlators for the γ∗ → ρ impact factor, with momentum flux of external
line, along p1 direction.
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y1

−ȳ2

y2 − y1

(atG1) (atG2) (btG1) (btG2)

(ctG1) (ctG2) (dtG1) (dtG2)

(etG1) (etG2) (ftG1) (ftG2)

Figure 7.7: The 12 ”non-abelian“ -(with one triple gluon vertex) contributions from the hard scattering ampli-
tude attached to the 3-parton correlators, for the γ∗ → ρ impact factor, with momentum flux of external line,
along p1 direction.

y1

−ȳ2

y2 − y1

(gttG1) (gttG2) (httG1) (httG2)

Figure 7.8: The 4 ”non-abelian“ -(with two triple gluon vertices) contributions from the hard scattering ampli-
tude attached to the 3-parton correlators, for the γ∗ → ρ impact factor, with momentum flux of external line,
along p1 direction.
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Chapter 8

Theoretical status

Hadronic reactions at low momentum transfer and high energies are described in the framework of QCD in terms
of the dominance of color singlet exchanges corresponding to a few reggeized gluons. The charge conjugation
even sector of the t−channel exchanges is understood as the QCD-Pomeron. For more than three decades,
tremendous effort have been devoted to the study of QCD in the perturbative Regge limit. In order to use QCD
analytically in a controlable manner, that is perturbatively, one should select semi-hard processes, for which an
hard scale justifies the application of perturbation theory, and at the same time involves a very large center of
mass energy with respect to t. In that case, the dynamics of the process can be assumed to be driven by the
short distance dynamics of QCD. In this chapter we will recall the theoretical status of QCD in the Regge limit.
We will now review the various modern approaches which have been elaborated in order to study QCD in the
semi-hard regime. For reviews, see [323–325]. Chap. 9 will be devoted to phenomenological applications.

8.1 LL BFKL Pomeron

M2
1 ≫ Λ2

QCD

M2
2 ≫ Λ2

QCD

s→

t
↓

← vacuum quantum
number

impact factor

impact factor

Figure 8.1: Scattering at s≫ −t.

At high energy (s ≫ −t), consider the elastic scattering amplitude of two IR safe (hard) probes (Fig. 8.1),
following the seminal work of Balitskii, Fadin, Kuraev and Lipatov [2–5]. The t−channel exchanged particles
are gluons only, since at large s the scattering amplitude involving N particles of spin σi in t−channel behaves
as

M∼ s
∑

i σi−N+1 . (8.1)

For the minimal case of two gluon exchange, the amplitude behaves as s, leading to a constant cross-section. This
corresponds to the Born contribution. Higher order contributions involving the triple gluon coupling modifies
this behaviour. Indeed small values of αS (perturbation theory applies due to hard scales) can be compensated
by large ln s enhancements, calling for a resummation of

∑
n(αS ln s)n series, illustrated diagrammatically by

Fig. 8.2 at the amplitude level.
This results in the effective BFKL ladder [2–5], called Leading Log hard Pomeron as illustrated in Fig. 8.3

(for a pedagogical review, see [325]). Each vertical line is a reggeized gluon, that is a particle with the color
and the spin of a gluon, but with a moving angular momentum depending of its off-shelness. Its is build from
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+




+ + · · ·




+




+ · · ·




+ · · ·

∼ s ∼ s αS ln s ∼ s (αS ln s)2

Figure 8.2: Diagrams contributing to the LL resummation.

gluon
reggeon = ”dressed gluon”

effective vertex

Figure 8.3: Effective BFKL ladder.

the resummation of an infinite set of t−channel gluons. The horizontal line are ordinary gluons. As illustrated
in Fig. 8.4 in the simple case of quark-quark scattering, the effective vertices are the sum of usual Yang-Mills
vertex (YM) and of upper (A1, A2) and lower (B1, B2) Bremstrahlung contributions which can be presented
algebraically as a three-gluon vertex.

The resulting t−channel bound state is a QCD realization of the Pomeron, carrying vacuum quantum
numbers (color singlet, P and C even). The resulting 4-gluon scattering amplitude satisfies an evolution
equation as a function of s, which kernel is contructed from the effective vertex and the reggeon trajectory,
called BFKL equation. As we have shown in Ref. [326], the reggeon trajectory can be obtained by computing
the soft part of the Z factor of the gluon field, in a physical gauge. This could in principle be extended to NLLx,
NNLLx, etc... The comparison with the higher order NNLx gluon trajectory result [327] leads to an agreement
up to constant terms, which presumably are related to contribution coming from real terms, since the notion of
gluon trajectory is non-physical.

The first step in order to solve BFKL equation is to express the amplitude of the process through the inverse
Mellin transform with respect to the squared center-of-mass energy s as

M(s, t) = is

∫
dω

2πi
eωY fω(r

2) , (8.2)

where t− tmin ∼ −r2, (r is considered as Euclidean, as is any two-dimensional vector in the following), and Y
is the rapidity variable, Y = ln(s/s0). In the particular case where r2 = 0, the BFKL Green’s function can be
easily obtained in momentum space [323, 324]. In this case, denoting k (k′) the momentum of the lower (resp.
upper) gluon of the 4-gluon Green function, the impact representation for fω(0) reads

fω(0) =
1

2(2π)2

∫
dk2

k3
dk′2

k′3
Φab

1 (k)Φab
2 (k′)

∫ ∞

−∞
dν

1

ω − ω(ν)

(
k2

k′2

)iν

, (8.3)

where the integration over angles has been performed. The functions Φab
i are the impact factors describing the

coupling of the BFKL pomeron to vertex 1 or 2, and a, b are the color indices of the t−exchanged gluons (which
form a color singlet). They will be discussed in Sec. 8.2. The function ω(ν) is the BFKL characteristic function
which is defined by [2–5]

ω(ν) = ᾱsχ(ν) , (8.4)
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Figure 8.4: Lipatov vertex.

with ᾱs ≡ αsNc/π and

χ(ν) = 2Ψ(1)−Ψ

(
1

2
+ iν

)
−Ψ

(
1

2
− iν

)
, Ψ(x) = Γ′(x)/Γ(x). (8.5)

The general solution of the BFKL equation for arbitrary values of t is more involved [328] and will not be
discussed in detail here. It can be obtained using the fact that this equation is invariant with respect to global
conformal transformations, due to the absence of scale in the LLx approximation [328]. The basis of these
solution is then obtain in direct (or coordinate) space using the principal series representation of SL(2, C). It
of course reduces to a simple expression at the Born level, which reads,

M = is

∫
d2k

(2π)2k2(r − k)2Φ
ab
1 (k, r − k)Φab

2 (k, r − k) . (8.6)

The special case r2 = 0 of Eq. (8.6) can be readily obtained from Eq. (8.3) since after performing αs = 0 the
integral over k′ can be easily performed.

Using the optical theorem in order to relate the total cross-section to the imaginary part of the forward
scattering amplitude, one obtains, when solving the BFKL equation

σtot ∼ sαP (0)−1 (8.7)

with αP (0)− 1 = C αS (C > 0).
Later on, an equivalent approach at large Nc, the dipole model due to Nikolaev, Zakharov [329, 330] and to

Mueller [331–334], has been developped. Based on the old-fashioned perturbation theory on the light-cone and
in the light-cone gauge [111, 112], it provides a very simple and illuminating picture of the BFKL series. Its
main ingredient is the soft eikonal emission, which iterates at any order in the planar ’t Hooft limit [10,335]. In
this approach, rather than dealing with the scattering amplitude, one computes the soft (but still perturbative)
content of a heavy onium wave function, a bound state of quark-antiquark pair (the bounding of the pair has
some non-perturbative origin, given for granted and of no interest here). This content is illustrated at the lowest
order in Fig. 8.5.
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Figure 8.5: One gluon contribution to the onium wave function

TA

TB

pA

pB

r
+

TA

TB

pA

pB

r

Figure 8.6: Amplitude for the process hA(pA)hB(pB)→ hA(pA + q)hB(pB − q) with s and u-channel contribu-
tions.

The natural degrees of freedom turn out to be color dipoles, that is color-anticolor pairs. Their density
satisfies, when changing the rapidity (or the longitudinal IR cut-off for the solftest gluon in the wave function),
an evolution equation of Markovian type, because of the absence of interference terms in the large Nc limit,
which makes the dipole evolving through a classical cascade.

The equivalence between BFKL and dipole model was proven at the level of diagrams [334], were in particular
it was shown that the real contributions to the dipole kernel and to the BFKL one differs, as well as the virtual
contributions, while their sum are identical. We proved this equivalence at the level of the γ∗γ∗ → γ∗γ∗ impact-
parameter b dependent amplitude [336]. Due to the conformal invariance of the dipole kernel (similar to the one
of the BFKL kernel), the contribution of large and small distances requires a similar treatment. This lead to a
non-trivial large b shape of the amplitude, which we could extract in an analytical in way in [336], correcting
the result of Ref. [333], and obtaining an agreement with the result [337] obtained from the numerical Monte
Carlo OEDIPUS [338] for the generating dipole-functional.

8.2 kT factorization

Consider the hard scattering of colorless particles A and B in the large S = (pA + pB)
2 limit

hA(pA)hB(pB)→ hA(pA + r)hB(pB − r) (8.8)

The simplest amplitude, which we call Born amplitude (although at low energy some lowest order contribution
in powers of αs may also exist, e.g. the quark-box contribution to the elastic γ∗γ∗ scattering amplitude, or to
the exclusive γ∗γ∗ → ρρ amplitude, which we computed in Sec. 6.4), is given by the diagram shown in Fig 8.6
and involves two t-channel gluons connecting the upper and lower blobs. For the moment, we have focussed
on the dynamics responsible for the LL resummation, and did not pay attention to the blobs TA and TB. In
order to compute a physical scattering process, one should couple the 4-gluons Green function to the hadronic
state, as we wrote without justification in Eq.(8.3). This is made by the kT -factorization [339–345], illustrated
in Fig. 8.7 for the process γ∗γ∗ → γ∗γ∗ at Born order. As usual, we introduce two light like vectors p1 and p2,
satisfying 2 p1 · p2 = s. If the two intial states would be massless, these two Sudakov vectors would be chosen in
such a way that the upper (lower) photon momentum would be pA = p1 (resp. pB = p2). In the case of virtual
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βր

αց

γ∗

γ∗

r − k1k1

k2

kn

α1

α2

αn−1

β2

βn

αq, q̄

βq, q̄

Figure 8.7: kT factorization, illustrated for the process γ∗γ∗ → γ∗γ∗. Continuous arrows shows the flux of α
(+) components, while dashed arrows shows the flux of β (-) components.

photons, the upper (lower) photons have an additional small component along p2 (resp. p1). Denoting by q1
(q2) the momentum of the upper (resp. lower) virtual photon, one can write

q1 = p1 −
Q2

1

s
p2 and q1 = p2 −

Q2
2

s
p1 . (8.9)

The idea is now to decompose any vector on p1, p2 and their transverse plane, as we did in Chap. 5 when
studying collinear factorization when we used the decomposition (4.21). In particular, any t−channel gluon can
be decomposed as

ki = αi p1 + βi p2 + k⊥i . (8.10)

In these variables, the integration elements over the various gluon loops read

d4ki =
s

2
dαi dβi d

2k⊥i . (8.11)

In LL approximation, the chain of gluons satisfies the multiregge-kinematics. It means that the αi and βi
variables along the chain of gluons are strongly ordered as shown in Fig. 8.7 (this is the phase space responsible
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for the large ln s terms). In the case of NLL, NNLL, ... approximations, this ordering should be extended in the
so-called quasi-multiregge kinematics, meaning that these constraints should be fulfilled between each subset of
emmitted partons (for example, at NLL, two partons can be emmited within the same rapidity). As illustrated
for the process γ∗γ∗ → γ∗γ∗ in Fig. 8.7, with a typical ladder-type diagram with n− 1 rungs, one can thus set
α1 = 0 (βn = 0) in the upper (resp. lower) blob. This simplifies dramaticaly the integration over k1 and kn
since it can be reorganised as an integration over β1 (αn) in the upper (resp. lower) blob, the remaining dα1

and dβn being part of the 4-gluons Green function.
The second step in order to justifies the kT factorization formula is to notice that the gµν tensor of the

numerator of the t−channel gluons - in Feynman gauge, with the upper (lower) index denoted µ (resp. ν) - can
be safely replaced according to

gµν → 2

s
pµ2 p

ν
1 (8.12)

in the LL approximation, since other contributions of the tensor can be easily proven to give subleading contri-
butions. The corresponding polarizations

εµNS(up) =

√
2

s
pµ2 and ενNS(down) =

√
2

s
pν1 (8.13)

are called non-sense polarization, following Gribov. One finally get the kT -factorization formula (expressed here
for the Born order contribution)

M = is

∫
d2 k

(2π)2k2 (r − k)2
Φab hA→hA(k, r − k) Φab hB→hB (−k,−r + k) , (8.14)

where Φab are impact factors defined as

Φab =
1

2

∫
dβ

2π

(
ShAg→hAg
µν pµ2 p

ν
2

2

s

)
, (8.15)

where a sum over color indices a and b is assumed. We emphasize the fact that in the example of γ∗ → γ∗ ,
impact factors, these impact factors are defined in the kinematical region where virtualities of the photon, Q2,
and t−channel gluons k2⊥, are of the same order, Q2 ∼ k2⊥, and much larger than Λ2

QCD. Let us make here
a technical remark on the normalization of the various building blocks introduced here, which varies in the
litterature. It is rather conventional to define independently the impact factors as well as the Green function as
the sum of s- and u-channel contribution, with the price of an eventual spurious multiplicative factor of 4. We
choice to define impact factors by including an additional factor 1/2 in each of them, in order to compensate this
multiplicative factor (and more generally we accompany this sum by a prefactor 1/p! in the case of the exchange
of p gluons in the t−channel), as shown in Fig. 8.8. To end-up with normalizations, note that the 1/2 factor
arising from the integration (8.11) is included in the 4-gluon Green function, compensating the symetrical factor
2 due to the fact that both s− and u−channel contributions are identical, since the signature of the two-gluon
exchange is positive in the example discussed above1.

It is interesting to note that β variable is related to the s-channel Mandelstam variable for the channel
photon(q1)-gluon(k), through

κ = (k + q)2 = β s+ q2 + k2 . (8.16)

The impact factor can thus be expressed as the integral over the discontinuity of the S matrix element, after
closing the β integral around the right-cut, as

Φ =
1

2s

∫
dχ

2π
Discκ

(
Sγ∗g→γ∗g
µν pµ2 p

ν
2

2

s

)
, (8.17)

as illustrated in Fig. 8.9.
In the resummed LL approximation, one should simply replace the Born order Green function 2/(k2 (r−k)2)

in (8.14) by the solution of the BFKL equation, since the arguments given above for one gluon loop integration

1In the case of 3 gluons exchange, both positive and negative signature coexists, corresponding respectively to symmetrical
and antisymmetrical contributions with respect to s ↔ u exchange. They contribute respectively to the Pomeron and Odderon
exchange, which we shortly discuss in Sec. 8.4.
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Figure 8.8: Combinatoric factors entering the impact representation for the process hA(pA)hB(pB)→ hA(pA+
r)hB(pB − r).
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Figure 8.9: The impact factor as a cut amplitude. Left: κ as an s−channel Mandelstam variable. Right:
integration path in κ−plane.
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generalize straightforwardly in the case of the effective BFKL ladder (which involves an arbitrary number of
ki-loop integrations with αi and βi strongly ordered). The impact representation of the scattering amplitude
for the reaction (10.1) can then be rewritten as

M =
is

(2π)2

∫
d2k

k2
Φab

1 (k, r − k)
∫
d2k′

k′2
Φab

2 (−k′, −r + k′)

δ+i∞∫

δ−i∞

dω

2πi

(
s

s0

)ω

Gω(k, k
′, r) (8.18)

where Gω is the 4-gluons Green function which obeys the BFKL equation [2–5]. Gω reduces to

GBorn
ω =

1

ω
δ2(k − k′) k2

(r − k)2 (8.19)

within the Born approximation, and (8.18) then reduces to (8.14). Note that in the impact factor representation,
the whole s dependency is in the Green function, while the impact factors are s−independent. At Born order,
the amplitude is thus linear in s , and through the optical theorem the corresponding total cross-section is a
constant when varying s .

The impact factors satisfy peculiar properties for vanishing t−channel momentum. In the large s−limit,
although the t−channel gluons are off-shell, neglecting contributions of the order of k2/s , the QCD Ward
identity requires the vanishing of the amplitude when contracting any index of the S matrix element by the
momentum of the corresponding out-going gluon, i.e.

Sγ∗g→γ∗g
µν kµ = Sγ∗g→γ∗g

µν (r − k)ν = 0 . (8.20)

Since k = β p2+k⊥ in the multiregge kinematics, the impact factor (8.14), which is proportional to Sγ∗g→γ∗g
µν pµ2 p

ν
2 ,

is thus also proportional to
Sγ∗g→γ∗g
µν kµ⊥ (r − k)ν⊥ (8.21)

which vanishes when either k⊥ or (r − k)⊥ goes to zero (the S matrix is not singular in these limits). Thus,
the impact factor should vanish when any of the t−channel gluon has a vanishing momentum. Note that we
implicitely assume here that the probe is colorless, so that it does not contribute to the Ward identity. This is
not satisfied when coupling a Pomeron to a parton in diffractive scattering. This also explains, from the point
of view of the Green function, why the IR properties of the BFKL Pomeron are regular in the singlet channel.

8.3 The BFKL kernel

We will compute in this Section the LL BFKL kernel. The potential IR divergencies are regulated by providing
a mass to the gluon. This can be done through a Higgs mecchanism in order to preserve gauge invariance. Here
we will use an axial gauge, and we start with a short discussion on polarization issues for massive particles.

8.3.1 Polarizations for massives particles

It is well known that there does not exist, strictly speaking, a light-cone gauge for massive particle, since the
the problem of finding three polarizations which shoud satisfy the gauge constraint as well as the transversity
condition is an over-constraint problem.

We chose to fix here the polarizations ǫλ(λ = 1, 2, 3) in a somewhat continous generalization from the
massless case. They should satisfy ǫλ · ǫλ′ = −δλλ′ and ǫλ · k = 0.

In the massless case, only two polarizations exist among these three. The condition ǫλ · k = 0 still give the
freedom of chosing them such that they should satisfy ~ǫ · ~k = 0, that is to be transverse, and such a choice is
possible in covariant gauges. This specification is not anymore possible in the light-cone gauge pB ·A = 0 : the
additional constraint pB · ǫ = 0, gives, in the Sudakov expansion k = αpA + βpB + k⊥, ǫ =

k·e
α s

2
pB + e⊥, where

e⊥ is a two dimensional vector satisfying e2⊥ = −1. These two polarization are not transverse, in the sense that

~ǫ · ~k 6= 0.
In the case of massive gauge particles, e2⊥ = −1 only span a two dimensional plane and

ǫ⊥ =
k · e
k · pB

pB + e⊥, (8.22)
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still describe two polarizations satisfying gauge condition and transversity condition ǫλ · k = 0, but cannot
describe the additional third polarization ǫ(3) . The condition ǫ(3) · pB = 0 cannot be satisfied for this third
polarization. From the vectors ǫ(λ=1,2), pB, k which provide a complete basis of M4, one immediately get

ǫ(3) =
k

m
− m

k · pB
pB . (8.23)

If one insists on defining the notion of transverse and longitudinal polarization, one can present them in the
following way:

ǫµ⊥ = N⊥

[
eµ⊥ +

(
kµ⊥ −

k · (pA − pB)
s

(pA − pB)µ
)

k⊥ · e⊥
(k·(pA+pB))2

s −m2

]
(8.24)

for the two transverse polarizations, with the normalization factor

N⊥ =

(
1− (k⊥ · e⊥)2

(k·(pA+pB))2

s −m2

)−1/2

and

ǫµ‖ = N‖

[
kµ

m
− m

k · (pA + pB)
(pµA + pµB)

]
(8.25)

for the longitudinal polarization, with

N⊥ =

(
1− m2s

(k · (pA + pB))2

)−1/2
.

When computing the contributions of soft emitted gluons to the wave function of the upper onium, one can
easily check that both parametrisations (that is (8.22) or (8.24) on one hand, (8.23) or (8.25) on the other
hand, gives the same result since the soft vertices correspond technically in contracting the polarisation with
pA vector. The same reasoning is valid for the lower vertex, using in that case “pA gauge “ in the same loosy
sence as the one described above for the “pB gauge.”

We end this discussion with a comment about non-sense polarizations. They correspond to

ǫNS up =

√
2

s
pB . (8.26)

for upper onium and

ǫNS down =

√
2

s
pA . (8.27)

Let us compare the polarization (8.26) with the polarizations (8.23) or (8.25). When computing gauge in-
variant blobs obtained after summing various contributions at a given order of perturbation theory, the term
proportionnal to kµ in (8.23) or (8.25) can be forgotten, due to gauge invariance. As we emphasized above, the
polarizations (8.23) or (8.25) correspond to the same physical contribution. Thus, we can conclude that, up to
kinematical factors, the non-sense polarizations and the longitudinal or third polarization can be identified.

8.3.2 The Lipatov vertex in axial gauge

We now show how to get the Lipatov vertex from purelly eikonal techniques. Consider two colored objects A
and B. The amplitude A(pA)+B(pB)→ A′+B′+X(k) in the multiregge kinematics, at LLA, can be described
equivalently by the exchange of a t-channel gluon between A and B which emits himself a gluon X through the
Lipatov effective vertex which is to be determined.

It is well known (see fo example [325]) that the Lipatov effective vertex can be obtained from the computation
of 5 diagrams, as displayed in Fig.8.3.2. The usual way of getting the result is to compute these vertices in
covariant gauge. In this computation, on one hand the emission of the gluon (k) in the diagrams (A) and
(B) is treated in an eikonal way. On the other hand, the Yang-Mills vertex in the diagram (YM) is computed
exactly, the only approximation for this diagram being the treatement of the two t-channel propagators, which
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Figure 8.10: Lipatov vertex

propagates only non-sense polarization in LLA. Let us first recall how the contribution of diagrams (A) (resp.
(B)) are obtained. In each of the diagrams (A1) and (A2), the eikonal approximation leads to the replacement
of the soft gluon k vertex and of the propagator which connects the line q2 and k by an effective vertex pA·ǫ

pA·k ,
where ǫ s the polarisation vector of the emitted X gluon. Using the Jacobi identity, the sum of the two diagrams
(A1) and (A2) can thus be equivalently treated as a contribution of a triple gluon coupling type, as illustrated in
Fig.8.3.2. Note the presence of a multiplying factor q21⊥ in the expression of the right-hand side, to compensate
the absence of q1 line in the left-hand side. The same treatment gives the effective contribution of the eikonal

pA · ǫ
pA · k

pA

q1 k
+

pA · ǫ
pA · k

pA

q1 k
= − pA · ǫ

pA · k
(q21⊥ −m2)

pA

q1

q2

k

Figure 8.11: Eikonal emission from A line. Gluon lines are amputated.

emission of the gluon X from the B line, corresponding to the diagrams (B1) and (B2), as illustrated in
Fig.8.3.2. Thus, the contribution of diagrams (A) and (B) respectivelly reads

ΓA · ǫ = −
pA · ǫ
pA · k

(q21⊥ −m2) and ΓB · ǫ =
pB · ǫ
pB · k

(q22⊥ −m2) . (8.28)

In pB gauge, using (8.22) or (8.24) for the transverse polarization, the contribution of diagrams (A1) and (A2)
reads

A⊥ = 2k · e
q2
1
+m2

k2 +m2
(8.29)
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− pB · ǫ
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pB · k
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pB · ǫ
pB · k

(q22⊥ −m2)
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q2

k

Figure 8.12: Eikonal emission from B line. Gluon lines are amputated.

while in the case of longitudinal gluons (8.23) or (8.25), one gets

A‖ = −2m
q2
1
+m2

k2 +m2
. (8.30)

In this gauge, the contribution of diagrams (B) are zero.
Consider now the Yang-Mills amplitude (YM). Using the two t−channel non-sense propagators

dµν = pµBp
ν
A

2

s
and dσλ = pσAp

λ
B

2

s
, (8.31)

it reads

ΓYM · ǫ = [x pB + y pA − (q1 + q2)⊥] · ǫ , (8.32)

where we have used the parametrization

q1 ≃ ypA + q1⊥ and q2 ≃ xpB + q2⊥ , (8.33)

valid in LLA. Note that this amplitude is writen without the q1 and q2 propagators and the coupling to the
sources, since our purpose is to discuss the contribution to the vertex. Let us denote the various terms of the
triple gluon coupling term (8.32) as (1), (2), (k). The first term (1) corresponds to the emission of a soft gluon
of momentum q1 from the line flowing from q2 to k, the second term (2) corresponds to the emission of a soft
gluon of momentum −q2 from the line flowing from −q1 to k, and the third term (k) corresponds to the emission
of a soft gluon of momentum k from the line flowing from q1 to q2. In pB gauge, only the contributions (2) and
(k) remains, and the overall Yang-Mills term is the sum of an eikonal emission of a real gluon and of a eikonal
virtual gluon contribution. It reads

YM⊥ = (2) + (k) = (−2 k · e+ 2 q
2
· e) = 2 q

1
· e (8.34)

for transverse polarization and
YM‖ = (2) + (k) = 2m−m = m (8.35)

for longitudinal polarization.
In an arbitrary gauge, from (8.28) and (8.32) one gets

Γ · ǫ =

[(
y − q21⊥ −m2

xs
2

)
pA +

(
x − q22⊥ −m2

ys
2

)
pB − (q1 + q2)⊥

]
· ǫ , (8.36)

which is readily gauge invariant and coincide with the FKL expression (32) of ref. [3] after the replacement
(y → −α1, x→ β2). This effective vertex satisfies the transversity property

k · Γ = 0. (8.37)

In the pB gauge, the overall result for the effective vertex is thus, combining (8.29), (8.30), (8.34), (8.35) or
using (8.36),

(λ = 1, 2) Γ · ǫλ =
∑

λ=1,2

(
2k · eλ

q2
1
+m2

k2 +m2
+ 2 q

1
· eλ

)

Γ · ǫ‖ = −2m
q2
1
+m2

k2 +m2
+m (8.38)
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which can be obtained, in this physical gauge, in a purely eikonal way as we have shown.
For completeness, we recall the expression of the contributions to the Lipatov effective vertex when emitting

octet scalars

Γ̃abc = gmdabc
q1

q2

k

a

b

c (8.39)

and singlet scalars

Γ̄ab = gm

√
2

N
δab

q1

q2

k

a

b

(8.40)

to be compared with the triple gluon contribution (8.32) after restoring the color factors:

Γabc · ǫ = g fabc [x pB + y pA − (q1 + q2)⊥] · ǫ
q1

q2

k

a

b

c (8.41)

8.4 The Odderon

In our presentation of kT−factorization in the previous section, we encountered the concept of signature. In
fact, the dominant contributions to the total cross sections of hadronic reactions are related to the Pomeron
(P) and to the Odderon (O) exchanges. While the Pomeron exchange having the quantum numbers of the
vacuum represents a dominant contribution to the sum of total cross sections for a given hadronic process and
its crossing counterpart which is even under crossing, the odderon exchange dominates the difference of these
two cross sections, which is odd under the crossing symmetry. Within Regge theory pomeron and odderon are
therefore natural partners. The importance of Odderon exchange for the phenomenology of hadronic reactions
was noted long ago [346] and was the subject of many investigations (for a review, see Ref. [347]). With the
advent of QCD, the theoretical status of the perturbative Odderon followed the development of the analogous
description of its Pomeron partner. Within QCD in LLx, the odderon appears as the color singlet exchange
of three gluons, which interactions are of a form very similar to the interactions of the two gluons forming the
pomeron. It is therefore not surprising that soon after the derivation of the BFKL equation for the pomeron
there was derived an analogous Bartels Jaroszewicz Kwiecinski Praszalowicz (BJKP) equation [348–351] for the
odderon. We will further consider this equation in Sec. 8.7.1 when discussing higher order corrections in relation
with unitarization of QCD.

8.5 LL BFKL Pomeron: limitations

The LLx BFKL Pomeron faces several limitations, inherent to the approximations on which it relies.
First, at LLx the scale s0 entering in the Y=ln s/s0 resummation is not fixed, and is somehow arbitrary at

this order.
Second, the running of the coupling constant and scale fixing of αS are not prescribed at LL, since their

effect is subleading.
Third, energy-momentum is not conserved in the BFKL approach (this remains at any order: NLLx, NNLLx,

...), while it is naturally implemented through the vanishing of the first moment of the splitting functions, in the
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usual collinear renormalisation group approach (à la DGLAP [55–58]). Indeed in this standard renormalization
group approach, one consider from the very beginning non local matrix elements. The energy-momentum tensor
corresponds to their first moment, which is protected against radiative corrections.

t
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(a) diffusion
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(b) "banana"
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t
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Figure 8.13: Diffusion along the BFKL ladder. Figure from Ref. [352].

Fourth, diffusion along the BFKL ladder spoils the IR safeness of the BFKL Pomeron: at fixed αS , there is a
gaussian diffusion of kT , with a cigar-like picture [353]. The more s increases, the larger is the broadness. Setting
t=lnQ2/Λ2

QCD (fixed from the probes) and t′=ln k2/Λ2
QCD (k2 ∼ −k2T = virtuality of an arbitrary exchanged

gluon along the chain), the typical width of the cigar is ∆t′ ∼ √αSY (Fig. 8.13a). The Non-Perturbative
domain is touched when ∆t′ ∼ √αSY ∼ t. In a simple running implementation, using a(t) = 1/(b t) (with
b = β0/(4Nc) = 11/12 when neglecting quarks in LLx), the border of the cigar touches NP for Y ∼ bt3

(b = 11/12) while the center of the cigar approaches NP when Y ∼ bt2 (”banana structure” of Fig. 8.13b). A
more involved treatment of LL BFKL with running coupling, which can qualitatively be more easily understood
in a collinear toy model [354], showed [355] that the cigare is “swallowed” by NP in the middle of the ladder
(Fig. 8.13c): one faces tunneling when Y ∼ t, meaning that IR safety is doubtful. Such a behaviour can be
interpreted as a transition [352] between a hard Pomeron regime and a soft Pomeron regime [356] à la Donnachie
and Landshoff. Unfortunately, this LLx based analysis showed that the window for which the hard Pomeron
could be seen is very narrow, if not zero, basically due to a rather large hard energy dependence of the hard
BFKL Pomeron. We will see bellow that there are in fact good reasons, based on higher order corrections
(which in practice reduce the value of the P intercept, in agreement with HERA data), to believe that this is
not true and that there exist a range where a BFKL Pomeron (not the LLx one) could be seen.

8.6 Higher order corrections

Higher order corrections to BFKL kernel are known at NLLx order (αS

∑
n(αS ln s)n series) [327, 357–359],

and have been recently extended to the non-forward case [360, 361]. Impact factors are known in some cases
at NLLx. The γ∗ → γ∗ impact factor has been computed at t = 0 [362–365] but only partial numerical results
have been obtained, which evaluate the effect of real corrections [366]. At the moment, this impact factor is not
in a form which could be of simple practical use. The forward jet production vertex has been also evaluated at
NLLx [367, 367] and is a building block for Mueller Navelet jets, for which we present in Sec. 9.1.1 a complete
NLLx evaluation. Finally, the γ∗ → ρ impact factor in the forward limit has been computed in Ref. [368]) and
was the basis of the first complete NLLx treatment.

The NLLx kernel leads to very large corrections with respect to LLx, and dramatically changes the LLx
predictions. The NLLx kernel, taken as it is, is larger than the leading order kernel, and for any reasonable
value of αs it is negative; the pomeron intercept becomes less than one for αs & 0.15. Furthermore it has two
complex conjugate saddle points which can lead to oscillating cross sections. The perturbative expansion of the
BFKL kernel is therefore highly unstable and far from converging. See Refs. [369–373] for a discussion of these
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problems.

The main part of these corrections can be obtained from a physical principle, based on a kinematical
constraint along the gluon ladder (which is subleading with respect to LL BFKL) [374–376]. The idea is to
take into account properly the fact that in the real part of the BFKL kernel, the virtuality of the t−channel
gluons exchanged along the ladder should be dominated by the transverse momentum squared. However it
is rather unclear whether this has anything to do with NLL correction: in principle this constraint would be
satisfied when including LLx+NLLx+NNLLx+NNNLLx+... . This constraint is more related to the improved
collinear resummed approaches (see bellow) for which the vanishing of the first moment of the splitting function
is natural.

The above perturbative instabilities occuring at NLLx order clearly require an improved scheme. Either one
can use a physical motivation to fix the scale of the coupling2: this is the basis of BLM scheme [191], applied
for the γ∗γ∗→X total cross-section [377, 378] and for the γ∗γ∗ → ρρ exclusive process [379, 380].

Another approach, to which we will refer as the collinear improved NLLx, was initiated by Salam and
then by Ciafaloni. This resummed approach is inspired by the compatibility with the usual renormalization
group approach3, and in particular with the fact that collinear renormalization group forbid the occurence of
logs of the collinear scale with higher powers than the coupling. For example in the total inclusive process
γ∗(Q1)γ

∗(Q2)→X, one includes both full DGLAP LLQ for Q1 ≫ Q2 and “anti-DGLAP” LLQ Q1 ≪ Q2, fixes
the relation between Y and s in a symmetric way compatible with DGLAP and implement the running of αS .
This approach leads to modified BFKL kernels4 χ(γ, ω) depending on both γ and ω. This form comes about
because of a resummation which removes unphysical double logarithms in the DGLAP and “anti-DGLAP” limits
where γ is close to 0 or 1 [369], and which resums logarithms from the running of the coupling [370, 371, 381].
This means that when performing the inverse Mellin transform in Eq.(8.2), the position of the pole in the ω
plane is determined by the equation

ω = ᾱsχ(γ, ω). (8.42)

One should note that these constraints do not fix completely the form of the modified BFKL kernel. It only
constraint the values of the residues of the double and triple poles at γ = 0 and γ = 1 . It turns out that the
kernel used in the Lund dipole model [375,376], which is an implementation of CCFM equation, leads to a kernel
which respect the collinear and anti collinear constraints introduced by Salam, and a reasonnable ansatz for
higher order correction of the type NNLLx, etc... Note that this ansatz is also equivalent to the improved LLx
BFKL kernel based on a kinematical constraint [374]. The implementation of these constraints at full NLLx
order is more involved [369–371,381]. We refer to these papers for details of the various scheme which have been
proposed. In Sec. 9.1.1, we will use in particular the scheme 3 of Salam when dealing with Mueller Navelet jets
at full NLLx order, which we will compare with full NLLx collinear improved resummation. Coming back to
the IR diffusion problem discussed in section 8.5, this scheme enlarges the validity of perturbative QCD, leading
to a larger domain in which linear perturbative Regge dynamics is expected.

A simplified version [382] of the Salam procedure at fixed αS results in performing in the LLx BFKL Green
function

1

k3k′3

∫
dω

2πi

∫
dγ

2πi

(
k2

k′2

)γ−1/2
eωY

ω − ω(γ)

the replacement ω − ω(γ)→ ω − ω(γ, ω). The ω integration is performed through contour closing around the
pole at ω = ω(γ, ω), and the γ integration is made using the saddle point approximation at large Y. This takes
into account the main NLL corrections, as discussed above (within 7 % accuracy), and implement the main
effects of the resummed scheme of Salam et al. We will use this simplified LLx implementation in Sec. 11.4.6.

To end this discussion, let us note that a similar approach based on the compatibility between ln 1/x and
lnQ2 resummations have been made starting from the lnQ2 resummation (instead of the ln 1/x resummation
starting point of Salam), after the introduction of a “duality“ principle in Ref. [383], which lead to a long series
of papers [384–392] based on this idea, including NLLx and running coupling effects. There is now an agreement
that the Salam et al. approach is equivalent to this later one.

2The running of the coupling constant should be implemented at NLLx, while the scale is fixed starting from NNLLx.
3See Ref. [372] where the basical ideas are explained in a very pedagogical manner.
4The discussion is most conveniently performed using the variable γ = 1

2
+ iν rather than ν.



8.7. NON-LINEAR REGIME AND SATURATION 235

8.7 Non-linear regime and saturation

Based on very general arguments as analyticity, crossing, causality and the fact that there is a gap in the
spectrum of states bounded by the strong force (the pion has a non zero mass), Froissart could etablish his
bound on the total hadron-hadron cross-section [393], which states that

σtot ≤ ln2 s , (8.43)

for asymptotically large s. Unitarity tells that for each impact parameter b, amplitudes should fulfil T (s, b) <
1. From the LLx QCD computation of the hard Pomeron exchange (8.7), this bound is clearly violated by
perturbation theory, and this remains true at NLLx order. Although strictly speaking valid only for hadronic
observables, and not for external virtual states such as γ∗, there is a common belief that it should be satisfied
within any reasonnable perturbative resummed scheme. This is the starting point of various lines of research,
which led to various unitarization and saturation models.

8.7.1 Generalized Leading Log Approximation

The Generalized Leading Log Approximation, taking into account any fixed number n of t-channel exchanged
reggeons, leads to the Bartels, Jaroszewicz, Kwiecinski, Praszalowicz equation [348–351], a 2-dimensional quan-
tum mechanical problem (time ∼ ln s) with n sites, where the space is the coordinate space of the t−channel
reggeons. This 2-dimensional space can be expressed as the product of an holomorphic and antiholomorphic
sector, and the elementary hamiltonian describing the interaction between two reggeons is holomorphically
separable [394, 395], which means that

Hij = H(zi, zj) +H(z̄i, z̄j). (8.44)

where zi,j and z̄i,j are the holomorphic and antiholomorphic coordinates of the reggeons. These hamiltonians
are globaly conformal invariant [394, 395], which means that they are invariant under Möbius transforms

zj −→ z
′

j =
azj + b

czj + d
, zj −→ z′j =

āz̄j + b

cz̄j + d
(8.45)

with ad− bc = ad− bc = 1. This global conformal invariance is an SL(2,C) invariance, to be distinguished from
the SL(2,R) encountered within collinear factorization (see Sec. 5.3.5). The whole hamiltonian describing the
evolution in rapidity of the n-reggeon state is the sum these hamiltonians

Hn = − α

2π

∑

i>j

Hijt
c
i t

c
j , (8.46)

where the generator tci in the adjoint representation acts tensorially in the color space of the Reggeon i. Ex-
plicitely, in the space i, (tc)ab = −iCcab.

The two corresponding holomorphic and antiholomorphic hamiltonian do not commute for arbitrary Nc, due
to the non-trivial color structure.

In the large Nc limit, this 2-dimensional quantum mechanical problem greatly simplifies. Indeed, in the ’t
Hooft limit the only remaining structures have the topology of a cylinder in color space, and the holomorphic
and antihomorphic sector decouples. Furthermore, the cylinder topology means that only nearest-neighbour
reggeons interact. Thus, the model can be viewed as two one-dimensional Schrödinger equations for n sites, with
periodic boundary conditions. It was then shown that these one-dimensional models are integrable models in
the large Nc limit [395–399]: they are identical to one of the XXX Heisenberg spin chain. This means that one
can construct a set of conserved operators which commutes with themselves and with this hamiltonian, relying
on the so-called Yang-Baxter equation. Although it is known to be integrable, the fact that its symmetry
group SL(2, C) (arising from the global invariance5) is non-compact makes the solution non-trivial. The usual
integrable models with a symmetry group as SU(2), like the usual XXX Heisenberg spin chain, the Ising model,
the Potts model, or the 6-vertex model have been studied in great details in the seventies, and their spectrum

5One can show that the Casimir of the conformal group is one of the conserved operators of the model.
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have been computed relying on the coordinate Bethe ansatz6 or its extension, the Algebraic Bethe ansatz. In
the case of non-compact groups, the situation is much harder, and the usual Bethe ansatz cannot be applied
directly (it leads to a sub-class of solution which are trivial). A more involved method, the Functionnal Bethe
ansatz, was successfully applied and lead to the solution of BJKP for arbitrary n. This means that the energy
spectrum could be computed, and thus the intercepts. In the case of n even, the bound states of t−channel
reggeons have the quantum numbers of the Pomeron P =C =+1, while for n odd, such bound states contribute
both to Pomeron and Odderon P =C =−1 exchange. For Odderon, αO < 1 [400–405]. When summing with
respect to n, it is is expected that the whole series, although divergent, could have a critival behaviour with an
Odderon intercept αO = 1. Howether, these bounds states decouples from Born impact factors. They couple
to photon impact factor only through non trivial color states, of multipole type, which are therefore suppressed
by 1/N2

c powers.

In contrast, it is possible to exhibit a critical solution (αO = 1) which couples to Born impact factors. These
peculiar solutions can be obtained either from the perturbative Regge approach [406] or from the dipole model,
as we have shown in Ref. [407]. Since they have a critical behaviour and couple to the Born impact factors, they
provide an interesting model when performing phenomenological studies of the odderon. Recent studies taking
into account the effect of the running coupling [408] or including higher BFKL effects (NLL, etc...) within the
collinear improved BFKL kernel discussed above [409] lead to an intercept which should remain one at any
order.

8.7.2 Extended Generalized Leading Log Approximation and Color Glass Con-
densate

In comparison with the previous approach, the Extended Generalized Leading Log Approximation [410–414],
in which the number of reggeon in t−channel is non conserved, satisfies full unitarity (in all sub-channel) and
is an effective 2-d field theory realizing the Gribov idea of Reggeon field theory [415] in QCD. A comprehensive
and pedagogical review of this approach can be found in Ref. [414].

In the framework of EGLLA, the simplest new building block (with singlet sub-channels) is the triple
Pomeron vertex [411–413,416]. Based on conformal properties allowing to relate this vertex to conformal block
of an underlying (still unknown) conformal field theory, and using bootstrap properties, an evaluation of this
vertex was possible [417]. This vertex contains two contributions: a planar one, and a non planar one, suppressed
by 1/N2

c with respect to the planar one. In turns out that when starting from the dipole side, thus restricting
to the planar contribution, and evaluating the corresponding 1→ 2 dipole kernel [418–420], the obtained planar
contribution was identical with the planar part of the triple Pomeron vertex of EGLLA.

This planar vertex led to the simplest version of a non-linear extension of the BFKL equation, the Balitski-
Kovchegov (BK) equation [421–424], [425,426], involving fan-diagrams (with singlet sub-channels). The Kovche-
gov approach relies on the Mueller dipole model, starting form the generating functionnal for dipoles. In the
Balitski method, the BK equation is a simplifed version of his shock-wave approach, an extensive generalization
of eikonal methods to QCD.

In these approaches, loops (in terms of Pomerons) corrections are unknown, and obtaining them would
be a major step. Another effective field theory approach has been developped separately [427–430], which
provides the necessary building block (reggeon-reggeon-gluon and 3-gluons vertices) necessary for the explicit
computation of any type of diagram. Despite this fact, the precise relation between this effective theory and the
EGLLA has not been clarified, and explicit applications of this effective field theory would be higly desirable.

Third, the multipomeron approach makes contact with AGK cutting rules [431] of pre-QCD. In the large Nc

limit, this is the dominant contribution when coupling to Born impact factors (leading with respect to BJKP),
and it leads to unitarization [432, 433].

Fourth, during the last decade, the Color Glass Condensate [434–442] and B-JIMWLK equation were elab-
orated (for a review, see Ref. [443]). Although technically rather different, they are both based on the idea
of emission of soft gluons by classical currents. Gluons carrying longitudinal momenta below a given scale are
treated though the usual eikonal emission of a fast moving source. The BFKL equation corresponds to the case
where the recoil of the source is neglected. Taking into account these recoil effects leads to non-linearities.

6One is looking, in the coordinate space x (of n dimension), for solutions which are linear combinations of plane waves of type
eik·x .
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More precisely, these effective field theory are based on the scattering picture of a probe off the field of a
source, which is treated through a renormalisation group equation with respect to a longitudinal scale, with an
explicit integration out of modes below this scale. The approach of Balitski [421–424] relies on the scattering of
Wilson loops and computation of interaction of one loop with the field of the other (related to the eikonal phase
approach à la Nachtmann). Note that within the dipole model, a similar approach, based on the computation
of the scattering phase of a dipole in the field emmited by a fast moving object (ivolving color sturtures as well
as multicolor states), was suggested in Ref. [444]. Recently, this shock wave approach provided an alternative
computation of the NLLx BFKL kernel with respect to the usual bootstrap approach.

The BK equation is a simplified version of the B-JIMWLK equation, corresponding to the mean field
approximation: one neglect any multi-particle correlation except the two gluon one. There is at the moment
no clear one-to-one correspondence between EGLLA and CGC, except in the peculiar BK limiting case. Loops
(in terms of Pomerons) corrections are also unknown. Toy models in 1+0 dimensions are under developpement
(Reggeon field theory) to understand these corrections.

Starting from the BK equation, Munier and Peschanski exhibited very interesting links between saturation
models and statistical physics (reaction-diffusion models of the FKPP class) [445–448]. These models provide a
saturation scaleQs(Y ) growing with Y : above this scale the scattering amplitude T is small (color transparency),
and below it saturates. See [449] for a recent review. This reduces the contribution of gluons with k2 < Q2

s and
may solve the IR diffusion problem.

8.7.3 Saturation and geometrical scaling

From the phenomenological side, these developments were considered as rather formal since both BFKL of
DGLAP evolution could describe the data, without appealing for non-linear contributions responsible for a
saturation of parton growth. A carreful analysis of HERA data in fact revealed, when combining xBj and Q2 in

term of a single variable τ and plotting the σγ∗p
tot data as a function of this τ that a curve occured, with almost no

spreading [450]. Golec-Biernat and Wüsthoff (GBW) then introduced a dipole model [451, 452] for describing
the total γ∗p cross-section [451] as well as diffractive events [452]. The basic idea is to describe the γ∗ − p
interaction at small xBj as the scattering of a qq̄ pair (a dipole, which is also the starting point in Mueller’s
onium approach), formed long before the scattering off the proton (in a non-symetric frame where the nucleon
is at rest). This initial dipole is characterized by a transverse size r and by a relative fraction of longitudinal
momentum carried by the quark and the antiquark. One should then parametrize the dipole-nucleon scattering
cross-section. The total cross-section can be expressed as (here r = |r|)

σT,L(x,Q
2) =

∫
d 2r

∫ 1

0

dα |ΨT,L (α, r)|2 σ̂ (x, r2) , (8.47)

where ΨT,L is the photon wave function for the transverse (T ) and longitudinally polarized (L) photons, which
can be expressed in terms of Bessel functions. One then use an effective description of the saturation dynam-
ics, implemented in a simple fonctional form of the effective dipole cross section σ̂(x, r) which describes the
interaction of the qq̄ dipole with a nucleon:

σ̂(x, r2) = σ0

{
1 − exp

(
− r2

4R2
0(x)

)}
, (8.48)

where the x-dependent radius R0 is given by

R0(x) =
1

GeV

(
x

x0

)λ/2

. (8.49)

From the fact the squared wave functions are peaked at r ∼ 2/Q , on gets a usual linear perturbative description
in the regime r ≪ R0 . In that limit the dipole cross-section scales like r2 , a typical behaviour for color-
transparency. This is for example what is obtained when computing the dipole-dipole scattering through a two
gluon exchange (which form just comes out of an eikonal treatment [336]), when considering a nucleon probe
made itself of dipoles. The power-like behaviour of R0(x) is inspired by the hard Pomeron description of the
HERA data in the linear regime, obtained within the Mueller dipole model when dressing by small-x gluon
emissions à la BFKL (dipoles in Mueller approach) the initial qq̄ dipole.
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On the other hand, when r gets larger, of the order of 2R0 , the cross-section saturates, with for small Q2 a
maximal value which equals σ0 . The critical saturation line is thus given by Q = Qs(x) with

Qs(x) = 1/R0(x) . (8.50)

To get the geometric scaling prediction, one should note that the non-trivial functional dependency of the γ∗

wave function is completely expressed as a shape in the dimensionless variable r̄ ≡ |r|Q . In this variable, the
dipole cross-section (8.48) has now the functional form

σ̂

(
Q2

s(x)

Q2
r̄2
)

(8.51)

after using the saturation scale (8.50). Combining Eqs.(8.51) and (8.47), it is now clear that the functional form
of the dipole cross-section (8.48) remains intact after the perturbative dressing due to the γ∗ wave function.
One can therefore expect the geometric scaling of the total cross-section at small x :

σγ∗p→X
tot (x,Q2) = σγ∗p→X

tot (τ) , τ = Q2/Q2
s(x) . (8.52)

with Qs(x) given by

Qs(x) = Q0 ( xx0)
−λ/2

, Q0 ≡ 1GeV (8.53)

and the parameters λ=0.288 and x0=3.04 10−4 . Note that the value of λ is the typical order of magnitude of the
Pomeron intercept (minus one) measured at HERA. This saturation model was further extended by including
the effect of DGLAP evolution [454]. This can be done by replacing in the dipole cross-section σ̂(x, r2) the
elementary r2 dipole-dipole cross-section valid in the color transparency regime by a more elaborate cross-section
which include DGLAP evolution through the gluon density entering the scattering off the dipole.

In Ref. [453], a compilation of all available data [455–459] for F2 as been used, leading to an almost perfect
agreement with geometric scaling, as shown in Fig. 8.14.

This geometrical scaling is the feature of a non-linear evolution, which BK equation can generate. Although
strictly speaking geometric scaling does not imply saturation, it is a manifestation of saturation, which is difficult
to get without a cross-section which would saturate, and lead to a stronger motivation for studying saturation
and unitarization effects in QCD through perturbative approaches.

Another sign of the saturation effect was presented in Ref. [460] were a model, in the spirit of GBW, was
constructed inspired by the BK equation, smoothly interpolating between the saturated regime and the linear
regime. This model was able to describe the most recent very precise F2 data [455–457] in the moderate domain
of Q2, explicitely exhibiting a need for saturation effects at small x and small Q2 in comparison with a pure
linear evolution à la BFKL.

Geometrical scaling can be extended at each impact parameter b, as we have shown in Ref. [461]. The idea
of a b−dependent saturation scale is due to Mueller [462], while a b−dependent S−matrix for dipole-proton
scattering was studied for diffractive meson electroproduction in Ref. [463]. We consider here the idealized
process of scattering of a dipole of size 1/Q off a dipole of size 1/Λ . Λ and Q are fixed momentum scales,
which are taken in the perturbative region in the following discussion, and the ordering Q > Λ is assumed. We
suppose that b is larger than the sizes of the initial-state dipoles: b≫ 1/Q, 1/Λ. The Mellin representation of
the solution of the BFKL equation then reads [336, 464]

Ad(y,Q, b) =
1

2

1

Q2Λ2b4

∫
dγ

2iπ
(1−2γ) v(γ)

(
16b2QΛ

)2γ
eᾱsyχ(γ) , (8.54)

where as usual the integration goes over a line in the complex plane parallel to the imaginary axis and inter-
secting the real axis between 0 and 1 and where the function v(γ)=α2

s/(16γ
2(1−γ)2) is the Mellin transform

of the elementary dipole-dipole elastic amplitude with respect to the ratio of their sizes, with appropriate
normalization. Applying the stepest-descent method to the impact parameter dependent amplitude (8.54) gives

Ad(y,Q, b) =
128πα2

s

(πa2y)3/2
log(16b2QΛ) exp

{
ωy − log(16b2QΛ)− 1

a2y
log2(16b2QΛ)

}
. (8.55)

The saturation scale is then defined by the scale Q=Qs for which this amplitude is of order 1, the saturation
scale Qs being given by

Q2
s(y, b) =

1

256Λ2b4
exp(λy) . (8.56)
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Figure 8.14: γ∗− p total cross section based on the whole data set of DIS data in the low-x regime plotted as a
function of a single scaling variable τ = Q2/Q2

s(x) . Geometrical scaling is the fact that all data follow a single
curve, although they depend a priori on to variables: x and Q2 . Figure from Ref. [453].

In the regime where Q/Qs is sufficently close to Λ , the amplitude can then be expressed as a function of Q and
Qs only:

Ad(Q,Qs(y, b)) =
64α2

s√
πa2y0

(2γ−1)
(
Q2

s(y, b)

Q2

)γ

, (8.57)

where the saturation scale now depends on the impact parameter b. Thus we see that the amplitude for each
impact parameter is a function of the ratio of the inverse size of the projectile and of the local saturation scale.
In fact, the form (8.56) presumably assume to much perturbative control, though the non-perturbative tail is
probably important. Including non-perturbative effects, the b dependence of Qs becomes exponential. This
does not change dramatically the conclusion on the possibility of seeing local geometrical scaling in some range
in b .

A former analysis [463] has already shown the relevance of impact parameter dependent analysis in the
discussion of saturation. There, the S-matrix element for dipole-proton scattering at fixed impact parameter
was extracted from diffractive electro-production of vector mesons at HERA. This quantity can be interpreted
as a transparency coefficient, and thus quantifies the “blackness” of the proton as seen by the projectile. Such
kind of analysis is always model-dependent, since to get the correct normalization of the S-matrix element,
one has to rely on an ad hoc model for the final-state vector meson. Although it was shown in Ref. [463] that
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requiring that the initial state be a longitudinal photon limits the model-dependence, an estimated uncertainty
of 20% was still recognized. However, dependence of the cross section on a scaling variable can be tested in a
model-independent way.

The scattering amplitude at fixed impact parameter can be extracted from differential cross sections for high
energy quasi-elastic processes by a Fourier transform with respect to the momentum transfer. By quasi-elastic
we mean that the initial and final states have the same number of particles. In practice, the process we are
thinking of will be diffractive electroproduction of vector mesons.

Let us consider such a quasi-elastic process. Its amplitude A is related to the differential cross section
through the formula

dσ

dt
=

1

16π
|A(t)|2 , (8.58)

where t is the usual Mandelstam variable and all other dependencies have been omitted. At high energies, it
is well-known that the scattering amplitude is essentially imaginary. A Fourier transform of the square root of
the differential cross section with respect to the two-dimensional momentum transfer then gives the scattering
amplitude for a fixed impact parameter. More specifically, one writes

A(b) =
∣∣∣∣∣
√
π

∫ 0

−∞
dt J0(b

√
|t|)
√
dσ

dt

∣∣∣∣∣ , (8.59)

where J0 is a Bessel function. This is the formula we will use to extract the b-dependent amplitude from
the data. In the case of electroproduction of vector mesons, at high energy, the photon splits into a dipole
which scatters off the proton before recombining into a meson. This picture is the Fourier conjugate picture
of the collinear factorization studied in Chap. 5. According to this picture, the scattering amplitude A is the
convolution of the photon wave function ψγ∗ , the meson wave-function ψV and the dipole amplitude Ad:

A(y,Q, b) =
∫
d2r ψ†γ∗(r,Q)⊗ ψV (r) · Ad(y, 1/r, b) . (8.60)

Due to the fact that the product of the wave functions ψ†γ∗⊗ψV is peaked around a typical dipole size depending
only on the external transverse momentum scales, the scaling of the dipole amplitude Ad (see Eqs.(8.57)) is
transmitted to the photon-proton amplitude Ael. As it is well-known from both empirical tests [465, 466] and
experimental [467] studies, the relevant distance scale at the photon-meson vertex is a combination of the photon

virtuality Q and of the meson massM , namely 1/
√
Q2+M2 instead of 1/Q as in the case of inclusive scattering.

We then obtain from Eqs.(8.56), and (8.57) that the amplitude Ael should be a function of the scaling variable
τ=(Q2+M2)(x/x0)

λ only.
To check this statement, we applied the transformation (8.59) to the HERA data [305, 468] on electropro-

duction of ρ0 vector mesons, where the total cross section as well as the logarithmic t-slope B were quoted. The
data can then be represented by the parametrization

dσ

dt
= Bσ · e−B|t| , (8.61)

up to |t| of the order of |tmax| = 1 GeV2, which corresponds to the range in which data have been collected.
The scattering amplitude at each impact parameter reads

A(y,Q, b) = √π
∣∣∣∣∣

∫ 0

−|tmax|
dt J0(b

√
|t|)
√
Bσ · e−B|t|/2 +

∫ −|tmax|

−∞
dt J0(b

√
|t|)
√
dσ

dt

∣∣∣∣∣

≃ √π
∣∣∣∣
∫ 0

−∞
dt J0(b

√
|t|)
√
Bσ · e−B|t|/2

∣∣∣∣ = 2

√
πσ

B
e−b

2/2B .

(8.62)

The experimental points range from Q2 = 0.47 to 27 GeV2 and W = 23.4 to 150 GeV. Due to the lack of data
for the slope B for all values of Q2 and W , we assumed

B(Q,W ) = 0.6 ·
(

14

(Q2 +M2)0.26
+ 1

)
+ 4α′ log(W/75) , (8.63)
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all quantities appearing in the previous formula being expressed in powers of 1 GeV. The parametrization (8.63)
at W = 75 GeV is taken from [469]. A logarithmic energy dependence has been added according to the
Donnachie-Landshoff parametrization for the soft Pomeron. We set the Regge slope α′ to the value 0.25 which
is measured in hadron-hadron cross sections. The results on Fig.8.15 are consistent with “local” geometric
scaling within uncertainties. Although the kinematical range of the data is not very large, scaling is a non-
trivial feature since data points of different Q and W overlap.

Further development based on numerical solution of BK equation in the non forward limit [470] or relying
on the traveling waves analysis inspired by statistical physics [471] allowed to push further our analysis. In
particular an analysis, this time in the t Mandelstam variable, led to a possible local dependency of the scaling
variable on t. Comparison with HERA data seemed to support this idea [472].

8.8 Onium-onium scattering as a gold plated experiment: γ(∗)γ(∗) at
colliders

This theoretical introduction to QCD in the perturbative Regge limit shows explicitely in what kind of physical
of processes one may have a look to test this peculiar dynamics, and thus to the observables which should be
of interest.

First, these observables should be free of IR divergencies, and as less as possible sensitive to the non-
perturbative content of QCD. This can be achieved by selecting external or internal probes with transverse sizes
≪ 1/ΛQCD (hard γ∗, heavy meson (J/Ψ, Υ), energetic forward jets) or by choosing large t in order to provide
the hard scale.

Second, they should be governed by the ”soft” perturbative dynamics of QCD (BFKL) and not by its
collinear dynamics (DGLAP-ERBL): probes should have comparable transverse sizes. One should therefore
select semi-hard processes with s≫ p2T i ≫ Λ2

QCD where p2T i are typical transverse scale, all of the same order.
Third, they should allow control of kT−spreading, that is the transition from linear to non-linear (saturated

regime), meaning the possibility of varying s for fixed transverse size of the probes.
Finally, they should give access both to forward (i.e. inclusive) and non-forward (i.e. exclusive processes)

dynamics, both testing linear and non-linear regimes.
γ(∗)γ(∗) scattering satisfies all these requirements. This type of process, already illustrated in Fig. 8.1, is

among the one to be discussed in the next chapter.
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Figure 8.15: Amplitude for 3 different impact parameters as a function of the scaling variable. The dotted
contours indicate a rough estimate of the total uncertainty due to experimental error on both the total cross
section σ and the slope B, see Ref. [461]. The data points are derived from H1 [468] and ZEUS [305] analysis of
diffractive production of ρ0 mesons. The error bars shown take into account the uncertainty on the measurement
of the total cross section only.



Chapter 9

Inclusive and Exclusive tests of BFKL
dynamics

Many proposals and tests have been made in order to reveal the dynamics of QCD in the perturbative Regge
limit. As we have shown in the previous chapter, the best place for such tests is in principle provided by
onium-onium scattering, corresponding to γ∗γ∗ processes at e+e− colliders. Nethertheless, many valuable tests
can be performed in other colliders, which we will first discuss.

9.1 Hadron-hadron colliders

At high energy hadron colliders like Tevatron or LHC, tests are feasible, when using specific processes involving
hard jets in order to justify the applicability of perturbative QCD. Jet reconstruction is by itself a very non-
trivial problem, involving jet algorithms (cone and kt are the most popular one) whose implementation will not
discuss here. It will be enough for us to know that a jet can basically be described in terms of its pseudo-rapidity,
its transverse energy and its azimutal angle, which can be related to standard variables of a theoretician [473].

The pseudo-rapidity of a particle is defined by

η = − ln tan
θ

2
(9.1)

where θ is the angle between the particle momentum ~p and the beam, or equivalently, by trivial trigonometric
transformations,

ch η =
1

sin θ
. (9.2)

This can be equivalently written in terms of the momentum of the particle as

η =
1

2
ln
|~p |+ pL
|~p | − pL

(9.3)

where pL is the ~p component along the beam axis, as can be seen easily by combining the relation tan(θ/2) =
(sin θ)/(1 + cos θ) with cos θ = pL/|~p|. In most practical cases, the mass of the particle can be neglected, and
the pseudo-rapidity then equals the rapidity defined by

y =
1

2
ln
E + pL
E − pL

=
1

2
ln
p+
p−

, (9.4)

which we already used within our discussion of the BFKL equation. From the fact that Eq.(9.4) is equivalent
to

th y =
pL
E

(9.5)

the name of rapidity is clear, since it equals the usual rapidity used to parametrize the longitudinal boost:

(ET , pT , 0) −→ (E, pT , pL) (9.6)

243
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where ET =
√
m2 + p2T (also usually called transverse mass, and denoted mT in the litterature), with the boost

E = chyET (9.7)

pL = shyET . (9.8)

One can thus write, from the fact that cos θ = th η ,

ET = E sin θ (9.9)

pL = |~p | th η ∼ E cos θ , (9.10)

where the last approximation is valid in the zero mass limit. The relation between “experimentally oriented”
variables and “theoretically oriented” variables at the cross-section level is obtained from the straightforward
expression of the jacobian, giving

dσ

dE dθ
=

dσ

dET dη
. (9.11)

Note that the difference in the rapidity of two particles is independent of Lorentz boosts along the beam
axis. Indeed, in terms of the light-cone variables

p± =
1√
2
(E ± pL) ,

a Lorentz transform along the beam axis reads

p′+ = eφ p+

p′− = e−φ p− . (9.12)

Thus, the rapidity transforms as

y′ = y + φ (9.13)

which shows that the relative rapidity is unchanged. In hadron collider physics, the rapidity (or pseudorapidity)
is widely used, instead of the polar angle θ, due to the famous rapidity plateau which states that particle
production is almost constant as a function of rapidity.

In the case where a parton carries a + momentum defined to be a fraction x of the momentum of the
incoming hadron (for which the mass is neglected), of momentum

P+ ≡ pH1 + =

√
s

2
, (9.14)

i.e.
k+ = xP+ (9.15)

the rapidity (9.4) has a very simple expression. Indeed, from the on-shell condition

2k+k− − k2 = 0 (9.16)

one deduces

y =
1

2
ln

2k2+

k2
=

1

2
ln

2 s
2x

2

k2
=

1

2
ln

(
x
√
s

k2

)2

(9.17)

and thus

y = ln
x
√
s

k
. (9.18)



9.1. HADRON-HADRON COLLIDERS 245

9.1.1 Mueller-Navelet jets

This test of BFKL is based on the measure for two jets at large pT (hard scale), such that s ≫ p2 ≫ Λ2
QCD,

separated by a large rapidity ∆η, including possible activity between the two observed jets, as illustrated in
Fig. 9.1. The idea is to consider two jets of similar pT in order to minimize the effect of collinear resummation
[474]. From a lowest order treatment it is clear that these two jets should be almost back-to-back, in the very
forward and very backward regions.

On the other hand, the large value of ∆η = ln(s/p2) should examplify the effect of BFKL dynamics, due
to possible emission of gluons between them (thus the Pomeron contributes there at t = 0 at the level of
the cross-section), leading to enhanced terms which sums up as

∑
(αs∆η)

n (LL), αs

∑
(αs∆η)

n (NLL), etc...,
leading to a power–like rise for the cross section. However, to realize this growth as a manifestation of multi–
Regge kinematics is very difficult since it is drastically damped by the behavior of the parton distribution
functions (PDFs) when x → 1. A possible way out is to fix the PDFs and to vary the center–of–mass energy
of the hadron collider itself, and thereby vary the rapidity difference, ∆η, between the two tagged jets. BFKL
predicts a behavior of the cross sections of the form σ ∼ exp (α− 1)Y /

√
Y with α being the intercept. The

D∅ collaboration analyzed data taken at the Tevatron pp̄–collider from two periods of measurement at different
energies

√
s = 630 and 1800 GeV. The ratio of the two dijet cross-sections measured at these two different

energies can then be expected to be almost PDF-independent. From these they extracted an intercept of
1.65± .07 [475], an higher value than the LL BFKL prediction, which for typical kinematics of D∅ experiment
should rather give an intercept of 1.45. It has been argued [476] that the exact experimental and theoretical
definitions of the cross sections disagreed making the interpretation of the results cumbersome. Moreover, this
experimental measurement of the intercept only relies on two data points, which is probably not enough to
constraint this measure.

Beside the cross section a more exclusive observable within this process drew the attention, namely the
azimuthal correlation between these jets [477,478]. The signal of a BFKL dynamics is a decorrelation of relative
azimutal angle between emitted jets when increasing ∆η. Indeed, while a LLQ DGLAP evolution would imply
that the two jets would be emitted back-to-back, the fact that more and more (untagged) gluons can be emitted
between them when increasing their relative rapidity should lead to a decorrelation of this relative azimutal
angle. Studies were made at LLx [477–479], which overestimates this decorrelation by far. A better agreement
with the data [475] could be obtained in the LLx scenario using an event generator which takes into account
in a exact way the energy-momentum conservation, which is a subleading effect in pure BFKL approach [480].
On the other hand, the (kinematical) modified LLx BFKL approach [481] (see section 8.6), again based on LLx
jet vertices, could also provide some better agreement with the data.

At the same time, an exact fixed NLLQ (α3
s) Monte Carlo calculation using the program JETRAD [482]

lead to a too low estimate of the decorrelation, while the Monte Carlo program HERWIG [483], also based on
NLLQ à la DGLAP was in perfect agreement with the data. It should be noted that this last treatment includes
some Sudakov resummation effects, which might be important. The inclusion of such effects within a BFKL
approach in an open problem which might be of interest fo phenomenology.

Starting from first principle from the point of view of Regge and Quasi-multi-Regge kinematics, NLLx
[484, 485] and collinear resummed NLLx [486] studies (with LL jet vertices, playing there the role of impact
factors) have been performed, improving the situation with respect to pure LLx BFKL, but still leading to a
much stronger decorrelation than the one seen by the data. There is at the moment a general belief that the
effect of NLLx corrections are important mainly for the Green function, and not for the impact factors. We will
show, based on a full NLLx order analysis [487], that this is not true, and that the inclusion of NLLx jets vertices
first stabilizes the cross-section when varying the various parameters (PDFs, renormalization/factorization scale,
choice of s0 scale), leads to a cross-section which has a shape much closer to NLLQ DGLAP type of evolution,
and last, that the decorrelation is much weaker, although still rather unstable at this NLLx order treatment.
Last, we will investigate the effect of the improved collinear resummation and find a rather minor change in
our above conclusions. Technical details of the numerical implementation as well as very detailled curves and
tables can be found in Ref. [487].

Let us briefly give a general picture of the dynamical picture of the process before entering with more detail
the full NLLx description which we have obtained. The Mueller–Navelet jets lie at the interface of collinear
factorization and BFKL dynamics at a semi-inclusive level (the interface with collinear factorization and BFKL
dynamics within exclusive processes will be studied later in this chapter). The partons emitted from the hadrons
carry large longitudinal momentum fractions and, after scattering off each other, they produce the two tagged
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Figure 9.1: kinematics

jets. Due to their large transverse momentum, these jets enforce the partons to be hard and thus to obey
collinear factorization. In particular, their scale dependence is governed by the DGLAP evolution equations.
Between the jets, on the other hand, we require a large rapidity difference. Therefore, the hadronic cross section
factorizes into two usual collinear PDFs convoluted with the partonic cross section, described within the BFKL
approach. Thus, from the point of view of the partonic cross section, the incoming partons are treated as
on–shell and collinear to the incident hadrons.

LLx calculation

The kinematic setup is schematically shown in Fig. 9.1. The two hadrons collide at a center of mass energy s
producing two very forward jets, the transverse momenta of the jets are labeled by Euclidean two dimensional
vectors1 kJ,1 and kJ,2, while their azimuthal angles are noted as φJ,1 and φJ,2. We will denote the rapidities of
the jets by yJ,1 and yJ,2.

At any real experiment transverse momenta as well as rapidities are measured within certain intervals. A
proper theoretical calculation should take this into account and integrate |kJ,i| and yJ,i over the according
interval. However, since at the LHC the binning in rapidity and in transverse momentum will be quite narrow
[488], we consider the case of fixed rapidities and transverse momenta.

Due to the large longitudinal momentum fractions xJ,1 and xJ,2 of the forward jets, collinear factorization
holds and the differential cross section can be written as

dσ

d|kJ,1| d|kJ,2| dyJ,1 dyJ,2
=
∑

a,b

∫ 1

0

dx1

∫ 1

0

dx2 fa(x1)fb(x2)
dσ̂ab

d|kJ,1| d|kJ,2| dyJ,1 dyJ,2
, (9.19)

where fa,b are the standard parton distribution functions (PDFs) of a parton a (b) in the according proton.
They depend furthermore on the renormalization scale µR and the factorization scale µF .

The partonic cross section at lowest order in the collinear factorization approach would just be described
by simple two-to-two scattering processes as they are discussed in standard text books. However, the necessary
resummation of logarithmically enhanced contributions calls for a description of the partonic cross section in
kT -factorization:

dσ̂ab
d|kJ,1| d|kJ,2| dyJ,1 dyJ,2

=

∫
dφJ,1 dφJ,2

∫
d2k1 d

2k2 Va(−k1, x1)G(k1,k2, ŝ)Vb(k2, x2), (9.20)

1This notation is identical with the notation k used in other chapters.
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where G is the BFKL Green’s function depending on ŝ = x1x2s, and the jet vertex V at lowest order reads [367,
489]:

V (0)
a (k, x) =h(0)a (k)S(2)J (k;x) where h(0)a (k) =

αs√
2

CA/F

k2
(9.21)

S(2)J (k;x) =δ
(
1− xJ

x

)
|kJ |δ(2)(k− kJ ) . (9.22)

In the definition of h
(0)
a , CA = Nc = 3 is to be used for initial gluon and CF = (N2

c − 1)/(2Nc) = 4/3 for initial
quark. Following the notation of Ref. [367, 489], the dependence of V on the jet variables is implicit.

Combining the PDFs with the jet vertices we now write

dσ

d|kJ,1| d|kJ,2| dyJ,1 dyJ,2
=

∫
dφJ,1 dφJ,2

∫
d2k1 d

2k2 Φ(kJ,1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ,2, xJ,2,k2) , (9.23)

where

Φ(kJ,2, xJ,2,k2) =

∫
dx2 f(x2)V (k2, x2) . (9.24)

These Φ are no longer impact factors in the classical sense as they depend, after the convolution in x with the
PDF, on the total energy s. In the ‘pure’ BFKL formula of Eq. (9.20) the longitudinal momentum fractions xi
were just some external parameter and the vertices V would not depend on ŝ nor on s.

In respect of the azimuthal decorrelation we want to investigate later, it is useful to define the following
coefficients:

Cm ≡
∫

dφJ,1 dφJ,2 cos
(
m(φJ,1 − φJ,2 − π)

) ∫
d2k1 d

2k2 Φ(kJ,1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ,2, xJ,2,k2). (9.25)

Knowing these coefficients, one can easily obtain the differential cross section

dσ

d|kJ,1| d|kJ,2| dyJ,1 dyJ,2
= C0, (9.26)

and the following measure of azimuthal decorrelation

〈cos(mϕ)〉 ≡ 〈cos
(
m(φJ,1 − φJ,2 − π)

)
〉 = CmC0

. (9.27)

By decomposing Φ in terms of the LLx-BFKL eigenfunctions

En,ν(k1) =
1

π
√
2

(
k2
1

)iν− 1
2 einφ1 , (9.28)

we can reduce the number of final integrations. To this purpose we define the intermediate coefficients

Ĉ(1)
n1,ν1(kJ,1, xJ,1) =

∫
d2k1 Φ(kJ,1, xJ,1,−k1)En1,ν1(k1)

=(−1)n1

∫
d2k′Φ(kJ,1, xJ,1k

′)En1,ν1(k
′) (9.29)

Ĉ(2)
n2,ν2(kJ,2, xJ,2) =

∫
d2k2 Φ(kJ,2, xJ,2,k2)E

∗
n2,ν2(k2), (9.30)

and make use of the following relations between different representations of the BFKL Green’s function intro-
ducing the – at LLx arbitrary – scale s0:

G(k1,k2, ŝ) =

∫
dω

2πi
Gω(k1,k2)

(
ŝ

s0

)ω

(9.31)

Gn1,n2,ν1,ν2;ω =

∫
d2k1

∫
d2k2 E

∗
n1,ν1(k1)Gω(k1,k2)En2,ν2(k2)

=
1

ω − ω(n1, ν1)
δn1,n2δ(ν1 − ν2), (9.32)
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where ω(n1, ν1) is given by the LLx eigenvalue of the BFKL equation, which extends Eq. (8.5) for arbitrary n
values, namely

ω(n, ν) =ᾱsχ0

(
|n|, 1

2
+ iν

)
(9.33)

χ0(n, γ) =2Ψ(1)−Ψ
(
γ +

n

2

)
−Ψ

(
1− γ +

n

2

)
, (9.34)

with Ψ(x) = Γ′(x)/Γ(x), and ᾱs = Ncαs/π as usual.
With these new definitions we can write Eq. (9.25) as:

Cm ≡
∑

n

∫
dν

∫
dφJ,1 dφJ,2 Ĉ

(1)
n,ν(kJ,1, xJ,1)

(
ŝ

s0

)ω(n,ν)

Ĉ(2)
n,ν(kJ,2, xJ,2) cos(mϕ)

=(−1)m
∑

n

∫
dν

(
ŝ

s0

)ω(n,ν)
[(∫

dφJ,1 cos(mφJ,1)Ĉ
(1)
n,ν(kJ,1, xJ,1)

)(∫
dφJ,2 cos(mφJ,2)Ĉ

(2)
n,ν(kJ,2, xJ,2)

)

+

(∫
dφJ,1 sin(mφJ,1)Ĉ

(1)
n,ν(kJ,1, xJ,1)

)(∫
dφJ,2 sin(mφJ,2)Ĉ

(2)
n,ν(kJ,2, xJ,2)

)]
(9.35)

After a little bit of simple algebra we end up with

Cm = (4− 3δm,0)

∫
dν Cm,ν(|kJ,1|, xJ,1)C∗m,ν(|kJ,2|, xJ,2)

(
ŝ

s0

)ω(m,ν)

. (9.36)

Here we have defined

Cm,ν(|kJ |, xJ ) =
∫

dφJ d2kdx f(x)V (k, x)Em,ν (k) cos(mφJ ). (9.37)

The origin of the factor (4 − 3δm,0) in Eq. (9.36) is twofold. Firstly the integration over φJ leads to a δm,|n|.
Secondly when using the addition formula for cos(mϕ) to disentangle φJ,1 and φJ,2 also coefficients with sine
instead of cosine are generated. While for m = 0 they vanish, for m 6= 0 they give the same contribution as
those with the cosine.

Inserting Eq. (9.21) into Eq. (9.37) we obtain for the LLx Mueller Navelet jet vertices in conformal space

C(LLx)
m,ν (|kJ |, xJ ) =

αsCA/F

2

(
k2
J

)iν−1
xJfa(xJ )(1 + δm,0). (9.38)

It is worth to note, that C
(LLx)
m,ν depends on m only in a trivial way (1 + δm,0) such that the azimuthal

correlations (9.27) do not depend on the PDFs at all. In the following section we will see, that this changes
when one takes into account the NLLx corrections to the jet vertices.

NLLx calculation

The master formulae of the LLx calculation (9.36, 9.37) will also be used for the NLLx calculation. Even
though the vertices do not simplify as drastically as in the LLx case, we gain the possibility to calculate for a
limited number of m the coefficients Cm,ν as universal grids in ν. In transverse momentum space one would
need a two dimensional grid. Moreover, at NLLx there are some contributions with an additional transverse
momentum integration, such that some contributions would be analytic functions in e.g. k1 while other would
be proportional to distributions like δ(2)(k1 − kJ,1).

Strong coupling, renormalization scheme and PDFs at NLLx

Based on the MS renormalization scheme, we use the MSTW 2008 PDFs [490] and the two-loop strong
coupling in the following form:

αs(µ
2
R) =

1

b0L

(
1 +

b1
b20

lnL

L

)
, (9.39)
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with L = lnµ2
R/Λ

2
QCD, and

b0 =
33− 2Nf

12π
, b1 =

153− 19Nf

24π2
. (9.40)

In the following αs or ᾱs without argument is to be understood as αs(µ
2
R) or ᾱs(µ

2
R) respectively. Since in the

MSTW 2008 PDFs µR and µF are set to be equal, for a consistent calculation we are forced to perform this
identification throughout the whole calculation as well.

Jet vertices at NLLx

To calculate the coefficients Cm,ν (9.37) at NLLx level, we take for Va(k, x) instead of just the LLx result
V (0)(k, x) (9.21) the full NLLx vertex

Va(k, x) = V (0)
a (k, x) + αsV

(1)
a (k, x). (9.41)

The matrix elements needed to calculate the Mueller Navelet jet vertex at next to leading order – namely the
partonic 2 → 3 process at tree level and the partonic 2 → 2 process at one loop level – are known since long
time. The separation of collinear singularities (to be absorbed by renormalized PDFs) from the BFKL large
logarithms in s was performed by Bartels, Vacca and Colferai [367, 489], in terms of a generic and infrared-
safe jet algorithm. In this work, we shall apply such procedure to a concrete jet algorithm, namely the cone
algorithm, as will be explained below.

We will build on the results obtained in Ref. [367, 489] using their notation as well. In detail, we perform
a slightly different collinear subtraction in the terms where an integrated transverse momentum (l) is rescaled
by some longitudinal momentum fraction: we rescale the cutoff parameter Λ = µF accordingly. This variant
does not change the singular terms, and all the discussion of the arrangement of divergences and subtractions
remains unchanged. However the finite part of the subtraction changes such that beside the cutoff functions

also the ‘virtual’ part of the vertex changes, e.g. the term proportional to
(

ln(1−z)
1−z

)
+
vanishes completely. 2

2We note a misprint in equation (105) of Ref. [367]: in the ‘real’ CA term the expression q−k must be replaced by q− zk both
in numerator and in the denominator. Just after it, +− is to be interpreted as −.
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The final expressions for the NLLx correction to the vertices read:

V (1)
q (k, x)

=

[(
3

2
ln

k2

Λ2
− 15

4

)
CF

π
+

(
85

36
+
π2

4

)
CA

π
− 5

18

Nf

π
− b0 ln

k2

µ2

]
V (0)
q (k, x)

+

∫
dz

(
CF

π

1− z
2

+
CA

π

z

2

)
V (0)
q (k, xz)

+
CA

π

∫
d2k′

π

∫
dz

[
1 + (1 − z)2

2z

×
(
(1 − z) (k − k′) ·

(
(1− z)k− k′

)

(k− k′)2
(
(1− z)k− k′

)2h
(0)
q (k′)S(3)J (k′,k− k′, xz;x)

− 1

k′2
Θ(Λ2 − k′2)V (0)

q (k, xz)

)

− 1

z(k− k′)2
Θ
(
|k− k′| − z(|k− k′|+ |k′|)

)
V (0)
q (k′, x)

]

+
CF

2π

∫
dz

1 + z2

1− z

∫
d2l

πl2

×
[

NCF

l2 + (l− k)2

(
S(3)J (zk+ (1− z)l, (1− z)(k− l), x(1− z);x)

+ S(3)J (k − (1− z)l, (1− z)l, x(1− z);x)
)

−Θ

(
Λ2

(1− z)2 − l2
)(

V (0)
q (k, x) + V (0)

q (k, xz)
)]

−2CF

π

∫
dz

(
1

1− z

)∫
d2l

πl2

[
NCF

l2 + (l − k)2
S
(2)
J (k, x)

−Θ

(
Λ2

(1− z)2 − l2
)
V (0)
q (k, x)

]
, (9.42)
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V (1)
g (k, x)

=

[(
11

6

CA

π
− 1

3

Nf

π

)
ln

k2

Λ2
+

(
π2

4
− 67

36

)
CA

π
+

13

36

Nf

π
− b0 ln

k2

µ2

]
V (0)
g (k, x)

+

∫
dz

Nf

π

CF

CA
z(1− z)V (0)

g (k, xz)

+
Nf

π

∫
d2k′

π

∫ 1

0

dz Pqg(z)

[
h
(0)
q (k′)

(k− k′)2 + k′2
S(3)J (k′,k− k′, xz;x)

− 1

k′2
Θ(Λ2 − k′2)V (0)

q (k, xz)

]

+
Nf

2π

∫
d2k′

π

∫ 1

0

dz Pqg(z)
NCA(

(1− z)k− k′
)2

[
z(1− z) (k − k′) · k′

(k− k′)2k′2
S(3)J (k′,k− k′, xz;x)

− 1

k2
Θ
(
Λ2 −

(
(1− z)k− k′

)2)S(2)J (k, x)

]

+
CA

π

∫ 1

0

dz

1− z [(1− z)P (1− z)]
∫

d2l

πl2

×
{

NCA

l2 + (l− k)2

[
S(3)J (zk+ (1 − z)l, (1− z)(k− l), x(1− z);x)

+ S(3)J (k − (1− z)l, (1− z)l, x(1− z);x)
]

−Θ

(
Λ2

(1− z)2 − l2
)[

V (0)
g (k, x) + V (0)

g (k, xz)
]}

−2CA

π

∫ 1

0

dz

1− z

∫
d2l

πl2

[
NCA

l2 + (l− k)2
S
(2)
J (k, x)−Θ

(
Λ2

(1− z)2 − l2
)
V (0)
g (k, x)

]

+
CA

π

∫
d2k′

π

∫ 1

0

dz

[
P (z)

(
(1− z) (k− k′) ·

(
(1− z)k− k′

)

(k− k′)2
(
(1− z)k− k′

)2h
(0)
g (k′)

× S(3)J (k′,k− k′, xz;x)− 1

k′2
Θ(Λ2 − k′2)V (0)

g (k, xz)

)

− 1

z(k− k′)2
Θ
(
|k− k′| − z(|k− k′|+ |k′|)

)
V (0)
g (k′, x)

]
. (9.43)

Here Nf denotes the number of active quark flavors, b0 = (11Nc − 2Nf)/(12π), and N = αs/
√
2. A priori, the

factorization scale µF = Λ and the renormalization scale µR = µ are independent of each other even though in
the end we will set them equal.

Jet definition

For a concrete calculation of Mueller Navelet jet production one also has to choose a concrete jet algorithm
obeying the property of infra-red safety, as required by the general procedure of Refs. [367, 489]. Two of the
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most common and mostly used ones are the cone algorithm

S(3,cone)J (k′,k− k′, xz;x) = S(2)J (k, x) Θ

([ |k− k′|+ |k′|
max(|k− k′|, |k′|)Rcone

]2
−
[
∆y2 +∆φ2

]
)

+ S(2)J (k− k′, xz) Θ

(
[
∆y2 +∆φ2

]
−
[ |k− k′|+ |k′|
max(|k− k′|, |k′|)Rcone

]2)

+ S(2)J (k′, x(1− z)) Θ
(
[
∆y2 +∆φ2

]
−
[ |k− k′|+ |k′|
max(|k− k′|, |k′|)Rcone

]2)
, (9.44)

as it has been adapted for NLLx calculation in Ref. [491], and the kT algorithm

S(3,kT )
J (k′,k− k′, xz;x) = S(2)J (k, x) Θ

(
R2

kT
−
[
∆y2 +∆φ2

] )

+ S(2)J (k− k′, xz) Θ
( [

∆y2 +∆φ2
]
−R2

kT

)

+ S(2)J (k′, x(1 − z)) Θ
( [

∆y2 +∆φ2
]
−R2

kT

)
, (9.45)

where

∆y = log

(
1− z
z

|k− k′|
|k′|

)
, ∆φ =arccos

k′(k− k′)√
k′2(k− k′)2

. (9.46)

In our study we will use the cone algorithm with a cone size of Rcone = .5 as it probably will be used in a
CMS analysis at the LHC [488].

LL subtraction and s0

The requirement of a BFKL calculation that the two scattering objects have a similar hard scale is reflected
by the fact that in this standard situation of BFKL physics the energy scale s0 can be written as a product of
two energy scales each assigned to one of these scattering objects.

s0 =
√
s0,1s0,2 (9.47)

In Ref. [367, 489] the energy scale s0,i (assigned to the Mueller Navelet jet) was chosen as (|kJ | + |kJ − k|)2.
While k is integrated over, it is preferable to let s0 depend only on external scales. Also ŝ = x1x2s is in fact
not an external scale since also the longitudinal momentum fractions x1 and x2 are integrated over. Therefore,
we want to change to a new s′0:

s0,1 = (|kJ,1|+ |kJ,1 − k1|)2 → s′0,1 =
x21
x2J,1

k2
J,1 (9.48)

s0,2 = (|kJ,2|+ |kJ,2 − k2|)2 → s′0,2 =
x22
x2J,2

k2
J,1 (9.49)

ŝ

s0
→ ŝ

s′0
=

xJ,1xJ2s

|kJ,1| · |kJ,2|
= eyJ,1−yJ,2 ≡ eY , (9.50)

where we introduced the rapidities yJ,1/2 of the Mueller Navelet jets, and their relative rapidity Y = yJ,1−yJ,2 .
The energy scale s0 is a free parameter in the calculation. However, like for the renormalization scale at

NLLx level a change of it does not go without consequences. In fact, a change of s0 → s′0 in the Green’s function
has to be accompanied by an according correction term to the impact factors [492, 493]:

ΦNLLx(ki; s
′
0,i) = ΦNLLx(ki; s0,i) +

∫
d2k′ ΦLLx(k

′
i)KLLx(k

′
i,ki)

1

2
ln
s′0,i
s0,i

, (9.51)

with KLLx being the LLx BFKL kernel. Due to the Dirac delta distribution δ(1− xJ,i/xi) in the jet algorithm
inside Φ the ratio of longitudinal momentum fractions in s′0,i reduces to 1 and hence the logarithm in Eq. (9.51)
vanishes for k′i = ki such that only the real part of the kernel contributes.
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A subsequent change of s0,i by just a factor λ can be easily performed at the very end because of the use of
BFKL eigenfunctions:

Cm,ν(|kJ |, xJ ; s′′0 = λs′0)− Cm,ν(|kJ |, xJ ; s′0)

=

∫
dφJ d2k

∫
d2k′ dx f(x)V (0)(k′, x)K(k′,k)Em,ν(k) cos(mφJ )

1

2
ln
s′′0
s′0

=

∫
dφJ

∫
d2k′ dx f(x)V (0)(k′, x)ᾱsχ0

(
m,

1

2
+ iν

)
Em,ν(k

′) cos(mφJ )
1

2
lnλ

=ᾱsχ0

(
m,

1

2
+ iν

)
C(LLx)

m,ν (|kJ |, xJ )
1

2
lnλ. (9.52)

The LLQ subtraction (denoted LL in formula below), i.e. the terms multiplied by Θ(|k−k′|−z(|k−k′|+|k′|))
in Eqs. (9.42, 9.43), cancels some part in the limit of the additional emission having a big rapidity distance to
the jet. In fact, numerically this cancellation works very poorly due to an azimuthal averaging which has been
performed for the LLQ subtraction. A significant improvement can be obtained by omitting this averaging and
introducing new LLQ subtraction terms

V
(1)
q; LL subtraction =− CA

π2

1

z(k− k′)2
(k− k′)(k − k′ − zk′)
(k− k′)2(k− k′ − zk′)2V

(0)
q (k′, x) (9.53a)

V
(1)
g; LL subtraction =− CA

π2

1

z(k− k′)2
(k− k′)(k − k′ − zk′)
(k− k′)2(k− k′ − zk′)2V

(0)
g (k′, x). (9.53b)

As a consequence s0,i changes from s0,i = (|kJ,i|+ |kJ,i − ki|)2 to s0,i = (ki − 2kJ,i)
2. It is also possible to use

Ṽ
(1)
q; LL subtraction =− CA

π2

1

z(k− k′)2
(k− k′)(k− k′ − zk)
(k− k′)2(k− k′ − zk)2V

(0)
q (k′, x) (9.54a)

Ṽ
(1)
g; LL subtraction =− CA

π2

1

z(k− k′)2
(k− k′)(k− k′ − zk)
(k− k′)2(k− k′ − zk)2V

(0)
g (k′, x), (9.54b)

which are slightly inferior concerning the numerical performance but giving a s0 change from s0,i = (|kJ,i| +
|kJ,i − ki|)2 to s0,i = k2

J,i.

We have checked that all three possible subtraction terms after combining them with the according correction
term (9.51) lead to the same result. For reasons of numerical performance we have chosen Eqs. (9.53).

BFKL Green’s function at NLLx

Last but not least, we also have to take the BFKL Green’s function at NLLx level. The key to the Green’s
function is the BFKL kernel at NLLx [358, 359]. While at LLx the BFKL equation is conformal invariant, at
NLLx it is not such that in fact the LLx eigenfunctions En,ν (9.28) are strictly speaking not eigenfunctions of
the NLLx kernel. Nevertheless, the action of the NLLx BFKL kernel on the eigenfunctions has been calculated
in Ref. [494]. The status of the En,ν being eigenfunctions formally can be saved if one accepts the eigenvalue to
become an operator containing a derivative with respect to ν [484, 485, 495]. In combination with the impact
factors the derivate acts on the impact factors and effectively leads to a contribution to the eigenvalue which
depends on the impact factors [484, 485, 495, 496]:

ω(n, ν) = ᾱsχ0

(
|n|, 1

2
+ iν

)
+ ᾱ2

s

[
χ1

(
|n|, 1

2
+ iν

)

− πb0
2Nc

χ0

(
|n|, 1

2
+ iν

){
−2 lnµ2

R − i
∂

∂ν
ln
Cn,ν(|kJ,1|, xJ,1)
Cn,ν(|kJ,2|, xJ,2)

}]
, (9.55)
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where

χ1(n, γ) = Sχ0(n, γ) +
3

2
ζ(3)− β0

8Nc
χ2
0(n, γ)

+
1

4

[
ψ′′
(
γ +

n

2

)
+ ψ′′

(
1− γ +

n

2

)
− 2φ(n, γ)− 2φ(n, 1− γ)

]

− π2 cos(πγ)

4 sin2(πγ)(1− 2γ)

{[
3 +

(
1 +

Nf

N3
c

)
2 + 3γ(1− γ)

(3 − 2γ)(1 + 2γ)

]
δn,0

−
(
1 +

Nf

N3
c

)
γ(1− γ)

2(3− 2γ)(1 + 2γ)
δn,2

}
, (9.56)

with the constant S = (4−π2+5β0/Nc)/12. ζ(n) =
∑∞

k=1 k
−n is the Riemann zeta function while the function

φ reads

φ(n, γ) =
∞∑

k=0

(−1)k+1

k + γ + n
2

(
ψ′(k + n+ 1)− ψ′(k + 1)

+ (−1)k+1 [β′(k + n+ 1) + β′(k + 1)] +
ψ(k + 1)− ψ(k + n+ 1)

k + γ + n
2

)
, (9.57)

with

β′(γ) =
1

4

[
ψ′
(
1 + γ

2

)
− ψ′

(γ
2

)]
. (9.58)

At NLLx accuracy, only the leading order vertex coefficients (9.38) enter in the derivative term of (9.55).

−2 lnµ2
R − i

∂

∂ν
ln
C

(LLx)
n,ν (|kJ,1|, xJ,1)

C
(LLx)
n,ν (|kJ,2|, xJ,2)

= 2 ln
|kJ,1| · |kJ,2|

µ2
R

(9.59)

Collinear improved Green’s function

As we shortly explained in Sec. 8.6, there are methods to improve the NLLx BFKL kernel for n = 0 by
imposing compatibility with the DGLAP equation [55–58] in the collinear limit [369–371,381]. They are known
under the name ω-shift because essentially poles in γ = 1/2 + iν and 1 − γ are shifted by ω/2 with some
compensation terms ensuring that the result is not changed at fixed order (having in mind that ω ∼ ᾱsχ0).
The different attempts are very similar, and here we use the most transparent method presented in [369]. In
fact, based on previous experience [485,496] we use Scheme 3 of [369]. The new kernel ᾱsχ

(1)(γ, ω) with shifted
poles replaces ᾱsχ0(γ, 0) + ᾱ2

sχ1(γ, 0) and ω(0, ν) is obtained by solving the implicit equation

ω(0, ν) = ᾱsχ
(1)(γ, ω(0, ν)) (9.60)

for ω(n, ν) numerically.

In general the additional ν-derivative term makes it necessary to recalculate the coefficients d1,k (defined
in Ref. [369]) but in our case the vertex does not contain any poles in γ nor in 1 − γ leaving the coefficients
d1,k unchanged. This was obtained numerically by using a closed contour in γ-plane around 0 or around 1,
and numerically integrate integer powers of γ or 1 − γ times the vertex. Based on Cauchy formula used here
in reverse manner, one can then obtain a numerical evaluation of the residue of arbitrary order, and show that
they actually vanish. By introducing an ω dependence in the eigenvalue the pole in (9.32) is no longer a simple
one such that residue in fact reads

G0,0,ν1,ν2(ŝ) =


1− ∂χ(1)(12 + iν1, ω)

∂ω

∣∣∣∣∣
ω=ω(0,ν1)



−1(

ŝ

s0

)ω(0,ν1)

δ(ν1 − ν2). (9.61)
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Results

We focus on the symmetric situation |kJ,1| = |kJ,2| and study the two cases |kJ,1| = 35GeV, and |kJ,1| = 50GeV.
Due to our method of calculation it is easy to use the coefficient grids of these two cases and combine them to
study the asymmetric scenario of |kJ,1| = 35GeV, |kJ,2| = 50GeV (plus the ‘mirrored’ process |kJ,1| = 50GeV,
|kJ,2| = 35GeV) even though in so doing one mixes different choices for µR. But since αs only varies by ∼ 4%
between 35GeV and 50GeV we give the according result as well3.

In all cases we choose the number of active flavors to be five (Nf = 5) with ΛQCD = 221.2MeV such that
αs(M

2
Z) = 0.1176.

The Monte Carlo integration [497] itself is error-prone. However, as we show in what follows, there are more
serious uncertainties due to the renormalization scale µR which we choose as µR =

√
|kJ,1| · |kJ,2|. To study

the dependence on it we vary µR by factors 2 and 1/2 respectively. The same we do for the energy scale
√
s0.

We investigate the uncertainty rooted in the uncertainty of PDFs formula for asymmetric errors as defined
in Eqs. (51,52) of [490] with the eigenvector set ensuring all data sets are described within their 90% confidence
level limits.

The symmetric case |kJ,1| = |kJ,2| = 35GeV
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Figure 9.2: Differential cross section in dependence on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx
result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx
Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors
due to the Monte Carlo integration – though hardly visible – are given as error bands.

The first thing to look at is the differential cross section as defined in Eq. (9.26). The result of our calculation
is shown in Fig. 9.2. The NLLx correction to the vertices damps the cross section drastically even though the
full NLLx BFKL calculation still leads to a larger cross section than standard Monte Carlo generators [488].
The purely numerical error due to the Monte Carlo integration of the NLLx vertices is below 1%. We varied
the renormalization and factorization scale by factors 2 and 1/2 to investigate the µR dependence. A full scan
over this interval is not possible due to the CPU time consumption of the evaluation for a single choice of
µR. The results are displayed in Fig. 9.3. As one would expect, the full NLLx result depends less on µR than
the LLx result or the combination of LLx vertices and NLLx Green’s function which was so far state-of-the-
art [485,486]. However, after inclusion of the NLLx vertices the µR dependence is no longer monotone. Another
important energy scale is s0 introduced by the Mellin transformation from energy to ω space which is necessary
to formulate the BFKL equation. Like µR it is an artificial scale which in an all order calculation would not
affect the result. Indeed, the dependence is reduced when the NLLx corrections to the vertices are taken into
account (see Fig. 9.4. The dependence on PDF uncertainties is shown in Fig. 9.5.

The azimuthal decorrelation has often be predicted to be a striking feature of BFKL physics but our inclusion
of NLLx vertices shows an enormous correlation in the azimuthal angles shown in Fig. 9.6, rather close from the
typival values predicted by LLQ Monte Carlos PYTHIA [498] and HERWIG [483], used for CMS studies [488].

3Detailled tables of our results, for precise comparisons with other approaches, are explicitely provided in Ref. [487].
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Figure 9.3: Effect of changing µR = µF by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result,
green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx
vertices with the collinear improved NLLx Green’s function.
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Figure 9.4: Effect of changing
√
s0 by factors 2 and 1/2 respectively on the differential cross section in dependence

on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.

Note that HERWIG has the tendency to predict more decorrelation, presumably because since it implements
more radiations than PYTHIA, it has the phenomenological effect to involve some kind of NLLQ corrections,
which enhance the decorrelation. The numeric uncertainties for the calculations including the NLLx vertices is
here larger because the coefficients Cn,ν contain an azimuthal integration which in the case of n = 0 becomes
trivial while for n = 1 has to be carried out. Not only is the Y dependence much flatter for the NLLx vertices.
But the mean value for cosϕ itself is very close to 1. The µR dependence (see Fig. 9.7) is puzzling compared
to that of just C0 (see Fig. 9.3) and C1 (see Fig. 9.13) since the inclusion of the NLLx vertices does not reduce
the µR dependence. A similar behavior can be observed for the s0 dependence (see Figs. 9.8 and 9.14). See
Ref. [487] for similar curves for the C2 coefficient.

Numerically this effect is rooted in the complete vanishing of changes of LLx vertices in ratios Cm/Cn since
these changes are not very sensitive on n in case of LLx vertices. In contrast, the NLLx correction – especially
the LL subtraction – is very large (and negative) for the n = 0 component while of minor significance for n > 0.
However, comparing the pure LLx with the pure NLLx calculation the relative change in fact is reduced for the
NLLx one. For both scales, the curves exceeding 1 belong to smaller scales which seem to be very disfavored
in full NLL BFKL calculations as already discussed in [380,495,499]. The dependence on the PDFs completely
drops out for LLx vertices and also for NLLx vertices it is negligible (see Ref. [487] for the corresponding figure).

It has been proposed to rather look at ratios Cm/Cn with m 6= 0 6= n [485] since concerning the Green’s
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Figure 9.5: Effect of the PDF errors on the differential cross section in dependence on Y for |kJ,1| = |kJ,2| =
35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination of LLx vertices
with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear improved
NLLx Green’s function.

function the largest uncertainty is associated with the n = 0 component. This observation is not altered by the
inclusion of NLLx vertices (see Fig. 9.12 and Ref. [487] for the corresponding figures for the µR = µF ,

√
s0 and

PDF dependency).
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Figure 9.6: Left: 〈cosϕ〉 in dependence on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration are given as error bands. Right: Monte Carlo results of the CMS Collaboration, based
on a LLQ approach. Figure from Ref. [488].
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Figure 9.7: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cosϕ〉 in dependence on Y for
|kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 9.8: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cosϕ〉 in dependence on Y for |kJ,1| =

|kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination of
LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 9.9: 〈cos 2ϕ〉 in dependence on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the
pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s function,
red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the Monte
Carlo integration – though hardly visible – are given as error bands.
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Figure 9.10: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cos 2ϕ〉 in dependence on Y for
|kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.



260 CHAPTER 9. INCLUSIVE AND EXCLUSIVE TESTS OF BFKL DYNAMICS

6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

1.2

6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

1.2

C2
C0

C2
C0

YY

Figure 9.11: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cos 2ϕ〉 in dependence on Y for

|kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 9.12: 〈cos 2ϕ〉/〈cosϕ〉 in dependence on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the NLLx Green’s function. The errors
due to the Monte Carlo integration – though hardly visible – are given as error bands.
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Figure 9.13: Effect of changing µR = µF by factors 2 and 1/2 respectively on the coefficient C1 in dependence
on Y for |kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function.
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Figure 9.14: Effect of changing
√
s0 by factors 2 and 1/2 respectively on the coefficient C1 in dependence on Y for

|kJ,1| = |kJ,2| = 35GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function.
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The symmetric case |kJ,1| = |kJ,2| = 50GeV

Going to larger jet scales, we meet more or less the same advantages and problems as for 35GeV. The
problematic behavior for smaller scales of s0 and/ or µR is more dramatic for |kJ,1| = |kJ,2| = 50GeV (see e.g
Figs. 9.19, 9.20, 9.22, 9.23). Especially the µR dependence (see Fig. 9.19 seems to indicate that already the a
priori natural scale µR = |kJ | is too small. See Ref. [487] for detailled studies of the PDF dependency of the Ci
coefficients, as well as s0 and µR dependency of the C1 and C2 coefficients. We note that the stability of C2/C1
is weaker than in the |kJ,1| = |kJ,2| = 35GeV case in the large rapidity range (see Figs. 9.25 and 9.26).
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Figure 9.15: Differential cross section in dependence on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure
LLx result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved
NLLx Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The
errors due to the Monte Carlo integration – though hardly visible – are given as error bands.
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Figure 9.16: Effect of changing µR = µF by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result,
green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx
vertices with the collinear improved NLLx Green’s function.
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Figure 9.17: Effect of changing
√
s0 by factors 2 and 1/2 respectively on the differential cross section in

dependence on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result,
green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx
vertices with the collinear improved NLLx Green’s function.
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Figure 9.18: 〈cosϕ〉 in dependence on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the
pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s function,
red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the Monte
Carlo integration are given as error bands.
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Figure 9.19: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cosϕ〉 in dependence on Y for
|kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 9.20: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cosϕ〉 in dependence on Y for

|kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.

6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

1.2

C2
C0

Y

Figure 9.21: 〈cos 2ϕ〉 in dependence on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown
the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s function,
red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the Monte
Carlo integration – though hardly visible – are given as error bands.
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Figure 9.22: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cos 2ϕ〉 in dependence on Y for
|kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 9.23: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cos 2ϕ〉 in dependence on Y for

|kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with the collinear
improved NLLx Green’s function.
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Figure 9.24: 〈cos 2ϕ〉/〈cosϕ〉 in dependence on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the NLLx Green’s function. The errors
due to the Monte Carlo integration – though hardly visible – are given as error bands.
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Figure 9.25: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cos 2ϕ〉/〈cosϕ〉 in dependence
on Y for |kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the NLLx Green’s function.
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Figure 9.26: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cos 2ϕ〉/〈cosϕ〉 in dependence on Y for

|kJ,1| = |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the combination
of LLx vertices with the NLLx Green’s function.

The asymmetric case |kJ,1| = 35GeV, |kJ,2| = 50GeV

We end up with the consideration of the asymmetric case, which we investigate in order to provide a
comparison with NLLQ predictions based on NLLQ predictions [500] obtained through the NLLQ partonic
generator DIJET [501]. These prediction are very sensitive to the precise compensation betweeen the real
and the virtual contribution, and symmetric cut leads to some kind of Sudakov resummation effects which
are not under control at the moment [502], even leading to a negative cross-section for |kJ,1| = 35GeV=
|kJ,2| = 35GeV . These prediction are much more stable in the asymmetric configuration. Our own predictions
are given in Figs. 9.27, 9.30, 9.33, 9.36.

The sensitivity of our prediction with respect to s0 , µR and PDFs is similar to the two previous symmetrical
configurations, as shown in Figs. 9.28, 9.29, 9.31, 9.32, 9.34, 9.35, 9.37, 9.38. See Ref. [487] for detailled studies
of the PDF dependency of the Ci coefficients, as well as s0 and µR dependency of the C1 and C2 coefficients.
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Figure 9.27: Differential cross section in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the
pure LLx result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved
NLLx Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The
errors due to the Monte Carlo integration – though hardly visible – are given as error bands.

We now display a comparison between our prediction and the NLLQ predictions [500], for the cross-section
in Fig. 9.39, for the 〈cosϕ〉 dependence in Fig. 9.40 and for the 〈cos 2ϕ〉 dependence in Fig. 9.41.
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Figure 9.28: Effect of changing µR = µF by factors 2 and 1/2 respectively on the differential cross section in
dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx
result, green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full
NLLx vertices with the collinear improved NLLx Green’s function.
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Figure 9.29: Effect of changing
√
s0 by factors 2 and 1/2 respectively on the differential cross section in

dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx
result, green the combination of LLx vertices with the collinear improved NLLx Green’s function, red the full
NLLx vertices with the collinear improved NLLx Green’s function.

Conclusions

We have implemented at a full NLLx order the Mueller Navelet jets cross-section as well as their relative
azimuthal angle dependency. In contrast to the general belief, the effect of NLLx corrections to the vertex
function is very important, of the same order as the one obtained when passing from LLx to NLLx Green
function. The importance of NLLx corrections to impact factor observed in the present work is analogous with
recent results obtained at NLLx in diffractive double ρ-electroproduction [380,495]. Interestingly, the full NLLx
calculations for 〈cosϕ〉 and 〈cos 2ϕ〉 are quite close to a calculation [500] using DIJET [501] which is based on
DGLAP dynamics and to a dedicated study [488] using PYTHIA [498] and HERWIG [483]. The uncertainty
due to changes in µR (and s0) is drastically reduced for all Cn when one takes into account the NLLx Mueller
Navelet vertices. The uncertainty due to PDFs are also very small. As a consequence, our results for the
cross-section are very stable.

However, for azimuthal decorrelation the dependence on µR (and s0) is still sizeable. In the case of the NLLx
Green’s function with collinear improvement one observes that 〈cosϕ〉 can exceeds 1 for certain choices of the
parameters, in particular for low values of µR = µF , taken to be smaller than the “natural” value

√
|kJ,1| |kJ,2| .

One might also think of a collinear improvement of the vertices [381] but the Mueller Navelet vertex for fixed
|kJ | does not contain poles in γ nor 1− γ , so there is no room for such a treatment. The resummation of soft
initial radiation might be of relevance for the azimuthal correlation as well. This is left for further investigations.

At present, there is little experience with the effect of NLLx impact factors. To the best of our knowledge, up
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Figure 9.30: 〈cosϕ〉 in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration are given as error bands.
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Figure 9.31: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cosϕ〉 in dependence on Y for
|kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.

to now, the only full NLLx BFKL calculation existing in the literature is the vector meson production in virtual
photon collisions [380,495,499], which is very sensitive to NLLx corrections to the impact factor and for which
very large values for s0 and µR are preferred. In [499] it has been shown that a collinear improved treatment
combined with the application of the principle of minimal sensitivity [186,187] reduces this large values to more
“natural” values. Still, µR larger than the “natural” values are favored [499]. In the present case, with such a
choice, we get azimuthal correlations which are rather similar with DGLAP dynamics predictions. To conclude,
contrarily to the expectation, it thus seems that the azimuthal decorrelation is almost not enhanced by rapidity.
This suggest that the study of Mueller-Navelet jets is probably not the best place to exhibit differences between
BFKL and DGLAP dynamics.
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Figure 9.32: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cosϕ〉 in dependence on Y for

|kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.
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Figure 9.33: 〈cos 2ϕ〉 in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration – though hardly visible – are given as error bands.
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Figure 9.34: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cos 2ϕ〉 in dependence on Y
for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.
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Figure 9.35: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cos 2ϕ〉 in dependence on Y for

|kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the collinear improved NLLx Green’s function, red the full NLLx vertices with
the collinear improved NLLx Green’s function.
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Figure 9.36: 〈cos 2ϕ〉/〈cosϕ〉 in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure
LLx result, brown the pure NLLx result, green the combination of LLx vertices with the NLLx Green’s function.
The errors due to the Monte Carlo integration – though hardly visible – are given as error bands.
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Figure 9.37: Effect of changing µR = µF by factors 2 and 1/2 respectively on 〈cos 2ϕ〉/〈cosϕ〉 in dependence
on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green
the combination of LLx vertices with the NLLx Green’s function.
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Figure 9.38: Effect of changing
√
s0 by factors 2 and 1/2 respectively on 〈cos 2ϕ〉/〈cosϕ〉 in dependence on Y

for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result, brown the pure NLLx result, green the
combination of LLx vertices with the NLLx Green’s function.
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Figure 9.39: Differential cross section in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the
pure LLx result, brown the pure NLLx result, green the combination of LLx vertices with the collinear improved
NLLx Green’s function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The
errors due to the Monte Carlo integration – though hardly visible – are given as error bands. Dotted points are
based on the NLLQ prediction of Ref. [500].
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Figure 9.40: 〈cosϕ〉 in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration are given as error bands. Dotted points are based on the NLLQ prediction of Ref. [500].
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Figure 9.41: 〈cos 2ϕ〉 in dependence on Y for |kJ,1| = 35GeV, |kJ,2| = 50GeV. Blue shows the pure LLx result,
brown the pure NLLx result, green the combination of LLx vertices with the collinear improved NLLx Green’s
function, red the full NLLx vertices with the collinear improved NLLx Green’s function. The errors due to the
Monte Carlo integration – though hardly visible – are given as error bands. Dotted points are based on the
NLLQ prediction of Ref. [500].
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Figure 9.42: Diffractive high energy jet production.

9.1.2 Diffractive high energy double jet production

In a hadron-hadron collision, a jet-gap-jet event is defined by demanding to tag two jets with a high−ET≫ΛQCD

and a large rapidity between them. This is thus a more exclusive process than the Mueller-Navelet one which
we have just discussed. Between the gap, the object exchanged in the t−channel is color singlet and carries a
large momentum transfer due to the large pT , and when the rapidity gap is large one can expect the exchange
of a hard Pomeron (the hard scale is here provided by t). A non trivial point is due to the fact that the solution
of LLx BFKL equation for t arbitrary is given in impact parameter space, which can be written based on the
SL(2, C) conformal invariance of the kernel due to absence of scale. However this can be used in practice
when the probes are colorless [328], because then the elementary Born two gluon-exchange contribution, which
evolves due to BFKL equation, can be written itself in a conformal invariant way. In that case, the impact
factor vanishes when the virtuality of the parton goes to zero. This is a direct consequence of gauge invariance
of the probe, as we explained in Sec. 8.2. This is clearly not the case when coupling the BFKL Pomeron
to partons, which are not colorless. For t 6= 0 , imposing the conformal invariance of the Born term leads
to the appearance of δ terms in momentum space, which have no clear relationship with Feynman diagrams.
Mueller-Tang provided a prescription [503] in order to couple BFKL Pomeron solution in that diffractive case,
which means basically to remove these δ contributions. This was further studied in Ref. [504], and understood
as a deformed representation of the BFKL kernel that can be coupled to colored particles, and for which the
bootstrap relation is fullfiled [505].

It turns out that this LLx treatment is not enough to describe the data, measured a Tevatron by CDF [506]
and D0 [507] collaborations.

A first try to improve this LLx treatment was attempted in Ref. [508] by also taking into account the soft
interactions which in hadron-hadron collisions can destroy the rapidity gap, the so-called gap survival probability.
An agreement was only obtained with the BFKL LLx calculation done at fixed coupling constant αs . However,
from the theory side, the importance of NLLx BFKL corrections appeals for a consistent treatment which
would include them. In [509], it was shown that a good description of the data could be obtained when some
NLLx corrections were numerically taken into account in an effective way, based on the modified LLx BFKL
kernel discussed above, but the full NLLx BFKL kernel was still not implemented. A NLLx BFKL treatment
including the Salam prescription, but still with a LLx impact factor, has been performed in Ref. [510], leading
to a satisfactory description of the data.
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9.1.3 High pT central jet production

High pT central jet production with a rapidity gap between the protons and the jet has focused much interest,
in particular based on the fact that this exclusive process may be an interesting channel for C and P−even
Higgs searches. The mechanism is a gluon exchange to which the Higgs couples through a quark loop, with
another t−channel gluon exchange to compensate the color exchange [511], modified by possible Pomeron-like
enhancement due to the large rapidities between the protons and the Higgs.

Unfortunately, one needs to take into account perturbative Sudakov form factor which are needed to garantee
the exclusiveness of the final state (denoted as T 2 at the level of probability). This can be done at the double-
logarithmic level as well as at the NLL level (single logs). Note that this amplitude T plays a crucial role
in regulating the loop integral over the gluon momentum to which the Higgs is coupled. Additionaly, in
hadron-hadron collisions, one should include soft rescattering among the spectators partons, leading to gap
survival factors, which cannot be computed perturbatively (denoted as S2 at the level of probability). When
comparing diffractive events at HERA with results from Tevatron, one phenomenologically extract typical values
S2 ∼ 0.1 . See [512] for a review of the various models and proposal in order to see Higgs in diffractive processes.
In particular, the exclusive Higgs cross-section is decreased by a factor of ∼ 10−4 with respect to inclusive
production, and the estimated cross-section is σ(pp→ p+H + p) ≃ 3 fb, with an uncertainty of two [513], if a
tagging of the out-going proton is possible [514]. This idea lead to the FP420 proposal [515] of having silicon
tracker and fast-timing detectors in the LHC tunnel at 420 m from the interaction points of the ATLAS and
CMS experiments. In this exclusive case, from a Jz = 0 selection rule, one can suppress the b b̄ background. The
H quantum numbers can be reconstructed through the angular distribution of two tagged outgoing protons. The
mass measurement may be rather precise (of the order of 1 GeV), when combining a missing mass measurement
(with respect to the outgoing protons) and the invariant mass of the b b̄ pair produced by the H decay. When
including efficiencies, the expected number of Standard Models H events should be around 12. For SUSY Higgs
bosons, this diffractive channel might be one of the most interesting for certain regions in the SUSY space
parameters [514].

The inclusive production σ(pp→ X+H+Y ) is more favorable in terms of cross-sections (although this has
the consequence of possible pile-up problems at LHC), but one pay the price of loosing the spin selection rule,
and further, no missing mass measurement is possible.

Central inelastic production pp→ X+(HX)+Y is not interesting from the point of view of Higgs searches.

The need for inclusion of T and S factors explain why the theoretical treatment of Higgs production in
diffraction cannot be described in a factorizable manner. See however [516–519] for alternative approaches
based on a factorization treatment combined with effective correction factors.

More recently, hard rescattering corrections have been considered, which basically means to take into account
effects of the BK type, based on hard triple-Pomeron coupling diagrams. Theoretical studies [520] have shown
the importance of such contribution. However, a dedicated phenomenological study [521] for the LHC case
shows that this should not affect the prediction for diffractive Higgs production.

In a somehow separate way, exclusive forward jet production in hadron-hadron collision are by themselves
interesting for BFKL studies. The basics ingredients are the same as the one needed when studying Mueller-
Navelet jets. It relies on the computation of impact factors and Green function at LLx and NLLx order. The
effective jet vertex requires a precise definition of the emitted jet (made of one or two s−channel emitted particle
at NLLx), and modeling of proton impact factor (the only hard scale is p2T , and a phenomenological ansatz is
needed for the P−proton coupling). Studies have been made combining NLLx Green functions with LLx jet
vertex [522, 523]. So far, there exist no complete NLLx treatment. It would be of much interest to investigate
the effect of NLLx jet vertex in this approach. From our results for MN jets at full NLLx one may expect a
rather dramatic effect.

9.2 HERA

Since the beginning of HERA in 1992, there have been much efforts in order to see the perturbative Regge
dynamics. We will mainly discuss here tests which are not completely inclusive, and briefly report on pure DIS
studies.
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9.2.1 DIS and diffractive DIS

When applying BFKL type of dynamics to DIS, one faces the problem that since Q2 is the only hard scale,
a model for the proton, either in term of coupling or in term of dipole densities is needed [524, 525, 526,
527]. It turns out that BFKL (at t = 0) and DGLAP (NNLL) [528] both describe the data [455–457], and the
tremendous efforts in order to try to see a need for BFKL dynamics in inclusive data were not conclusive.

Diffractive scattering within the parton model was suggested long ago [529], in p p̄ → X p̄ through an
exchange of a Pomeron between the proton and the anti-proton. The experimental signature was expected to
be a gap between the p̄ remnants and the jets (X state). Extended to HERA, i.e. replacing the p̄ by p and p
by a γ∗, the same configuration was expected, this time corresponding experimentally to a gap in the detector
between the proton remants and the diffractive final state. Based on simple color counting, one indeed expected
to see 10% of diffractive events in DIS. This was clearly seen at HERA for the first time, and measured with
very high precision [530–533], being one of the important achievement of HERA experiments. Several models
can describe the data.

The first one relies on the idea that the Pomeron has a point-like structure [529], like the proton. Then,
inspired by Regge theory, the corresponding diffractive structure function is expressed as a sum of two compo-
nents, a Pomeron-like one (defining a Pomeron Structure Function (PSF)) and a secondary Reggeon component
(defining a Reggeon structure function). These Pomeron and Reggeon parton densities then obeys DGLAP
evolution. This model is refered as the PSF model. In the second model due to Bartels, Ellis, Kowalski and
Wüsthoff (BEKW) [534], the diffractive structure function is described through the coupling of a two-gluon
ladder, in the spirit of QCD Pomeron, to 2 (q q̄ initiated, for γ∗L,T ) and 3 jets (q q̄ g initiated, for γ∗T ) final
states. This was studied phenomenologically in Ref. [535]. The third one [464, 536] relies on the QCD dipole
model [331–334], i.e. on the BFKL approach. Finally, the DIS diffraction data were studied based on the BGW
saturation model, which we presented in Sec. 8.7.3.

We refer to Ref. [537] for a global analysis of ZEUS and H1 HERA data, where it is shown that each of the
above four models can describe the whole set of data. The best description is provided by the BEKW and the
PSF models.

One can try to combine the whole set of data from DIS with a NLLx BFKL treatment with various resum-
mation scheme à la Salam et al. This provides a model with two parameters [538], which, although leading to
a description of the data, is less satisfactory than the LLx BFKL description [525] with 3 parameters.

9.2.2 Transverse energy flow

Based on the fact that it is very hard to disentangle BFKL type of dynamics from conventional partonic
evolution à la DGLAP at a fully inclusive level, it has been suggested to use the fact that BFKL ladders allow
for a transverse energy flow ET which is much larger than in conventional partonic evolution, due to the absence
of transverse momentum ordering in the multi-Regge kinematics which is the basis of LLx BFKL [539, 540].
The data [541, 542] were rather conclusive in the small x and moderate Q2 values, and seemed to favor BFKL
dynamics. However, we are not aware of more recent model based on a NLLx studies, in which the quasi-multi-
Regge kinematics should be implemented. This may change the expected picture, and it would be interesting
to investigate the effect of NLLx contributions for this observable.

9.2.3 Energetic forward jet and π0 production

The hard forward jet production in DIS, with a rapidity gap between the scattered electron and the jet, is one
of the key observable which has been proposed for testing BFKL dynamics [543, 544]. The idea is again to
maximize the BFKL effects, while reducing DGLAP resummation through the choice of k2T ∼ Q2 . Since it is
an inclusive observable (there is activity between the jet and the scattered electron), it involve the BFKL LLx
Pomeron at t = 0 . The hard scale of the process is provided by the γ∗ virtuality and the jet energy. Early
HERA data [546–548] have been compared with DGLAP and BFKL predictions, favoring BFKL evolution,
in particular in the region where the virtualities of the jet and of the initial γ∗(Q2) are comparable, but not
excluding a more standard partonic evolution. In particular, models including resolved photons (like RAPGAP)
could describe the data (for highly virtual jets, one gets access to the partonic content of the virtual photon,
which should thus be taken into account) [549, 550].
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Figure 9.43: Decomposition of the hard partonic cross section in forward jet production. Figure from [545].

Various Monte Carlos have been used for comparison with the most recent data [551,552]. The CASCADE
[553, 554] Monte Carlo is based on the CCFM approach [555–558], which interpolates between BFKL and
DGLAP resummations. The CCFM equation is based on angular ordering of the partonic emission and resums
the same logs of 1/x in the small x limit as the LLx BFKL approach. On the other hand, the Lund dipole
model (also called Color Dipole Model (CDM)) [559, 560], which we already mention when discussing the
collinear resummed approach à la Salam, is the basis of the ARIADNE Monte Carlo [561].

The situation is the following. For single forward jet, a NLLQ DGLAP approach describes well the data,
when combining the direct and resolved photon components [562]. These data are equivalently well described
when using the CDM model. Consistently with this Monte Carlo result, approaches based on collinear improved
NLLx BFKL leads to a good description of the data for k2T ∼ Q2 . [563, 564].

On the other hand, when considering events with two forward jets, the NLLQ DGLAP prediction with
direct and resolved photon contributions fail to describe the data, while the CDM model, which contains some
intrinsically unordered kT dynamics, specific to perturbative Regge approaches, describes well the data. This
might be one of the first sign that data call for a (linear) BFKL type of dynamics, for which partonic approaches
fails, at least at the NLLQ level.

Similarly, it has been proposed to study forward photon production [565], by demanding them to be emitted
in same hemisphere as the out-going proton (to avoid contamination from the quark-box coupled to the initial
virtual photon). These photons could be in principle more reliably measured than forward jets. However,
one should isolate them in order to avoid contamination form π0 → γγ decay. Additionaly, due to a α/(2π)
suppression factor with respect to jet production, the cross-section is much lower. This was studied at LLx
BFKL order, giving a strong enhancement with respect to the quark-box contribution. We are not aware of
recent studies of that process at NLLx order.

Another observable, of the same type as the one investigated above for Mueller-Navelet jets, has been
proposed [566]: the dependence on the azimutal angle φ of the forward jet with respect to the incoming lepton.
The lowest order contribution e q → e q predicts a back-to-back emission. The O(αs) corrections, from the
partonic processes e+ g → e+ qq̄ or e+ q → e+ q + g, give a dependency of the type

dσ

dφ
∼ A+B cosφ+ C cos(2φ) . (9.62)

O(α2
s) corrections give a dependency of the same type, but for the B term which vanishes, due to antisymmetry

in the polar angle distribution (θ → π − θ) of the quark-antiquark pair at the top of the diagram, at the γ∗

vertex. At O(α2
s) these quarks are predominantly produced backwards, i.e they are not tagged as forward jet.
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Figure 9.44: Exclusive vector meson production at large t.

After integration over their total phase space the antisymmetric contributions thus cancel out. One thus gets

dσ

dφ
∼ A′ + C′ cos(2φ) (9.63)

with C′ < 0, thus leading to a maximum at φ = π/2 . The BFKL ladder is expected to flatten this distribution.
This effect has been studied at LLx level in [566] and at NLLx in [545] for the Green function. A full NLLx
treatment, including the NLLx jet vertex, in the same spirit as we did for MN jets in Sec. 9.1.1, has not been
performed.

9.2.4 Exclusive vector meson production

Hard exclusive vector meson production in the diffractive process γ(∗) p→ V X at large s, with a gap in rapidity
between the meson and the proton remnants, is enhanced by LLx resummation effects [567, 568]. It is thus a
very interesting process to be studied at HERA, since it is an excellent playground in order to understand QCD
when combining delicate collinear effetcs (including possible higher twist contribution) with hard Regge type of
dynamics specific to the HERA kinematics. For the same reason, as we will see in the next chapter, ILC will be
an ideal place for extending this studies. Much experimental efforts have been devotted to this process by both
H1 and ZEUS experiments, with an impressive improvement of the precision, in particular for the measurement
of the various spin-density matrix elements [305–310].

Depending on the values of t , the proton would remain almost intact, or would be destroyed by the interaction
with the virtual photon. From the theoretical side, a perturbative description is possible when t and/or Q2 is
large, providing the hard scale which justifies factorization. The exclusive γ∗ p → J/Ψ p was the first process
to be discussed in this context [569] in the t = 0 limit.

On the other hand, at large t , the process γ(∗) p → V X is sensitive to the non-forward structure of the
hard Pomeron. The mecchanism is then based on the coupling of a Pomeron to an (on-shell) parton extracted
from the proton, described by usual PDFs, as illustrated in Fig. 9.44. The approach is thus rather similar to
the double exclusive jets production studied above. For the same reason, one need to couple this non-forward
Pomeron to the quark or to the gluon in a consistent way, relying on the Mueller-Tang prescription [503].
Many theoretical focussed on the BFKL resummation effects, at LLx order [570], either by iterating the kernel
numerically [571] or by taking approximate analytical solution of the non-forward BFKL equation, restricting
to the azimuthally symmetric solution n = 0 [572]. In these approaches, the coupling to the meson was treated
in a non-relativistic way, which means that the quark and antiquark making the meson should equally share
the momentum of the meson. This can be justified for heavy mesons like J/Ψ or Υ . In that case, defining
the velocity of the quark by v , one can show that 1

2 (1 − v) ≤ x1,2 ≤ 1
2 (1 + v) which gives a support localized

at x1,2 ≃ 1
2 in the non-relativistic limit v ≪ 1 (see for example page 189 of [19]). This does not apply to

light-vector meson (ρ , ω , φ) for which v → 1 . In that case a more elaborate collinear factorization is needed,
leading to the introduction of DAs, as we discussed in Chap. 5.

The first model of diffractive leptoproduction of vector mesons γ∗ p → V p based on QCD factorization
involving a DA was presented in the seminal paper [66], in the HERA kinematics, using Q2 as a hard scale.
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It is a LLQ approach in the t−channel, combining meson DA with gluon PDF (at large s skewness was not
taken into account and the discussion was restricted to the t = 0 case). Emphasize was put on the end-point
singularities encountered for transversally polarized meson.

A LLQ model for heavy meson production was then elaborated in [573], introducing a transverse momentum
for the quark and antiquark inside the meson, thus going outside of a pure collinear treatment, which lead to
the absence of end-point singularities. Results were obtained for the various polarizations of γ(∗) and V .

Meanwhile, a model was elaborated, which relies on hadron-parton duality, i.e. on the fact that the produced
ρ or J/Ψ are seen as resonances in their final multi-hadronic states, with appropriate quantum numbers JPC =
1−− , and does not use the concept of collinear factorization for the meson production [574–576] (MRT model),
and for which therefore the problem of end-point contributions does not exist.

Within the kT−factorization approach for exclusive processes [577], a full analysis a the polarization effects
was performed in [578] for the process γ∗ p → ρ p, at large Q2 . This was done using a dipole description for
the γ∗ and for the ρ , which was then Fourier transformed to get the impact factor for the γ∗ → ρ transition.
The coupling with the proton was treated using a simple model for the proton impact factor, respecting the
constraint that it should vanish for vanishing virtuality of the t−channel gluon. Denote as Mλ1λ2 the helicity
amplitude of the process, where λ1 = 0,± is the photon helicity and λ2 = 0,± is the vector-meson helicity4. The
s−channel helicity conservation rule, which we already discussed in Sec. 5.3.7 within a pure collinear approach,
was studied within the kT -factorization [578]. Pure SCHC would mean that M0+ = M+0 = M+− = 0 , which
is now modified by a possible transfert of orbital momentum from the two t−channel gluons, which is outside
of a pure collinear treatment à la ERBL-DGLAP. The obtained results lead to hierarchy:

M00 > M++ > M+0 > M0+ > M+− (9.64)

with the scaling given by

M+0

M00
∼
√
|t|
Q

1√
2γ

,
M++

M00
∼ 〈M〉

Q

1 + γ

γ

M0+

M00
∼ −

√
|t|〈M〉
Q2

√
2

γ

M+−
M00

∼ |t|〈M〉
Q3

2(γ + 2)

γ
+ c
|t|〈M〉
Qm2

ρ

(9.65)

where 〈M〉 is the mean invariant mass of the q q̄ dipole, weighted by the ρ light-cone wave function, which is
expected to be of the order of the meson mass (except for peculiar configurations for which the dipole may
become larger, see below). Eq.(9.65) leads to the hierarchy (9.64) for the gluon anomalous between .5 and .7 .
No end-point singularity was encountered in this approach, due to the off-shellness of the t−channel exchanged
momentum, by an amount of k2T , playing the role of a regulator in comparison with usual GPD or PDF based
approaches in which parton are on the mass-shell.

The recent HERA data [309, 310] are in agreement with the above hierarchy, as can be seen for the two
dominant transitions in Fig. 9.45. They exhibit the expected twist 2 dominance of the γ∗L → ρL transition with
respect to the the γ∗T → ρT . The W

2
γ∗p evolution is governed by a Pomeron-like behaviour. A transition is seen

in the data, governed by the parameter Q2 +M2
V , from a DL type of intercept [356] towards a hard Pomeron

intercept of the order of 1.3 , compatible with inclusive DIS studies. The data for ratio σL/σT = |M00|2/|M11|2
are also consistent with the MRT model [574–576]. This may indicate that this ratio is not very sensitive to the
precise form of the ρ wave-function.

It turns out that the data can also be well described by a GPD like evolution, when including a gaussian
ansatz for the meson wave function combined with Sudakov resummation effects [204–206]. The effect of
saturation in exclusive meson production has been adressed by many authors [451, 452, 460, 463]. See [310,
312] for a comparison between some models including saturation and the most recent data, showing that
electroproduction of meson can be described in a dipole model including saturation. Thus, the situation at
the moment is rather confusing. There seems to be a need for at least a linear BFKL type of dynamics.
However, improved GPD like model can describe the data. Light-meson electroproduction at large W 2 is a
very complex process, due to the mixing between several type of dynamics (collinear and Regge-like), combined
with various sources of higher twist contribution (from the meson side as well as from the Pomeron side). It
is thus very prematurate to extract any definite conclusion at the moment when comparing the data with the

4One should be aware to the fact that experimentalists usually denote these helicity amplitude by permutting the two indices,
see for example Ref. [310].
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Figure 9.45: H1 data for the ratio of the two dominant transitions in light-meson electroproduction, with the
notations T11 =M++ and T00 =M00 . Figure from X. Janssen (H1) DIS 2008 [311].

available models. In Chap. 10, we will study in detail how a consistent twist-3 treatment of ρ-electroproduction
(including both 2 and 3-body contributions) can be carried on. We will compute explicitly the γ∗ρ impact factor
up to twist 3 both within CCF and LCCF methods. This new building block should provide very interesting
phenomenological effects for any semi-hard exclusive process.

The photoproduction process γ p→ ρX has been studied at large t , in Ref. [579], taking into the chiral-odd
DA of the photon which can contribute at low values of Q2 in addition to its chiral-even ponctual coupling.
Both chiral odd and chiral even ρ−meson had thus to be considered in order to get a consistent treatment.
The authors of Ref. [579] restricted themselves to the WW approximation, therefore only considering 2-partons
contributions to the ρ−meson, the twist 3 contributions being generated by pure kinematical effects. Again
denoting as Mλ1λ2 the helicity amplitude of the process, where λ1 = ± is the photon helicity and λ2 = 0,±
is the vector-meson helicity, one obtains the following results from the point of view of end-point singularities:
the non-spin flip chiral-even part M even

++ as well as the single spin-flip chiral-odd part Modd
+0 and double spin-

flip chiral-odd part Modd
+− faces end-point singularities, while other contribution are finite. Thus, contrarily to

the electroproduction case, it seems that the off-shellness of the t−channel exchanged gluons is not enough
to prevent end-point singularities. A detailled analysis with respect to t−scaling however showed that in
the phenomenological accessible range, the finite contribution Modd

++ should dominate with respect to other
contributions.

However, one of the problem arising from the t−shape of the data is the fact that they behave like dσ/dt ∼
1/t3 , while the standard chiral even analysis, confirmed by the analysis of Ref. [579], predict a behaviour like
dσ/dt ∼ 1/t4 for the T → T transitions and dσ/dt ∼ 1/t3 for the T → L transition. The addition of a chiral
odd contribution does not change this behaviour.

A LLx analysis of the HERA data at the level of differential cross-section dσ/dt indicated a need for LLx
type of resummation both for heavy and light vector mesons [580, 581]. Note that effect of NLLx simulated
by the modified BFKL LLx through the kinematical constraint was found to have quite an important effect,
strongly depending on the scale taken for the running coupling. A somehow similar analysis to the one of [579]
have been carried on more recently in [582, 583]. The chiral-odd contributions are then obtained by giving a
constituent mass to the quark. As is well known, such a term is responsible for chiral-odd transitions. The
problem of end-point singularities, which might be a sign for breaking of factorization, has been adressed in
this analysis. It was shown that BFKL LLx resummation improves the infrared behaviour, as is usual for
BFKL Pomeron. This model leads to a good description of the data at the level of dσ/dt within a pure LLx
treatment (Fig. 9.46). It however needs a phenomenological adjustment of the s0 parameter which is needed
to define the rapidity and which is not prescribed in LLx, taken there to be a linear combination of m2

ρ and t.
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Figure 9.46: Exclusive vector meson production at HERA. Figure from [582].

When distinguishing the ρT and ρL production amplitude through the measured spin-density matrix element
r0410 coefficient (which is approximately proportional to |M+0|2), the models of [583] failed in describing the data,
getting a contribution with a wrong sign, although one may claim that the experimental value is small.

Another approach, based on a modified meson wave function which goes outside the pure collinear approxi-
mation has been developped. In this model, the quark and antiquark can carry transverse momenta with respect
to the meson momentum. Their distribution is given by a gaussian distribution

ΨV λ(ℓ, z) = fV
V λ(ℓ, z,mV )

m2
V

exp

[
−
|ℓ|2 +m2

q

zzm2
V

]
(9.66)

in a similar way as the GPD like approach of [204–206] for meson electroproduction. The form is motivated by
QCD sum rules. It is obtained by Borel transformation of the quark propagator coupled to the virtual photon
with respect to Q2 and by substitution of the Borel variable by m2

V , where mV is of the order of the meson
mass [584]. This model can be used after Fourier transform in transverse coordinate space to get a dipole
formulation of the scattering process. The usual hard contribution is obtained when all propagators involved in
the impact factor when coupling the t−channel gluons to the photon are far off-mass shell. In dipole language,
it means that the dipole have a small size. However, there are two interesting situations in which this dipole
which scatter off the proton can have a large size. The first situation occurs when the longitudinal fraction of
the momentum carried by quark or antiquark building the meson vanishes. This potential end-point singularity
contribution are regularized by the above ansatz (9.66). Indeed, as shown in [585], the end-point contributions
can be resummed at all twist and leads to a finite result. The second situation of large dipole size occurs when
the t−channel gluons are attached to 2 different quark lines. In that case, for photoproduction, the quark
propagators between a t−channel gluon and the photon can have a momentum which is purely longitudinal, for
certain configurations of the hard t−channel gluons. This leads to a typical topology very similar to the uper
part of Fig. 3.7 which we shortly discussed in the large angle Landshoff mecchanism. Indeed, in this situation
both the quark which is part of the dipole coupled to the ρ and the quark which is part of the dipole coupled to
the photon have almost zero transverse momentum [586]. This mechanism5, combined with a double-logarithmic∑

(αs ln 1/x ln t)n approximation, leads to a flattering of the t dependency for the non-flip transition amplitude.
This could provide an explanation for the similar experimental magnitude of ρL and ρT photoproduction. It
also provides a correct sign for the r0410 coefficient.

The diffractive photoproduction of photon has also been studied [577, 587–589], within kT -factorization in
LLx. The amplitude is dominated by non-flip transitions (the flip transition is 1/t suppressed with respect to

5This model does not include any chiral-odd contribution.
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the non-flip transition). The corresponding non-flip transition amplitude is predicted to fall off like 1/t at the
Born level (two gluon exchange). When taking into account LLx BFKL evolution, the fall off at the level of the
cross-section should go much faster than 1/t2, basically due to the fact that at the level of the amplitude, the
enhancement factor goes like exp(12 ln 2αs/π lnW

2/(−t)). Even for very unatural low values of αs ∼ .14 , it
would lead to a cross-section scaling at least like 1/t2.8 . This has been measured by the H1 experiment [590].
Although the W 2 evolution is compatible with a BFKL type of evolution (but statistics prevent from any
conclusion, the value of the intercept being not very well constraint), the observed t shape is 1/t2.6 , much less
steeper then predicted by LLx.

Before ending this section, we should comment on the fact that we have ignored in the above discussion the
effect of the non-forward kinematics, of the GPD type. This question was adressed in [591]. Based on the fact
that the QCD evolution is based on splitting of partons, it tends to push partons from large to low value of
x when increasing Q2. In the low xBj limit, i.e. low ξ limit, the typical non-diagonal content of GPDs, at a
given scale Q2 for x ∼ ξ, arises from the evolution of partonic distribution at a low Q2

0 value with x ≫ ξ . It
thus means that the intial partonic content could be described only in terms of usual forward PDFs, leading
to a kind of “washing-out” of non-forward effects. This can be quantitavely implemented using the Shuvaev
transform [592] which relies on the fact that due to the conformal invariance of LLQ ERBL-DGLAP evolution,
known to be diagonalized through Gegenbauer moments, it is possible to recast the study of GPD evolution as
the DGLAP evolution of some usual PDFs, if one can find effective forward PDFs whose Mellin moment are
equal to Gegenbauer moments of the GPD under study. This problem can be analytically solved, giving an
integral transform which relates the GPD with this effective PDF. The detailled study of [591] showed that this
“washing-out” effect turns in practice to a multiplicative correction factor, the so-called Shuvaev factor, when
passing from PDFs to GPDs at small xBj , which tends to unity in the typical kinematical range of HERA we
are here considering, with a precision of the order of 10%. See however [61] for a review of the limitation of this
method.

9.3 γ∗γ∗ at LEP2
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Figure 9.47: The γ∗ − γ∗ total cross-section in kT−factorization. Figure from [593].

The LEP2 available energy (
√
se+e− = 183 to 202 GeV) allowed tests of the total γ∗γ∗ cross-section, thus

realizing the idea of onium-onium total cross-section. This process was studied with LLx BFKL [594–596],
dipole model [597, 598], modified LLx BFKL (based on kinematical constraints) [593, 599] (see Fig. 9.48a). A
NLLx BFKL was carried on [377, 378] (see Fig. 9.49a), based on a NLLx Green function and a LLx impact
factor, with a BLM [191] prescrition which had the effect of significantly reduce the NLLx corrections with
respects to the LLx Pomeron.

The LEP data [600–603] have been analyzed in view of these models. Fig. 9.48b displays the comparison [599]
between OPAL data and modified LLx BFKL (modified by kinematical constraints), including quark box
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Figure 9.48: a (left): Modified LLx BFKL prediction, with s0 = Q2 (upper curve) and s0 = 4Q2 (lower curve)
versus Born. b (right): OPAL LEP2 data for γ∗γ∗ total cross-section. versus modified LLx BFKL prediction.
Figures from [599].

(simulating usual DGLAP for Q1 ∼ Q2), soft Pomeron and reggeon contributions. A comparison between
DELPHI data [600] and the NLLx model of Ref. [378] is given in Fig. 9.49. First, the Born 2 gluon exchange
and quark exchange are too small in the large Y set of the data. Second, LLx BFKL is too high (even including
quark mass effects, which have an important effect [604]). The scenarios with modified LLx BFKL or NLLx
BFKL with BLM scale fixing is plausible, but not needed by the data which could equally well been described
by LLQ type of resummations, except in the large rapidity domain, for rapidities larger than 4, where there is
presumably a sign of BFKL type of dynamics. Due to the very complicate form of the NLLx γ∗ → γ∗ impact
factor, which is at present not available in a closed ready-to-use from, there have been no complete NLLx study
of the γ∗γ∗ total cross-section. Recently, one step further as been made, by adding to the LLx impact factor
additional NLLx terms nedeed to implement the invariance of the full amplitude with respect to s0 and µR

dependence [605]. This has been done based on BLM [191] and PMS [186, 187] procedure. This should be
contrasted with Ref. [377, 378] where the BLM procedure was implemented at the level of the intercept itself,
which is not supposed to be a physical observable. However, it turns out that these two results are compatible,
and that this NLLx Green function + LLx improved impact factor also describes the LEP2 data at large rapidity.

However, lack of statistics forbade any definite conclusion, as one can see in Fig. 9.49b, specially for the
interesting experimental point at Y = 5.5 which has a very large uncertainty. Indeed, the luminosity (617
pb−1 for L3, 592.9 pb−1 for OPAL, 640 pb−1 for ALEPH, 550 pb−1for DELPHI ) and the energy were limited.
Further, since the cross-section decreases very rapidly when the virtualities of the γ∗ increases, low (although
still perturbative) values of Q2 are required, corresponding to out-going lepton very close from the beampipe.
At LEP 2, due to a rather high minimal detection angle, of only 30 mrad, the tagging of out-going leptons did
now allow for high counting rates. Including all LEP 2 data, only 491 events at L3, 133 events for OPAL, 891
events for ALEPH were collected. Thus, no definite conclusion could be obtained about a signal of BFKL type
of dynamics. This situation would of course change if we would have a high energy and luminosity collider,
with dedicated forward detectors. This should be the case at ILC, as we will discuss in Chap. 11.
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Chapter 10

Exclusive processes in the Regge limit
beyond leading twist

As we have seen in Chap. 8, impact factors (including jet vertices) are building blocks of high energy reactions
in the kT -factorization approach. At the moment, several impact factors are known at the LLx level and at
twist 2. Some impact factors have been computed at NLLx: the γ∗ → γ∗ impact factor, which enters the
γ∗ → γ∗ total cross-section, the forward γ∗ → ρ impact factor [368], and the forward jet vertex. We have seen
in the specific example of MN jets (see Sec. 9.1.1), which is one of the first complete NLLx treatment that have
been carried on [487] (with the case of forward diffractive γ∗ γ∗ → ρ ρ production [380, 495, 499]), that these
corrections, contrarily to the general belief, can be very important, when passing from a LLx impact factor
combined with a NLLx Green function to a NLLx impact factor combined with a NLLx Green function.

Besides this, as we have seen in the previous chapter, the detailed polarization studies for the various
γ∗L,T → ρL,T transition in ρ−electroproduction extracted from HERA data exhibit two dominant transitions:
the dominating twist 2 γ∗L → ρL and the twist 3 γ∗T → ρT . This later one has been measured and is by no
means negligible. From the theory side, we have seen that various models exists. One of their common feature
is that they exhibit a huge sensitivity with respect to twist 3 or higher effects (end-point contribution, Landshoff
mecchanism, chiral-odd contributions...). According to our knowledge, there is at the moment no full-twist 3
computation of any hard exclusive process, and such a computation from first principle might be of importance
in order to check whether the data ask for a dynamical twist 3 contribution which would go beyond a pure
kinematical twist 3 description à la WW. This could be tested using asymtotical DAs. In the future, this could
be used for describing

γ∗(q) + γ∗(q′)→ ρT (p1) + ρ(p2) (10.1)

at ILC. In the next chapter, we will study in detail γ∗L,T (q) + γ∗L,T (q
′) → ρL(p1) + ρL(p2) , leaving the phe-

nomenological study of γ∗(q) + γ∗(q′)→ ρT (p1) + ρ(p2) for future projects.

On the other hand, as we have seen from the beginning of this manuscript, ρ-exclusive production is an
interesting playground for developping and testing theoretical tools, besides any phenomenological question.
This was in particular our basic object when exhibiting a picture of factorization at moderate energy involving
a TDA and a GDA at twist 2, see Sec. 6.4.

As we have seen in Chap. 7, the application of factorization to the description of an exclusive process beyond
leading twist is not straightforward. One of our goal for the present study is to show explicitely, on a specific
example at twist 3 level, how the LCCF leads to rather simple practical computations. We will thus now
compute in detail the γ∗T → ρT impact factor up to twist 3. This will be done both within LCCF and CCF
approaches, in the forward limit. We will show that these two results are identical, and that they are gauge
invariant and free of any end-point singularities [321, 606, 607, 608, 609].

A perturbative treatment of the process (10.1) is valid within kT−factorization whenever the virtual photons
carry large squared momenta q2 = −Q2 (q′2 = −Q′2) ≫ Λ2

QCD , and the Mandelstam variable s obeys the

condition s≫ Q2, Q′ 2,−t ≃ r2. The hard scale which justifies the applicability of perturbative QCD is set by
Q2 and Q′2 and/or by t. Neglecting meson masses, one considers for reaction (10.1) the light cone vectors p1

285
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Figure 10.1: γ∗ → ρ impact factor.

and p2 as the vector meson momenta (2 p1 · p2 = s). The virtual photon momentum q then reads as usual

q = p1 −
Q2

s
p2 . (10.2)

We focus here on the γ∗ → ρ impact factor Φ of the subprocess

g(k1, ε1) + γ∗(q)→ g(k2, ε2) + ρT (p1) , (10.3)

illustrated in Fig. 10.1a. As we have seen in Sec. 8.2, it is the integral of the S-matrix element Sγ
∗
T g→ρT g

µ with
respect to the Sudakov component of the t-channel k momentum along p2 , or equivalently the integral of the

κ-channel discontinuity of the S-matrix element Sγ
∗
T g→ρT g

µ :

Φγ∗→ρ(k, r − k) = eγ
∗µ 1

2s

+∞∫

−∞

dκ

2π
Sγ∗ g→ρ g
µ (k, r − k) = eγ

∗µ 1

2s

+∞∫

0

dκ

2π
Discκ Sγ

∗ g→ρ g
µ (k, r − k) , (10.4)

where κ = (q + k1)
2 denotes the Mandelstam variable s for the subprocess (10.3), as illustrated in Fig. 10.1.

Note that the two reggeized gluons have so-called non-sense polarizations ε1 = ε∗2 = p2
√
2/s . Considering the

forward limit for simplicity, the gluon momenta reduce to

k1 =
κ+Q2 + k2

s
p2 + k⊥, k2 =

κ+ k2

s
p2 + k⊥, k21 = k22 = k2⊥ = −k2 . (10.5)

Finally, let us note that when writing (10.5) we took an exact kinematics for the fraction of momentum along
p2. This kinematics naturally extends the usual Regge kinematics in the case where t-channel momentum
transfer along p2 is allowed, which corresponds to the skewed kinematics which is typical of GPD studies. In
usual computation of impact factors used in kT -factorization, one usually makes the approximation that these
two fractions are exactly opposite. Here we make such a choice in order to introduce skewdness effects in a
correct manner since these terms will contribute at the twist 3 order we are interested in. Note that within
kT -factorization, the description of impact factor for produced hadron described within QCD collinear approach
requires a modification of twist counting due to the off-shellness of the t−channel partons. Therefore, when
here we say ”up to twist 3” we only mean twist counting from the point of view of the collinear factorization of
the produced ρ−meson, and not of the whole amplitude, e.g. γ∗ p→ ρ p or γ∗ γ∗ → ρ ρ .

In order to describe the collinear factorization of ρ-production inside the impact factor (10.4), we note that
the kinematics of the general approach discussed in Chap. 7 is related to our present kinematics for the impact
factor (10.4) by setting p = p1, while a natural choice for n is obtained by setting n = n0 = p2/(p1 · p2) (this
latter choice for n, though natural, is somehow arbitrary as we discussed in Sec. 7.5.1.

We will now distinguish and make a comparative analysis of two different approaches: LCCF and CCF. We
will show that these two results are actually fully equivalent to each other, when using the dictionary of Sec. 7.6.
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Figure 10.2: The detailled structure of the diagram (a).

10.1 Calculation based on the Light-Cone Collinear Factorization

approach

10.1.1 γ∗
L → ρL transition as a recall

Working within the LCCF, we first recall the calculation of the γ∗L → ρL transition which receives contribution
only from the diagrams with quark-antiquark correlators1. It is given by contributions from the pµ term of the
correlators (7.10) of the twist 2. Higher order corrections would start at twist 4, which is below our accuracy.
The computation of the corresponding impact factor is standard [567]. It involves the computation of the 6
diagrams of Fig. 7.4. The longitudinal polarization of the virtual photon reads, in the Sudakov basis,

eµγL =
1

Q

(
pµ1 +

Q2

s
pµ2

)
, (10.6)

while the momentum of the ρ reads

pµρ = pµ1 +
m2

ρ

s
pµ2 , (10.7)

and the longitudinal polarization of the ρ is

eµL ≡ e
µ
ρL =

1

mρ

(
pµ1 −

m2
ρ

s
pµ2

)
. (10.8)

Consider for example the diagram (a) of Fig. 7.4, as illustrated in Fig. 10.2. Computing the corresponding
S-matrix element, the corresponding contribution to the impact factor reads

Φa = −eq
1

4

2

s
(−i) fρmρ g

2 δab

2Nc

1

2s

1∫

0

dy

∫
dκ

2π

Tr[e/γL (y /p1 − q/) /p2 (/k2 + ȳ/p1) /p2 /p1]

[(y p1 − q)2 + iη][(k2 + ȳp1)2 + iη]
ϕ1(y) , (10.9)

where the factor 1/4 is reminiscent from the Fierz identity, the factor 2/s comes from the normalization of the

non-sense polarizations. Finally, the color factor δab

2Nc
is due to the fact that when summing over the color of

the t−channel gluons, the net color coefficient for γ∗γ∗ → ρρ should be (N2
c − 1)/(4N2

c ) (due a Fierz factor
1/Nc when factorizing each of the two ρ DAs). Among the two propagators, only the second one, involving
(k2 + ȳp1)

2 + iη = κ x̄ − k2 x + iη has a pole in κ, contributing when closing the contour below (therefore
contributing to the discontinuity). The result is then easily obtained after extracting the corresponding residue.
Diagram (c) provide the same contribution, since it can be obtained from (a) by the replacement x ↔ x̄.
Diagrams (b) and (d) vanishes for this twist 2 transition. Diagrams contributes only when closing the κ contour

1Hereafter, except for final results, we perform the computation for a meson which would be a one flavour quark-antiquark state.
Its wave function is then restored at the very end.
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y1 p1

−ȳ1 p1

k1

k1 − ȳ1 p1

k1 − ȳ1 p1

k2 + y1 p1

k2

q

Figure 10.3: The detailled structure of the diagram (b1).

above. Finally, the net result for the γ∗L → ρL impact factor is, after taking into account the ρ0 wave function

Φγ∗
L→ρL(k2) =

2 e g2 fρ√
2Q

δab

2Nc

1∫

0

dy ϕ1(y)
k2

y ȳ Q2 + k2
. (10.10)

Note that diagrams (a) and (c) of Fig. 7.4 are the only diagrams which contribute when computing the hard
part by closing the κ contour below.

10.1.2 γ∗
T → ρT transition

We now concentrate on the γ∗T → ρT transition, which impact factor will be one of the main results of this
paper. The 2-parton contribution contains the terms arising from the diagram Fig. 7.4, where the quark-
antiquark correlators have no transverse derivative, and from the diagrams Fig. 7.5, where the quark-antiquark
correlators stand with a transverse derivatives. The computation of the diagrams of Fig. 7.4 for the γ∗T → ρT
transition goes along the same line as for the twist 2 γ∗L → ρL transition discussed above. The practical trick
used for computing the contributions of Fig. 7.5 is the Ward identity

∂
pµ

=

ppp γµ

where
p

=
1

m− /p− iǫ , (10.11)

where lines denotes fermionic propagators. This leads to an additional Feynman rule when inserting a derivative.
The corresponding insertions are denoted with dashed lines in Fig. 7.5.

Consider for example the diagram (b1) of Fig. 7.5, illustrated in Fig. 10.3. Computing the corresponding
S-matrix element for the vector part, the corresponding contribution to the impact factor reads

ΦV
b1=−eq

1

4

2

s
(−i) g2 fρmρ

δab

2Nc

1

2s

1∫

0

dy

∫
dκ

2π

Tr[e/γ (/k1 − ȳ /p1) e/∗T (/k1 − ȳ/p1) /p2 /p1 /p2(/k2 + y /p1)]

[(k1 − ȳp1)2 + iη]2[(k2 + ȳp1)2 + iη]
ϕT
3 (y) ,

(10.12)
This part of the impact factor receives (identical) contributions when closing the κ integration contour either
from above or from below, which reads

ΦV
b1 = −eq g

2

2
fρmρ

δab

2Nc

1∫

0

dy y
−e∗T · eγ(y ȳ Q2 + k2) + 2 e∗T · k e∗T · k(1− 2 y)

(Q2 y ȳ + k2)2
ϕT
3 (y) . (10.13)

The computation of the axial part is similar (note the i/4 factor from Fierz)

ΦA
b1=−eq

i

4

2

s
(−i)g2fρmρ

δab

2Nc

1

2s

1∫

0

dy

∫
dκ

2π

Tr[e/γ (/k1 − ȳ /p1) γα (/k1 − ȳ/p1) /p2 /p1 γ5 /p2(/k2 + y /p1)]

[(k1 − ȳp1)2 + iη]2[(k2 + ȳp1)2 + iη]
ǫαe∗T pn ϕ

T
3 (y) ,

(10.14)
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y1 p1 − q
−k2 − ȳ2 p1

q

Figure 10.4: The detailled structure of the diagram (aG1).

and leads to

ΦA
b1 = −eq g

2

2
fρmρ

δab

2Nc

1∫

0

dy y
−e∗T · eγ(y ȳ Q2 − k2) + 2 e∗T · k e∗T · k

(Q2 y ȳ + k2)2
ϕT
A(y) . (10.15)

The contributions of 3-parton correlators are of two types, the first one being of ”abelian” type (without triple
gluon vertex, see Fig.7.6) and the second involving non-abelian coupling with one triple gluon vertex (see Fig.7.7)
or two (see Fig.7.8). Let us first consider the ”abelian” class. They involve two kind of Casimir invariants:

1

Nc
Tr(tc ta tb tc)=CF

δab

2Nc
≡ Ca

δab

2Nc
: (aG1), (cG1), (eG1), (fG1) (10.16)

1

Nc
Tr(tc ta tc tb)=

(
CF −

Nc

2

)
δab

2Nc
≡ Cb

δab

2Nc
: (bG1), (dG1), (aG2), (cG2), (bG2), (dG2), (eG2), (fG2),

where the 1/Nc comes from the Fierz coefficient when factorizing the quark-antiquark state in color space.
Again, to illustrate the method, we consider the peculiar diagram (aG1) of Fig.7.6, illustrated in Fig.10.4. The
vector contribution reads

ΦV
aG1 = −eq

1

4

2

s
(i) g2 fρmρ

δab

2Nc

1

2s

1∫

0

dy1 dy2

∫
dκ

2π

Tr[e/γ (y1 /p1 − q/) e/∗T (y2 /p1 − q/) /p2 (/k2 + ȳ2 /p1) /p2 /p1]

[(y1 p1 − q)2 + iη][(y2 p1 − q)2 + iη][(k2 + ȳ2 p1)2 + iη]

× B(y1, y2) , (10.17)

and equals

ΦV
aG1 = −eq g

2

2
fρmρ

δab

2Nc

1∫

0

dy1 dy2
e∗T · eγ
ȳ1Q2

B(y1, y2) . (10.18)

The corresponding axial contribution reads

ΦA
aG1 = −eq

i

4

2

s
(i) g2 fρmρ

δab

2Nc

1

2s

1∫

0

dy1 dy2

∫
dκ

2π

Tr[e/γ (y1 /p1 − q/) γα (y2 /p1 − q/) /p2 (/k2 + ȳ2 /p1) /p2 /p1]

[(y1 p1 − q)2 + iη][(y2 p1 − q)2 + iη][(k2 + ȳ2 p1)2 + iη]

× ǫαe∗T pnD(y1, y2) , (10.19)

and equals

ΦA
aG1 = −eq g

2

2
fρmρ

δab

2Nc

1∫

0

dy1 dy2
e∗T · eγ
ȳ1Q2

D(y1, y2) . (10.20)

Consider now the ”non-abelian“ diagrams of Fig.7.7, involving a single triple gluon vertex. They involve two



290 CHAPTER 10. EXCLUSIVE PROCESSES IN THE REGGE LIMIT BEYOND LEADING TWIST

y1 p1
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k2

q

Figure 10.5: The detailled structure of the ”non-abelian“ (with one triple gluon vertex) diagram (atG1).

kind of color structure:

2

N2
c − 1

(−i)Tr(tc tb td) f cad =
Nc

2

1

CF

δab

2Nc
: (atG1), (dtG1), (etG1), (btG2), (ctG2), (ftG2) (10.21)

2

N2
c − 1

(−i)Tr(tc td tb) f cad = −Nc

2

1

CF

δab

2Nc
: (ctG1), (btG1), (ftG1), (atG2), (dtG2), (etG2) ,

where the 2/(N2
c − 1) comes from the Fierz coefficient when factorizing the quark-antiquark gluon state in color

space. Let us consider the diagram (atG1) of Fig.7.7, illustrated in Fig.10.5. We denote as

dνρ(k) = gνρ − kνnρ + kρnν

k · n (10.22)

the numerator of the gluon propagator in axial gauge, and

Vµ1, µ2, µ3(k1, k2, k3) = (k1 − k2)µ1 gµ1µ2 + · · · (10.23)

the momentum part of the 3-gluon vertex, where ki are incoming, labeled in the counter-clockwise direction.
The contribution of the diagram (atG1) then reads, for the vector DA,

ΦV
atG1 = −eq

1

4

2

s

(−i)Nc

2CF
g2mρ fρ

δab

2Nc

1

2s

1∫

0

dy1 dy2

∫
dκ

2π
Tr[e/γ (y1/p1 − q/) γν (/k2 + ȳ2 /p1) /p2 /p1]

× dνρ(k1 + (y1 − y2)p1)Vρλα(−k1 − (y1 − y2)p1, k1, (y1 − y2)p1)
[(y1 p1 − q)2 + iη][(k1 + (y1 − y2) p1)2 + iη][(k2 + ȳ2 p1)2 + iη]

pλ2 e
∗α
T eµγ B(y1, y2) . (10.24)

Note that for this diagram, as well as for all ”non-abelian“ diagrams, one can easily check that only the gνρ

part of (10.22) contributes.

Closing the κ contour above or below gives for the vector DA part of the diagram (atG1) the result

ΦV
atG1 = −eq g

2

2
mρ fρ

δab

2Nc

Nc

CF

1∫

0

dy1 dy2
(y1 − y2) ȳ2

ȳ1 (ȳ1 k
2 + ȳ2 (y2 − y1)Q2)

e∗T · eγ B(y1, y2) . (10.25)

Similarly, the contribution of the diagram (atG1) reads, for the axial DA,

ΦA
atG1 = −eq

i

4

2

s

(−i)Nc

2CF
g2mρ fρ

δab

2Nc

1

2s

1∫

0

dy1 dy2

∫
dκ

2π
Tr[e/γ (y1/p1 − q/) γν (/k2 + ȳ2 /p1) /p2 /p1 γ5]

× dνρ(k1 + (y1 − y2)p1)Vρλα(−k1 − (y1 − y2)p1, k1, (y1 − y2)p1)
[(y1 p1 − q)2 + iη][(k1 + (y1 − y2) p1)2 + iη][(k2 + ȳ2 p1)2 + iη]

pλ2 ǫ
α
e∗T pnD(y1, y2) , (10.26)
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Figure 10.6: The detailled structure of the diagram (gttG1).

and closing the κ contour above or below gives

ΦA
atG1 = −eq g

2

2
mρ fρ

δab

2Nc

Nc

CF

1∫

0

dy1 dy2
(y1 − y2) ȳ2

ȳ1 (ȳ1 k
2 + ȳ2 (y2 − y1)Q2)

e∗T · eγ D(y1, y2) . (10.27)

We consider now the ”non-abelian“ diagrams of Fig.7.8, involving two triple gluon vertices. They all involve
the color structure

− 2

N2
c − 1

Tr[tc td]f cea fedb =
Nc

CF

δab

2Nc
. (10.28)

For illustration, let us consider the diagram (gttG1) of Fig.7.8, illustrated in Fig.10.6. It reads, for the vector
DA,

ΦV
gttG1 = −eq

1

4

2

s

(−i)Nc

CF
g2mρ fρ

δab

2Nc

1

2s

1∫

0

dy1 dy2

∫
dκ

2π
Tr[e/γ (y1/p1 − q/) γν /p1] dνρ(−q + (1 + y1 − y2) p1)

× Vρλα(q − (1 + y1 − y2) p1, k1, −k2 + (y1 − y2)p1) dαβ(k2 + (y2 − y1)p1)
[(y1 p1 − q)2 + iη][(−q + (1 + y1 − y2) p1)2 + iη][(k2 + (y2 − y1) p1)2 + iη]

× Vβτδ(k2 + (y2 − y1)p1, −k2, (y1 − y2)p1) pλ2 pτ2 e∗δT B(y1, y2) . (10.29)

It equals, when closing the κ contour below on the single pole coming from the third propagator,

ΦV
gttG1 = −eq g

2

2
mρ fρ

δab

2Nc

Nc

CF

1

Q2

1∫

0

dy1 dy2
B(y1, y2)

ȳ1
e∗T · eγ . (10.30)

The axial DA contribution from the diagram (gttG1) reads

ΦV
gttG1 = −eq

i

4

2

s

(−i)Nc

CF
g2mρ fρ

δab

2Nc

1

2s

1∫

0

dy1 dy2

∫
dκ

2π
Tr[e/γ (y1/p1 − q/) γν /p1) γ5] dνρ(−q + (1 + y1 − y2) p1)

× Vρλα(q − (1 + y1 − y2) p1, k1, −k2 + (y1 − y2)p1) dαβ(k2 + (y2 − y1)p1)
[(y1 p1 − q)2 + iη][(−q + (1 + y1 − y2) p1)2 + iη][(k2 + (y2 − y1) p1)2 + iη]

× Vβτσ(k2 + (y2 − y1)p1, −k2, (y1 − y2)p1) pλ2 pτ2 ǫσe∗T pnB(y1, y2) . (10.31)
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It equals, when closing the κ contour below on the single pole coming from the third propagator,

ΦA
gttG1 = −eq g

2

2
mρ fρ

δab

2Nc

Nc

CF

1

Q2

1∫

0

dy1 dy2
D(y1, y2)

ȳ1
e∗T · eγ . (10.32)

All other diagrams of each class can be computed according to the previous examples.
In order to present now the full result in a compact form, we decompose the result impact factor into

spin-non-flip and spin-flip part. The non-flip part is proportional to

Tn.f. = −(eγ · e∗T ) , (10.33)

whereas the spin-flip part involves

Tf. =
(eγ · k⊥)(e∗T · k⊥)

k2
+

(eγ · e∗T )
2

. (10.34)

We label the transverse polarizations as in Eq. (3.70). Decomposing the impact factor as the sum of spin-non-flip
and spin-flip contributions

Φγ∗
T→ρT (k2) = Φ

γ∗
T→ρT

n.f. (k2)Tn.f. + Φ
γ∗
T→ρT

f. (k2)Tf , (10.35)

and introducing the notations

α = k2/Q2 and Cab = −e g
2mρfρ√
2Q2

δab

2Nc
(10.36)

one obtain the following results for the two bodies contribution

Φ
γ∗
T→ρT

n.f.2 (k2) =
Cab

2

1

CF
CF

1∫

0

dy1

{
(2y1 − 1)ϕT

1 (y1) + 2 y1 (1− y1)ϕ3 (y1) + ϕT
A (y1)

y1 (1− y1)

−2α (α+ 2 y1 (1− y1))
(
(2y1 − 1)ϕT

1 (y1) + ϕT
A (y1)

)

y1 (1− y1) (α+ y1 (1− y1))2

}
(10.37)

and

Φ
γ∗
T→ρT

f.2 (k2) =
Cab

2

1

CF
CF

1∫

0

dy1
4α

(α+ (1− y1) y1)2
[
(1− 2 y1) ϕ

T
1 (y1) + ϕT

A(y1)
]
. (10.38)

The three bodies contribution reads

Φ
γ∗
T→ρT

n.f.3 (k2) = Cab 1

CF

1∫

0

dy1

1∫

0

dy2

{
y1 ζ

A
3 D (y1, y2)

α+ (1− y1) y1

(
α (Nc − 2CF )

(y1 − y2 + 1)α+ y1 (1− y2)
+

αNc (1− y1)
y2 α+ y1 (y2 − y1)

)

−y1 ζ
V
3 B (y1, y2)

α+ (1− y1) y1

(
α (2CF −Nc) (2y1 − 1)

(y1 − y2 + 1)α+ y1 (1− y2)
+

αNc (1− y1)
y2 α+ y1 (y2 − y1)

)
(10.39)

+
(
ζV3 B (y1, y2) + ζA3 D (y1, y2)

)( 2CF y1
α+ (1− y1) y1

− 1

1− y1

[
Nc (1− y2) (y1 − y2)Q2

(1− y1)α+ (1− y2) (y2 − y1)
+ CF +Nc

])}

and

Φ
γ∗
T→ρT

f.3 (k2) =
Cab

2

1

CF

4αy1
α+ y1 (1− y1)

(
2CF −Nc

α (1 + y1 − y2) + y1 (1− y2)
− Nc

αy2 + y1 (−y1 + y2)

)

×
[
ζA3 D(y1, y2) (1 + y1 − y2) + ζV3 B(y1, y2) (1− y1 − y2)

]
. (10.40)
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The full result for the impact factor reads, after several simplications due to the use of the equation of motion
and the symetrical properties of 2 and 3-parton correlators, as

Φ
γ∗
T→ρT

n.f. (k2)

=
Cab

2

{
−2

∫
dy1

(α+ 2 y1 (1− y1))α
y1 (1− y1) (α+ y1 (1− y1))2

[
(2y1 − 1)ϕT

1 (y1) + ϕT
A(y1)

]

+2

∫
dy1 dy2

[
ζV3 B (y1, y2)−ζA3 D (y1, y2)

] y1 (1− y1)α
α+ y1 (1− y1)

[
2−Nc/CF

α (y1 − y2 + 1) + y1 (1− y2)

−Nc

CF

1

y2 α+ y1 (y2 − y1)

]
− 2

∫
dy1 dy2

[
ζV3 B (y1, y2) + ζA3 D (y1, y2)

] [2 +Nc/CF

1− y1

+
y1

α+ y1 (1− y1)

(
(2−Nc/CF ) y1 α

α (y1 − y2 + 1) + y1 (1− y2)
− 2

)

+
Nc

CF

(y1 − y2) (1− y2)
1− y1

1

α (1− y1) + (y2 − y1) (1− y2)

]}
(10.41)

and

Φ
γ∗
T→ρT

f. (k2) =
Cab

2

{
4

∫
dy1

α

(α+ y1 (1− y1))2
[
ϕT
A(y1)− (2y1 − 1)ϕT

1 (y1)
]

− 4

∫
dy1 dy2

y1 α

α+ y1 (1− y1)
[
ζA3 D (y1, y2) (−y1 + y2 − 1) + ζV3 B (y1, y2) (y1 + y2 − 1)

]

×
[

(2−Nc/CF )

α (y1 − y2 + 1) + y1 (1− y2)
− Nc

CF

1

y2 α+ y1 (y2 − y1)

]}
. (10.42)

The gauge invariance of the considered impact factor requires a special attention. As we have seen at the end
of Sec. 8.2, the γ∗ → ρT impact factor is constructed in such a manner that it should vanish when k2 = 0,
as a consequence of the gauge invariance of the impact factor. From our final formulas (10.41) and (10.42),
it is obvious to check that Φf. and Φn.f. indeed vanish when k2 = 0 since Tn.f. is a phase for flip transition,
which is regular in the k2 → 0 limit. The vanishing of the ”abelian”, i.e. proportional to CF part of (10.41)
is particularly subtle since it appears as a consequence of the equations of motions (7.59, 7.60). Because of
that some comments can be useful. Let us note that the sum of Eq. (7.59) multiplied by y1 and of Eq. (7.60)
multiplied by ȳ1 takes the form

2y1ȳ1ϕ3(y1) + (y1 − ȳ1)ϕT
1 (y1) + ϕT

A(y1) (10.43)

= −y1
1∫

0

dy2
[
ζV3 B(y1, y2) + ζA3 D(y1, y2)

]
− ȳ1

1∫

0

dy2
[
−ζV3 B(y2, y1) + ζA3 D(y2, y1)

]
,

from which, after integration over y1 of the both sides of (10.43) multiplied by 1
y1ȳ1

, we derive the equality

1∫

0

dy1
y1ȳ1

(
2y1ȳ1ϕ3(y1) + (y1 − ȳ1)ϕT

1 (y1) + ϕT
A(y1)

)
= −

1∫

0

dy1

1∫

0

dy2
2

ȳ1

[
ζV3 B(y1, y2) + ζA3 D(y1, y2)

]
. (10.44)

Now, by inspecting the expression (10.37) in the limit α→ 0 we see that only the first term in {...} survives and
it has a form of the l.h.s of expression (10.44). Similarly, by inspecting the expression (10.39) in the limit α→ 0
we see, that only the last line of this expression survives in the limit α → 0 and that the resulting expression
coincides with the r.h.s of (10.44). Consequently, the non-vanishing terms cancel out due to the relation (10.44).
At the same time, the vanishing of non-abelian (∼ Nc) part of (10.39) is the result of direct cancellation of
the nonvanishing contributions of the diagrams (bG1), (dG1), (aG2), (cG2), (bG2), (dG2), (eG2), (fG2) of
Fig. 7.6 (see Eq.(10.16)) with the corresponding ones coming from diagrams of Fig. 7.7 and Fig. 7.8 containing
triple-gluon vertices. Thus, the expression for the γ∗ → ρT impact factor has finally a gauge-invariant form
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only provided the genuine twist 3 contributions have been taken into account, hidden in formula (10.41) when
writing Φn.f. by the fact that we have used e.o.m., which explicitly relate 2 and 3 particles correlators.

We end up this section with a comment about the problem of end-point singularities. Such singularities
does not occur both in WW approximation and in full twist-3 order approximation. First, the flip contribution
(10.42) obviously does not have any end-point singularity. The potential end-point singularity for the non-
flip contribution (10.41) is spurious since ϕT

A(x1), ϕ
T
1 (x1) vanishes at x1 = 0, 1 (this is enough to justify the

regularity of the result in the WW approximation), as well as B(x1, x2) and D(x1, x2).

10.2 Calculation based on the Covariant Collinear Factorization

We now calculate the impact factor using the CCF parametrization of Ref. [168–170] for vector meson DAs. Let
us outline basic ideas behind our calculation. We need to express the impact factor in terms of hard coefficient
functions and soft parts parametrized by light-cone matrix elements. The standard technique here is an operator
product expansion on the light cone, z2 → 0, which naturally gives the leading term in the power counting and
leads to the described above factorized structure. Unfortunately we do not have an operator definition for an
impact factor, and therefore, we have to rely in our actual calculation on the perturbation theory. The primary
complication here is that z2 → 0 limit of any single diagram is given in terms of light-cone matrix elements
without any Wilson line insertion between the quark and gluon operators, like

〈V (pV )|ψ̄(z)γµψ(0)|0〉 and 〈V (pV )|ψ̄(z)γµAα(t z)ψ(0)|0〉 ,

we will call conventionally such objects as perturbative correlators. Actually we need to combine together
contributions of quark-antiquark and quark-antiquark gluon diagrams in order to obtain a final gauge invariant
result.

One should stress that despite working in the axial gauge one can not neglect completely an effect coming
from the Wilson lines since the two light cone vectors z and n are not equal to each other and thus, generically,
Wilson lines are not equal to unity. Nevertheless in the axial gauge the contribution of each additional parton
costs one extra power of 1/Q, therefore a calculation can be organized in a simple iterative manner expanding
the Wilson line. At twist three level it is enough to consider the first two terms of such expansion

[z, 0] = 1 + i g

1∫

0

dt zαAα(zt) +O(A2) . (10.45)

For instance, the quark-antiquark vector correlator can be written, for the general case z2 6= 0, as

〈V (pV )|ψ̄(z)γµψ(0)|0〉 = 〈V (pV )|ψ̄(z)γµ[z, 0]ψ(0)|0〉 − ig
1∫

0

dt〈V (pV )|ψ̄(z)γµzαAα(zt)ψ(0)|0〉 , (10.46)

where we formally inserted the Wilson line in the r.h.s and performed its approximate subtraction according to
(10.45). Then using relation (7.41), we express the gluon field operator in the second term of (10.46) in terms
of field strength, which gives us the 〈V (pV )|ψ̄(z)γµGαβ(t z)ψ(0)|0〉 correlator. For the later we apply again the
procedure of Wilson lines insertion (and its approximate subtraction)

〈V (pV )|ψ̄(y)γµψ(0)|0〉 = 〈V (pV )|ψ̄(z)γµ[z, 0]ψ(0)|0〉

−ig
1∫
0

∞∫
0

dt dσ e−ǫ σ〈V (pV )|ψ̄(z)[z, z t+ nσ]γµz
αnβGαβ(z t+ nσ)[z t+ nσ, 0]ψ(0)|0〉+ . . . , (10.47)

where . . . stands for the correlators with more than one gluon field.
Such correlator naturally appears (after Fierz decomposition) in the expression for the impact factor gener-

ated by the leading order diagrams of perturbation theory. Now we proceed to the extraction of leading 1/Q
asymptotic. It is achieved, due to the dimensional counting reasons, by the substitution of the off light-cone
correlators by their light-cone limit where z t+ nσ ∝ z, z2 → 0. In this limit, using the CCF parametrization
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of Sec. 7.3.2 for the light-cone correlators, one can deduce after some transformations that

〈ρ(pρ)|ψ̄(z)γµψ(0)|0〉|z2→0 =

fρmρ

[
−i pµ(e∗ · z)

1∫
0

dy eiy(p·z)(h(y)− h̃(y)) + e∗µ
1∫
0

dy eiy(p·z)g(v)⊥ (z)

]
+ . . . , (10.48)

where . . . stands for the contributions vanishing at twist 3 level, and

h̃(y) = ζV3

y∫

0

dα1

ȳ∫

0

dα2
V (α1, α2)

α2
g

, (10.49)

The physical polarization vector satisfies e · pρ = 0 (or e · p = 0 since pρ = p up to twist 3). On the other
hand, the transversely polarized meson is chosen to be orthogonal to the light-cone vectors fixed by the external
kinematics: e ·n0 = 0. But one should take into account that the eT vector defined by (7.31) has a non vanishing
scalar product with the vector n0,

eT · n0 = − e · z
p · z . (10.50)

This relation was used to derive (10.48).
Note that the z t + nσ ∝ z condition means actually that the vector z (which is an internal integration

variable for the impact factor) is approaching during this limiting procedure the direction of the light cone
vector n, z ∝ n. One should mention, to avoid any misunderstanding, that it does not mean that we must
put, say in Eqs. like (10.48), the e · z scalar product equal to zero. What we actually do when performing the
1/Q power expansion is a Taylor expansion of scalar functions F (p · z, z2), which depend generically on the two
variables p · z and z2, with respect to the variable z2, whereas any scalar product of z with other vectors should
remain intact.

Performing a similar sequence of steps we obtain the following result for the axial-vector correlator at the
twist 3 level

〈ρ(pρ)|ψ̄(z)γµγ5ψ(0)|0〉|z2→0 =

1
4fρmρ

[
ǫµαβγ e

∗αpβzγ
1∫
0

dy eiy(p·z)(g(a)⊥ (y)− g̃(a)⊥ (y)) + ǫµαβγe
∗αpβnγp · z

1∫
0

dy eiy(p·z)g̃(a)⊥ (y)

]
, (10.51)

with

g̃
(a)
⊥ (y) = 4 ζA3

y∫

0

dα1

ȳ∫

0

dα2
A(α1, α2)

α2
g

. (10.52)

Comparing the obtained results (10.48), (10.51) for the perturbative correlators with initial parametrizations
(7.34), (7.28) we see that at twist 3-level the net effect of the Wilson line is just some renormalization of the h
function in the case of vector correlator, whereas for the axial-vector we obtain in addition to the function ga⊥
renormalization a new Lorentz structure, the last term in (10.51). Nevertheless, we found that the last term in
(10.51) produces at the end a zero contribution to impact factor.

Let us now discuss gluonic diagrams which involves quark-antiquark gluon correlators, like

〈ρ(pρ)|ψ̄(z)γµAα(w)ψ(0)|0〉 .

Applying our procedure one can easily show that at twist 3 level

〈ρ(pρ)|ψ̄(z)γµgAα(w)ψ(0)|0〉|w∝z,z2→0 = −mρ f
V
3 ρ pµe

∗
Tα

∫
Dα

V (α1, α2)

αg
ei(p·z)α1+i(p·w)αg , (10.53)

〈ρ(pρ)|ψ̄(z)γµγ5gAα(w)ψ(0)|0〉|w∝z,z2→0 = −imρ f
A
3 ρ pµ ǫαβγδ n

βpγe∗δT

∫
Dα

A(α1, α2)

αg
ei(p·z)α1+i(p·w)αg ,

see Eq.(7.42,7.43). Note that the first nontrivial effects induced by the Wilson line insertion start for such
perturbative correlators at the level of twist 4 only. Therefore taking into account such 3-partons contributions
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is quite straightforward: one needs to calculate, projected in accordance with (10.53), diagrams describing
the production of collinear on-shell quark-antiquark gluon state. One comment is here in order. Perturbative
expansion generates, among others, diagrams where the gluon field is attached not to the internal part of
the diagrams but to the ”external” quark (or antiquark) lines. Such diagrams, in accordance to the logic of
collinear factorization, should be factorized in terms of not 3-parton but 2-parton correlators. Quasi-collinear
gluon radiation appears at large distances and corresponding subprocess should be factorized not in the hard
coefficient but is included in the soft part of the process, described by the 2-parton quark-antiquark correlator.

The internal variable z (and w) integration can be reduced to the Fourier integrals

∫
d4z ei(l·z) = (2π)4δ4(l) ,

∫
d4z zα e

i(l·z) = −i(2π)4 ∂

∂lα
δ4(l) ,

where l stays here for some combination of the external and internal momenta2. The corresponding intermediate
calculations do not contain principle difficulties both for the case of 2-partons and 3-partons contributions. Note
that the contributions computed here have the same hard part as the one of the section 10.1, except for 2-partons
contributions with derivatives discussed in that section which have no counterpart here. In what follows, we
simply give the final results. Then we will discuss in details an important issue related with the restoration of
the gauge invariance for the final result.

We use the notations

α =
k2

Q2
, cf =

N2

N2 − 1

For the 3-parton contributions we obtain the result

Φ3 = −e g
2mρ fρ√
2Q2

δab

2Nc

{
Φqq̄g(α) + ∆Φ3

}
, (10.54)

with

∆Φ3 = −Tn.f.
2

∫
Dz

z̄1z̄2zg

{
ζV3 V (z1, z2)(z1 − z2) + ζA3 A(z1, z2)(z̄1 + z̄2)

}
(10.55)

and

Φqq̄g(α) =

∫
Dz

2α

z1z2z2g
(10.56)

×
{
(ζV3 V (z1, z2) + ζA3 A(z1, z2))Tn.f.

(
(1 − cf )z̄gz1
αz̄g + z1z2

−
cfz

2
g

αz̄1 + z2zg
− (z2 − z̄1cf )z1z2

z̄1(α+ z1z̄1)
− (z1 − z̄2cf )z̄2

(α+ z2z̄2)

)

+ (ζV3 V (z1, z2)− ζA3 A(z1, z2)) 2z1Tf.
(

(1− cf)z̄2g
αz̄g + z1z2

− cfzg z̄1
αz̄1 + z2zg

− cfzgz̄2
αz̄2 + z1zg

+
cf z̄1 − z2
α+ z1z̄1

+
cf z̄2 − z1
α+ z2z̄2

)}
,

where Dz is defined according to (7.39) and where we have used symmetry properties of gluon distribution
amplitudes under the exchange of quark momentum fractions: V (z1, z2) = −V (z2, z1), A(z1, z2) = A(z2, z1).

Let us discuss now the 2-parton contributions. We obtain

Φ2 = −e g
2mρ fρ√
2Q2

δab

2Nc

{
Φqq̄(α) + ∆Φ2

}
, (10.57)

with

Φqq̄(α) =

1∫

0

dz

{
Tn.f.Φ

+(z)
α(α+ 2zz̄)

zz̄(α+ zz̄)2
+ Tf.Φ

−(z)
2α

(α+ zz̄)2
,

}
(10.58)

where

Φ±(α) = (2z − 1)
[
h(z)− h̃(z)

]
± g

(a)
⊥ (z)− g̃(a)⊥ (z)

4
, (10.59)

2The subsequent integration over the internal momenta with delta function derivative is done using integration by parts.
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whereas for ∆Φ2 term we get

∆Φ2 = Tn.f.

1∫

0

dz

{
g
(v)
⊥ (z)− Φ+(z)

2zz̄

}
. (10.60)

Note that Φqq̄(α) and Φqq̄g(α) vanish in the limit α→ 0, whereas ∆Φ2 and ∆Φ3 do not depend on α. Now
we need to demonstrate that ∆Φ2 and ∆Φ3 cancel each other. It guarantees the property of the impact factor,
Φ(α = 0) = 0, which is directly related to the gauge invariance.

One can now separate from ∆Φ2 the contribution ∆Φ2
a that is due to functions h̃(z) and g̃a⊥(z), which

originates in our method from the Wilson lines insertion procedure,

∆Φ2 = ∆Φ2
a +∆Φ2

b , (10.61)

where

∆Φ2
a = Tn.f.

1∫

0

dz

2zz̄

{
(2z − 1)h̃(z) +

g̃
(a)
⊥ (z)

4

}
. (10.62)

To calculate ∆Φ2
a, it is convenient to present h̃(z) and g̃

(a)
⊥ (z) in the form

h̃(u) = ζV3

1∫

0

dt

∫
Dz δ(u− z1 − zgt)

V (z1, z2)

zg
, g̃

(a)
⊥ (z) = 4 ζA3

1∫

0

dt

∫
Dz δ(u− z1 − zgt)

A(z1, z2)

zg
.

Using this relation one can easily found that

∆Φ2
a =

Tn.f.
2

∫
Dz

{
ζV3

V (z1, z2)

z2g
ln
z1z̄1
z2z̄2

+ ζA3
A(z1, z2)

z2g
ln
z̄1z̄2
z1z2

}
.

The second term in (10.61) can be reduced to the form

∆Φ2
b =

Tn.f.
2

1∫

0

dz
{
ln(z) g↑↓(z) + ln(z̄) g↓↑(z)

}
.

where [169]

g↑↓(z) = g
(v)
⊥ (z) +

1

4

d

dz
g
(a)
⊥ (z) , g↓↑(z) = g

(v)
⊥ (z)− 1

4

d

dz
g
(a)
⊥ (z) .

Then, we separate the WW and genuine twist 3 contributions to ∆Φ2
b ,

∆Φ2
b = ∆Φ2WW

b +∆Φ2 gen
b ,

in accordance with

g↑↓(z) = g↑↓WW (z) + g↑↓ gen(z) , g↑↓(z) = g↑↓WW (z) + g↑↓ gen(z) .

Using the explicit expressions for these functions in the WW limit

g↑↓WW (z) =

1∫

z

du

u
φ‖(u) , g↓↑WW (z) =

z∫

0

du

ū
φ‖(u) ,

one can easily found that the WW contribution to ∆Φ2
b vanishes,

∆Φ2WW
b = 0 .

Then, using results of Ref. [169] , which allow to express g↑↓ gen(z) and g↓↑ gen(z) in terms of 3-partons DAs,
we found after some transformations that

∆Φ2 gen
b =

Tn.f.
2

∫
Dz

{
ζV3

V (z1, z2)

zg

(
z1 − z2
z̄1z̄2

− ln
z1z̄1
z2z̄2

1

zg

)
+ ζA3

A(z1, z2)

zg

(
z̄1 + z̄2
z̄1z̄2

− ln
z̄1z̄2
z1z2

1

zg

)}
.
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These results mean that

∆Φ2 =
Tn.f.
2

∫
Dz

zgz̄1z̄2

{
ζV3 V (z1, z2)(z1 − z2) + ζA3 A(z1, z2)(z̄1 + z̄2)

}
, (10.63)

and thus that the constant terms of 2-parton (10.63) and 3- parton (10.55) contributions cancel each other

∆Φ2 +∆Φ3 = 0 .

Finally, the impact factor is given as a sum of two contributions

Φ(α) = −e g
2mρ fρ√
2Q2

δab

2Nc

{
Φqq̄(α) + Φqq̄g(α)

}
(10.64)

where Φqq̄(α) and Φqq̄g(α) are given in eqs. (10.58) and (10.56).

10.3 Comparison of the two computations and discussion

The above results for the γ∗ → ρ impact factor were obtained based on the LCCF and CCF method, and look
at first sight very different. As a testing ground of the validity of the dictionary elaborated in section 7.6, it is
interesting to show the exact equivalence between the two results. The detailed proof relies on the rewritting
of both results in terms of the DAs ϕ1 B, D , and uses the expressions for g↑↓ gen and g↓↑ gen through V (thus
through B) and A (thus through D) as given in Ref. [169]. Since it is rather involved and technical, we do not
present the proof here. This is done with whole details in Appendix B of Ref. [321], where the exact equivalence
between the two results is proven.

The above computation has thus explicitely illustrated the efficiency of the LCCF method, which allows us
to include in a systematic way higher twist effects, here examplified on the study of the ρ-meson production
up to twist 3 accuracy. Our computation is rather straighforward in LCCF approach, while more involved in
CCF. On the other hand, the price to pay in LCCF is that one needs to introduce a set of DAs which are not
independent. As explained in Chap. 7, the crucial point in the comparison of these two methods is the use
of Lorentz invariance constraints formulated as the n-independence of the scattering amplitude within LCCF
method, which allows one to reduce these DAs to a minimal set, when combined with the EOMs.

Our result of course does not preclude the solution of the end-point singularity problem which we already
discussed, and which may still require a separate treatment. However, we expect that we could use our result
to predict in a way rather independent of the unintegrated gluon distribution in the proton the ratio of the two
dominant transitions γ∗L → ρL and γ∗T → ρT .

To the best of pour knowledge, our obtained result is the first complete twist 3 result for an exclusive process
-including dynamical genuine twist 3 effects-, here based on kT−factorization. The first natural extension of the
present study would be to consider the non-forward case. This is essentially a matter of technical computations.
We do not expect any surprise at that level, but this is clearly needed in order to get a description of the t
dependence. In the electroproduction case, this will of course mix with the t−dependence of the coupling of the
Pomeron to the proton, which combines both perturbative (à la BFKL) and non-perturbative origins. Another
interesting question would be to consider twist 4 contributions, in particular when using practically the LCCF
approach. This again could be studied in this impact factor example. Besides this, we have not considered the
effect of ERBL-DGLAP evolution, which, although they are expected to be moderate due to the limited values
of Q2, might be of practical importance if phenomenology is to be done at an increasing level of precision.

The problem of combining NLLx studies with a twist 3 treatment should also be adressed. This could the
give a consistent treatment for all kind of transitions in the large s limit, at NLLx level. At the moment, we do
not know any example of NLLx description involving higher twist effects. Additionaly, the problem of end-point
contributions presumably require the inclusion of Sudakov type of effect. The problem of including such effects
within kT -factorization is an open question, even at LLx. Thus, hard ρ−exclusive production will presumably
remain a subject of very active research both from the experimental and the theoretical sides.



Chapter 11

Onium-onium scattering in γ(∗)γ(∗)
colliders

11.1 Sources of photons

The direct γγ cross-section (computed through the box diagram) is out of reach experimentally. For example,
σγγ→γγ ∼ 10−64(ωγ/eV)

6cm2, that is 10−65cm2 for visible light (ω ∼ 1 eV)! This can be circumvent in two
ways: photons can be produced either, using the Fermi [610], Weizsäcker [611], Williams [612] idea that the
field of a charged particle is a flux of equivalent photon (which are almost real), from a high luminosity collider
of charged particle (Ap, pp, e+p, e+e−) or from Compton backscattering to pump the energy of electrons of a
storage ring or of a collider in order to produce high luminosity and high energy photons.

11.1.1 Photon colliders: hadron and nucleus colliders

The first option can be realized in hadron and nucleus colliders: to produce high energy ω = zEZe photons
with high luminosity, the equivalent photon approximation

Pγ/Ze(z,Q
2) ∼ Z2 αem/(z Q

2)

implies that one can use either a high energy (to compensate the 1/z pole) and high luminosity hadron collider
(LHC, Tevatron), or a heavy nucleus collider (Z2 then balance the lower luminosity) (RHIC, LHC). At LHC,
both modes would give comparable fluxes of photons. Note however that contrarily to a general belief, as we
will discuss in Sec. 11.5.4, the hadron-hadron mode provides a higher flux than when replacing hadrons by
heavy nucleus. Still, γγ events are poluted by pure (soft) hadronic interactions between source of photons, since
hadrons or nucleus are sensitive to strong interaction. One needs to select peculiar ultraperipheral events [613–
615] for which the typical impact parameter b between hadrons (nucleus) exceeds 1/ΛQCD. Such ultraperipheral
collisions of protons or nuclei of high energies constitute a promising new way to study QCD processes initiated
by two quasi real photons, since they mimic e+e− colliders, which of course do not face any hadronic interactions
among themselves, and are thus considered to be very “clean”. Such a selection is possible experimentally
with very forward detectors, with (anti)tagging protons: forward detector at CDF (with coming data), LHC
detectors (Roman pots) suggested at 420 m (FP420 at cms and ATLAS) and 220 m (RP200 at ATLAS) from the
Interaction Point at LHC [515]. These last detectors are very promising for both γγ and hadronic diffractive
physics (ex: Higgs exclusive production, MSSM, QCD), but they suffer from non trivial problems with fast
time trigger (long distance from IP to the detector to be compared with the rate of events at high luminosity).
Combining both detectors would increase acceptance. In the high luminosity mode of LHC, it is anyway not
clear whether pile-up (occuring when a second scattering occurs during the time of a first scattering) would not
prevent studies of ultraperipheral processes. Typically, the integrated luminosity should probably not exceed
1 fb−1 in order to avoid pile-up, which reduces significantly the opportunity for dedicated exclusive studies at
LHC. The situation would be more favorable in the low luminosity mode.

For some peculiar ultraperipheral processes, it may well be that the tagging of out-going proton could not
feasible. In that case, the distinction with pure strong-interaction processes could be made relying on the
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Figure 11.1: Distribution of the transverse momenta squared of the scattered protons for the γ − γ (empty
histogram) and P− P (shaded histogram) collision assuming a diffractive slope of B = 4 GeV−2, without (left)
and with (right) smearing by the beam divergence. Figure from Ref. [616].

different low t spectra (Coulomb pole for ultraperipheral processes from the photon mediated processes versus
power-like behaviour in QCD mediated events) [616]. For the pure QCD induced processes, instead of a pole
behaviour, the shape has a typical exp(−Bp2T ) behaviour, with B ≃ 4 GeV−2 . In fact, due to smearing by the
beam divergence for the initial running condition at LHC, the distinction is less clear than one could expect, as
shown in Fig. 11.1.

Additionaly, since the impact parameter b is not directly reconstructed, survival probability [617] have to
be taken into account. In the elastic case, it corresponds to the probability of the scattered protons not to
dissociate due to the secondary soft interactions rescattering, as we shortly discussed in Sec.9.1.3. This is of
course a non-perturbative ingredient which cannot be extracted from first principles. Since the proton impact
parameter goes like the inverse of

√
Q2 (where Q2 is the photon virtuality), b is much larger than the range of

strong interaction. The effect of these survival probabilities is expected to be small for γγ induced processes
than for pγ processes. Still, since the average values of Q2 get higher when increasing the γ − γ cms energy,
this gap survival probability, close to 100% for two-photon induced processes at moderate energies, decreases
when considering γ − γ processes in the Regge limit.

The above situation should be contrasted with processes involving e±, which are not directly affected by
strong interaction. This is the key reason why e+e− colliders are the cleanest solution in principle for γ(∗)γ(∗)

physics, both from a theoretical and from an experimental point of view.

11.1.2 Photon colliders: e→ γ conversion

At e+e− colliders, a small number of equivalent photons, of soft spectrum (dnγ∼0.03 dω/ω), is produced:

Lγγ(Wγ/(2Ee) > 0.1)∼10−2Le+e− and Lγγ(Wγ/(2Ee) > 0.5)∼0.4 10−3Le+e− .

To produce a photon collider, the Novosibirsk group suggested [618–620] to reconsider the use of Compton
backscattering of a laser on the high energy electron beam of a collider [621–623]. Due to the u-channel
diagram of Fig. 11.2, which has an almost vanishing propagator, the cross-section is peaked in the backward
direction. In this direction, almost all the energy of the incoming electron is transfered to the outgoing photon
(up to 82 % at ILC 500 GeV). The limit comes from the fact that one does not want to reconvert γ in e+e−

pairs! The corresponding number of equivalent photons is of the order of 1 if the beam has a small size, with
laser flash energy of 1 − 10 J. The photon beam follows the direction of the incoming electron beam with an
opening angle of 1/γe. Due to the very good focussing of electrons beams expected at ILC, this is the main
effect limiting the luminosity in γ mode: the distance b between conversion region and Interaction Point is ∼ 1.5
mm, making impossible to use a magnet to deflect the low energy outgoing electron beam.

It has been suggested to use a non zero scattering angle between the two incoming beams to remove them
(see Fig. 11.3). In order to compensate the potential lost luminosity with non zero scattering angle, crab-cross
scattering is studied (the paquet is not aligned with the direction of its propagation, like a crab). The luminosity
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Figure 11.2: u-channel diagram for Compton scattering.
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Figure 11.3: γγ/γe collider with cross-crab angle. Figure from Ref. [624].

could reach 0.17Le+e− , a very interesting value since the cross-sections in γγ are usually one order of magnitude
higher than for e+e−. As we already seen when discussing chiral-odd GPDs, the matrix element of the Compton
process is helicity-conserving except for the term proportional to the electron mass, which is helicity-flip, and
dominates in the backward region. This provides a very elegant way of producing quasi monochromatic photons
of maximal energy and given polarization, by using 2λePc = −1 (λe = mean electron helicity and Pc = mean
laser photon circular polarization), see Fig. 11.4. Note that the WW distribution is sharply peaked around
almost on-shell and soft photons: in γe or γγ mode, in order to use perturbative QCD, one needs to provide
hard scales, from the outgoing state (J/Ψ,...) or from large t. Ingoing γ∗ hard states are provided only in e+e−

mode with double tagged outgoing leptons.

11.2 ILC project

The International Linear Collider (ILC) is expected to be a rather expensive project: 1.78 G $ for site-dependent
costs (tunnelling in a specific region, ...) and 4.87 G$ for shared values of high technology and conventional
components. Still, this estimate is comparable to the cost for the Large Hadron Collider (LHC) when including
costs for pre-existing facilities. The decision of constructing this collider will be taken depending on the results
obtained at LHC, in particular for precision measurement in the Higgs sector and potentially for beyond standard
model physics. Still, from the point of view of strong interaction studies, it is a very clean machine, as any e+e−
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Figure 11.4: Spectrum (left) and average helicity (right) of the Compton-scattered photons. Figure from [625].

Figure 11.5: Paquet structure for ILC.

collider, in comparison with hadron-hadron colliders. Its high cms energy combined with a high luminosity
would open the way to many interesting exclusive channels [626]. It would be very complementary with respect
to low energy and high luminosity accelerators like JLab, BEPC-III ...

11.2.1 Reference Design Report for ILC

The design value of
√
se+e− = 2Elepton should have a nominal value of be 500 GeV, with a luminosity of 125 fb−1

per year within 4 years of running, at 500GeV, with a possible scan in energy between 200GeV and 500GeV.
An upgrade at 1TeV, with a luminosity of 1 ab−1 within 3 to 4 years is planned. To reach such high luminosities,
the paquets should have a rather intricate structure (see Fig. 11.5) [626]. There are non trivial technological
problem for extracting the outgoing beam. At the moment, 3 options are considered for the scattering angle: 2
mrad, 14 mrad and 20 mrad, with in each case a hole in the detector at that angle to let the outgoing beam get
through toward the beam dump (reducing the acceptance in the forward calorimeter). Crab-cross scattering is
needed to get high luminosity. Two interaction regions are highly desirable: one which could be at low crossing-
angle, and one compatible with eγ and γγ physics (through single or double laser Compton backscattering). γγ
mode leads to the severe constraint that αc> 25 mrad 1. The mirors could be placed either inside or outside
the detector, depending on the chosen technology, in eγ and γγ modes, with almost no space for any forward
detector in a cone of 95 mrad (Fig. 11.6). If the option suggested by Telnov (single detector + single interaction
point + single extraction line) would be chosen (this solution without displacement of the detector between 2
interaction points is much cheaper) it could become difficult to make diffractive physics. However, this γ − γ
option is of major importance for many channels, based on the very high cross-section for exclusive processes

1last quadrupole (⊘ =5cm) at 4m from IP and horizontal disruption angle=12.5 mrad, thus 0125+5/400=25 mrad.
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Figure 11.6: Layout of the quad and electron and laser beams at the distance of 4 m from the interaction point.
Figure from Ref. [624].

in comparison with e+e− mode. A γ− γ option together with an e+− e− collider, with two detectors, would be
the best solution. Though, for economical reason, a scenario without this initial γ− γ option has been prefered
recently.

11.2.2 Detectors at ILC

There are 4 concepts of detectors at the moment: GLD, Large Detector Concept, Silicon Design Detector
Study (Sid) and 4th (sic). Each of them involves a very forward electromagnetic calorimeter for luminosity
measurement, with tagging angle for outgoing leptons down to 5 mrad (10 years ago, 20 mrad was almost
impossible!). It is ideal for diffractive physics, which cross-sections are sharply peaked in the very forward
region. The luminosity is enough to get high statistics, even for exclusive events, as we will illustrated in detail
in Sec. 11.4. For example, LDC (see Fig. 11.7) contains a BeamCal, an electromagnetic calorimeter devoted to
luminosity measurement, located at 3.65 m from the vertex [627]. The main background is due to beamstrahlung
photons, leading to energy deposit in cells close from the beam pipe (see Fig. 11.8). This implies cutting-of the
cells for lepton tagging with Emin=100 GeV, θmin = 4 mrad (and to lower energies for large angles).

11.3 γ∗γ∗ → hadrons total cross-section

In comparison to LEP, which we considered in Sec. 9.3, s would be higher, the luminosity would be much higher
(a factor ∼ 103), and detectors would give access to events much closer to the beam pipe (LEP: θmin ≥ 25 to
30 mrad). One can thus hope to get a much better access to QCD in perturbative Regge limit, since the typical
virtualities of the photons will be lower, thus leading to higher cross-sections. To have enough statistics in order
to see a BFKL enhancement with respect to conventional partonic at TESLA, it was considered to be important
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Figure 11.7: LDC detector project.

Figure 11.8: Beamstrahlung in BeamCal.

to get access down to θmin ≃ 25 to 20 mrad, as we have shown in [597]. Probably this could be extended up
to 30 mrad due to the expected luminosity (a factor 2 to 3 of luminosity higher than TESLA project, which
we considered in [597]). With detection down to 4 mrad, this is thus not anymore a critical parameter2. In a
modified LLx BFKL scenario [593], one expects around 104 events per year with θmin ≃ 10 mrad.

11.4 The γ∗γ∗ → ρ0L ρ0L exclusive process

In the γγ case (e+e− without tagging or γγ collider option), one can consider any diffractive process of type
γγ → J/ΨJ/Ψ [628, 629] (or other heavy produced state). The hard scale is provided by the charmed quark
mass, with an expected number of events for TESLA around 7.4 104 (i.e. 9 104 with ILC muninosity). The
expected efficiency of the detectors at the time of the TESLA project when Ref. [629] appeared, combined with
a branching ratio of the order of 6 % in both e+e− and µ+µ− modes lead to an expected number of events of 88,
for θmin > 20 mrad. The situation could be much more favorable based on much lower values of the minimum
tagging angles at ILC.

Due to the small detection angle offered by Beamcal, combined with high energy and high luminosity, one

2Note that within a γe and γγ option, the Telnov suggestion would forbid any forward detector below typically 100 mrad.
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can think about the very exclusive process γ∗γ∗ → ρ0 ρ0 from e+e− → e+e−ρ0 ρ0 with double tagged out-going
electrons. In order to avoid any complication due to twist 3 contributions, we will in fact restrict ourselves to
the twist-2 dominant ρL production, thus considering the process

e+e− → e+e−ρ0Lρ
0
L . (11.1)

We proposed and studied this reaction in [630, 631, 632, 379, 633, 634 635, 636, 637] as a test of BFKL dynamics
at arbitrary t . The idea is to select events in which two vector mesons are produced with large rapidity gap,
through scattering of two highly virtual photons, thus getting access to the kinematical regime in which the
perturbative approach is justified. If additionally one selects the events with comparable photon virtualities,
the perturbative Regge dynamics of QCD of the BFKL type should dominate with respect to the conventional
partonic evolution of DGLAP type. In comparison with the study which we performed in Sec. 6.4, we are
thus exploring now a different kinematical region in which the cms energy is parametrically large: this is the
lower left corner of the phase-space described in Fig. 6.24. The study of Sec. 6.4 will provide us a partonic à la
DGLAP description of the process. One of the question to be adressed will be to find a kinematical region in
which such a partonic contribution is suppressed with respect to the gluon exchange contribution à la BFKL.

From a phenomenological point of view, before studying the process in detail, let us note that one can
expect measurable counting rates for our reaction, by a rule of thumb comparison with γγ → J/ΨJ/Ψ. Indeed,
by crossing, since the typical values of Q2

i should be comparable with m2
J/Ψ, and since the ρ production

will be treated through collinear factorization in a way which make it similar to the γ point-like coupling of
γγ → J/ΨJ/Ψ , (the detailled form of the ρ DA does not change dramatically the order of magnitude), the
fact that the authors of Ref. [628,629] got measurable cross-section made us confident before starting detailled
study.

The first step is to study in detail the Born order two gluon contribution, in order to prove the feasibility of
the experiment. We do this at the level of

γ∗L,T (q1) γ
∗
L,T (q2)→ ρ0L(k1) ρ

0
L(k2) , (11.2)

for arbitrary values of t = (q1 − k1)
2, with s ≫ −t . The process is illustrated in Fig. 11.9. Based on our
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Figure 11.9: Amplitude for the process e+ e− → e+ e− ρ0L ρ0L.

computation of Chap. 10, this could be extended to the case of ρT production. The choice of longitudinal
polarizations of both the scattered photons and produced vector mesons which we first adressed in Refs. [630, 631,
632, 633] was dictated by the fact that this configuration of the lowest twist-2 gives the dominant contribution
in the powers of the hard scale Q2, when Q2

1 ∼ Q2
2 ∼ Q2, as we have seen in Sec. 5.3.7. We then extended our

study for all combinations of polarizations of virtual photons necessary to obtain all helicity amplitudes of the
process (11.2) in Refs. [635, 636, 637].

The study of the BFKL enhancement effects, at LLx and in the collinear improved LLx approach à la Salam,
were studied for t = 0 in Refs. [379, 634]. A full NLLx study has been carried at t = 0 in Refs. [380, 495] and
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in the collinear improved NLLx approach in Ref. [499]. We shall comment on the various obtained results at
the end of this section. Note that restricting to t = 0 automatically selects the longitudinally polarized photon.
A dedicate study for arbitrary value of t should thus be performed to get an evaluation of BFKL enhancement
effects of the Born order evaluation for all γ∗ polarization.

11.4.1 Kinematics

The measurable cross section for the process (11.1) of Fig. 11.9 is related to the amplitude of the process (11.2),
illustrated in Fig. 11.10, through the usual flux factors for respectively transversally and longitudinally polarized
photons

t(yi) =
1 + (1− yi)2

2
, l(yi) = 1− yi , (11.3)

where yi (i = 1, 2) are the longitudinal momentum fractions of the bremsstrahlung photons with respect to the
incoming leptons. This relation reads [263]

dσ(e+e− → e+e−ρ0Lρ
0
L)

dy1dy2dQ2
1dQ

2
2

=
1

y1y2Q2
1Q

2
2

(α
π

)2 [
l(y1) l(y2)σ(γ

∗
Lγ
∗
L → ρ0Lρ

0
L) + t(y1) l(y2)σ(γ

∗
T γ
∗
L → ρ0Lρ

0
L)

+ l(y1) t(y2)σ(γ
∗
Lγ
∗
T → ρ0Lρ

0
L) + t(y1) t(y2)σ(γ

∗
T γ
∗
T → ρ0Lρ

0
L)
]
. (11.4)

The presence of hard scales Q2
i permits us to apply the collinear approximation at each qq̄ρ−meson vertex, and

the use of distribution amplitude (DA) for describing the qq̄ content of the ρ mesons, as illustrated in Fig. 11.10.
The amplitude MH will be described using the impact representation, valid at high energy, as illustrated in

ρ(k1)

ρ(k2)

q1

q2

M =

q/′1

q/′2

q1

q2

MH

DA

ρ(k1)q/′2

DA

ρ(k2)q/′1

Figure 11.10: The amplitude of the process γ∗(Q1)γ
∗(Q2) → ρ0L(k1)ρ

0
L(k2) with the collinear factorization in the qq̄ρ

vertex.

Fig. 11.11, except when dealing with the quark exchange which we considered in Sec.6.4.
We introduce two light-like Sudakov vectors q′1 and q′2 which form a natural basis for two scattered virtual

photons3, which satisfy 2q′1 · q′2 ≡ s ∼ 2q1 · q2. The usual sγ∗γ∗ is related to the auxiliary useful variable s by
sγ∗γ∗ = s−Q2

1−Q2
2. The momentum transfer in the t−channel is r = k1−q1. In this basis, the incoming photon

momenta read

q1 = q′1 −
Q2

1

s
q′2 and q2 = q′2 −

Q2
2

s
q′1 . (11.5)

In accordance with (10.6), the polarization vectors of longitudinally polarized photons are, after using (11.5),

ǫL(1)
µ =

q1µ
Q1

+
2Q1

s
q′2µ and ǫL(2)

µ =
q2µ
Q2

+
2Q2

s
q′1µ , (11.6)

with ǫ2L(i) = 1 and qi · ǫL(i) = 0, whereas the polarization vectors of transversally polarized photons are two

dimensional transverse vectors satisfying ǫ2T (i) = −1 (i = 1, 2) and qi · ǫT (i) = 0.

3In previous chapters we denoted these light-cone vectors by p1 and p2, but here p1 and p2 denote the lepton momenta.
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Figure 11.11: The amplitude MH in the impact representation. The vertical blob symbolizes the interaction of two qq̄

dipoles through gluon exchanges at high s.

We label the momentum of the quarks and antiquarks entering the meson wave functions as l1 and l′1 for
the upper part of the diagram and l2 and l′2 for the lower part (see Fig. 11.11).

In the basis (11.5), the vector meson momenta can be expanded in the form

k1 = α(k1) q
′
1 +

r2

α(k1) s
q′2 + r⊥ ,

k2 = β(k2) q
′
2 +

r2

β(k2) s
q′1 − r⊥ . (11.7)

In the following, we will treat the ρ meson as being massless. α and β are very close to unity, and reads

α(k1) ≃ 1− Q2
2 + r2

s
+O

(
1

s2

)
,

β(k2) ≃ 1− Q2
1 + r2

s
+O

(
1

s2

)
, (11.8)

where r2 = −r2⊥. They will be replaced by 1 in the phenomenological applications of Secs. 11.4.3 and 11.4.4.
In this decomposition, it is straightforward to relate t = r2 to r2 through the approximate relation

t ∼ −Q
2
1Q

2
2

s
− r2

(
1 +

Q2
1

s
+
Q2

2

s
+
r2

s

)
(11.9)

(see [632] for an exact relation). From Eq.(11.9) the threshold for |t| is given by |t|min = Q2
1Q

2
2/s , corresponding

to r⊥ = 0. In the kinematical range we are interested in, the relation (11.9) can be approximated as r2 = −t,
as usually in the Regge limit.

The links with the e+e− process can be made by using the same Sudakov basis for the two incoming leptons:

p1 =
1

y1
q′1 + y1

p2
1

s
q′2 + p⊥1 and p2 =

1

y2
q′2 + y2

p2
2

s
q′1 + p⊥2 , with p2

i
=

1− yi
y2i

Q2
i . (11.10)

Thus, one gets

se+e− =
s

y1y2

(
1 +

(1− y1)(1 − y2)Q2
1Q

2
2

s2

)
− 2p

1
· p

2
.

In the following, since we keep only the dominant s contribution, we use the approximate relation se+e− ∼
s/(y1y2).
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11.4.2 Impact representation

As we have seen in Sec. 8.2, the impact factor representation of the scattering amplitude for the process (8.8)
has the form (see Fig. 11.12)

q/′1

q/′2

q1

q2

l1

−l′1

l2

−l′2

k r − k

Figure 11.12: Amplitude MH at Born order. The t-channel gluons are attached to the quark lines in all possible ways.

M = is

∫
d2 k

(2π)2k2 (r − k)2
Φab γ∗

L,T (q1)→ρ0
L(k1)(k, r − k) Φab γ∗

L,T (q2)→ρ0
L(k2)(−k,−r + k) , (11.11)

where Φab γ∗
L,T (q1)→ρ0

L(k1)(k, r − k) (Φab γ∗
L,T (q2)→ρ0

L(k2)(k, r − k)) are the impact factors corresponding to the
transition of γ∗L,T (q1)→ ρ0L(k1) (γ

∗
L,T (q2)→ ρ0L(k2)) via the t−channel exchange of two gluons4. The amplitude

(11.11) calculated in Born order depends linearly on s (or sγ∗γ∗ when neglecting terms of order Q2
i /s) as the

impact factors are s-independent.
We have recalled in detail in Sec. 10.1.1 how the calculation of the impact factors in the Born approximation

is performed. They are obtained by assuming the collinear approximation at each qq̄ρ−meson vertex, which
means that projecting the (anti)quark momenta on the Sudakov basis q′1, q

′
2,

l1 = z1q
′
1 + l⊥1 + z1r⊥ −

(l⊥1 + z1r⊥)2

z1s
q′2 ,

l′1 = z̄1q
′
1 − l⊥1 + z̄1r⊥ −

(−l⊥1 + z̄1r⊥)2

z̄1s
q′2 ,

l2 = z2q
′
2 + l⊥2 − z2r⊥ −

(l⊥2 − z2r⊥)2
z2s

q′1 ,

l′2 = z̄2q
′
2 − l⊥2 − z̄2r⊥ −

(−l⊥2 − z̄2r⊥)2
z̄2s

q′1 , (11.12)

we put the relative momentum li⊥ to zero. For longitudinally polarized photons the impact factor reads

Φab γ∗
L(qi)→ρ0

L(ki)(k, r − k) = 4παs
e√
2

δab

2Nc
Qi fρ α(ki)

1∫

0

dzizi z̄i φ(zi)PP(zi, k, r, µi) , (11.13)

4Note that the normalization used in this manuscript differs by a factor (2π)2 in the way the amplitude is written when comparing
with Ref. [635]. This is due to the different normalization Φhere = 1

2π
Φ[635] .
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where the expression

PP(zi, k, r, µi) =
1

z2i r
2 + µ2

i

+
1

z̄2i r
2 + µ2

i

− 1

(zir− k)2 + µ2
i

− 1

(z̄ir− k)2 + µ2
i

(11.14)

originates from the impact factor of quark pair production from a longitudinally polarized photon. This expres-
sion is the extension to the non-forward case of the formula (10.10), which is obtained by setting r = 0 .

For transversally polarized photons, one obtains

Φab γ∗
T (qi)→ρ0

L(ki)(k, r − k)

= 2παs
e√
2

δab

2Nc
fρα(ki)

1∫

0

dzi (zi − z̄i)φ(zi) ǫ ·Q(zi, k, r, µi) , (11.15)

where

Q(zi, k, r, µi) =
zi r

z2i r
2 + µ2

i

− z̄i r

z̄2i r
2 + µ2

i

+
k − zi r

(zir − k)2 + µ2
i

− k − z̄ir
(z̄i r − k)2 + µ2

i

(11.16)

is proportional to the impact factor of quark pair production from a transversally polarized photon.
In the formulae (11.14) and (11.16) and in all this section, we denote µ2

i = Q2
i zi z̄i +m2, where m is the

quark mass. The limit m → 0 is regular and we will restrict ourselves to the light quark case, taking thus
m = 0. Both impact factor (11.14) and (11.16) vanish when k → 0 or r − k → 0 due to QCD gauge invariance,
as we explained in Sec. 8.2.

In the formulae (11.13, 11.15), we have denoted, in order to simplify notations, φ ≡ ϕ1 , which is the twist-2
DA of the produced longitudinally polarized ρ0−mesons. For the case with quark q of one flavour it is defined,
according to Eq. (5.83), by the matrix element of the non-local, gauge invariant correlator of quark fields on
the light-cone, which reduces for ρL to

〈0|q̄(x) γµ q(−x)|ρL(p) = q̄q〉 = fρ p
µ

1∫

0

dz ei(2z−1)(px)φ(z) , (11.17)

where the coupling constant is fρ = 216 MeV and where the gauge links are omitted to simplify the notation.
As usual, φ is normalized to unity. As in Chap. 10, the amplitudes for production of ρ0’s are obtained by noting
that |ρ0〉 = 1/

√
2(|ūu〉 − |d̄d〉).

Note that Eq.(11.17) corresponds to the leading twist collinear distribution amplitude. Such an object can
be used strictly speaking for asymptotically large Q2. In the phenomelogical application of sections 11.4.3 and
11.4.4, in order to get measurable cross-sections, the dramatic decrease of the amplitudes with increase of Q2

i ,
combined with the experimental condition of ILC project, requires rather low values of Q2

i (of the order of 1
GeV2) for which subleading twist contributions could be significant. This can be taken into account within
a more phenomenological approach which incorporates intrisic kT quark distribution and which goes beyond
standard QCD collinear factorization [203–206], as we discussed in Sec. 5.3.8. We do not consider here these
effects and adhere to the usual collinear QCD factorization. We expect that they would not change dramatically
the order of magnitude of the cross-section.

Let us label the amplitudes for the scattering process (8.8) through the polarization of the incoming virtual
photons asMλ1λ2

. They can be calculated using Eqs.(11.11) and Eqs.(11.13-11.16) supplemented by the choice

of the transverse polarization vectors of the photons5

ǫ± =
1√
2
(∓1,−i) (11.18)

and the longitudinal polarization vectors (11.6). For the case λ1 = λ2 = 0 :

M00 = i s C Q1Q2

1∫

0

dz1 dz2 z1 z̄1 φ(z1) z2 z̄2 φ(z2)M00(z1, z2) , (11.19)

5We use here the same conventions as in Ref. [635]. These conventions differ by a global factor i with respect to the conventions
(3.70) of Chap. 10. This has of course no physical consequence.
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with

M00(z1, z2) =

∫
d2k

k2(r − k)2
PP(z1, k, r, µ1) PP(z2,−k,−r, µ2) ; (11.20)

for the case λ2 = +,− :

M0λ2
= i s

C

2
Q1

1∫

0

dz1 dz2 z1 z̄1 φ(z1) (z2 − z̄2)φ(z2)M0λ2
(z1, z2) , (11.21)

with

M
0λ2

(z1, z2) =

∫
d2k

k2(r − k)2
PP(z1, k, r, µ1) Q(z2,−k,−r, µ2) · ǫλ2 ; (11.22)

for the case λ1 = +,− :

Mλ10
= i s

C

2
Q2

1∫

0

dz1 dz2 (z1 − z̄1)φ(z1) z2 z̄2 φ(z2)Mλ10
(z1, z2) , (11.23)

with

Mλ10
(z1, z2) =

∫
d2k

k2(r − k)2
Q(z1, k, r, µ1) · ǫλ1 PP(z2,−k,−r, µ2) . (11.24)

and for the case λ1 = +,− , λ2 = +,− :

Mλ1λ2
= i s

C

4

1∫

0

dz1 dz2 (z1 − z̄1)φ(z1) (z2 − z̄2)φ(z2)Mλ1λ2
(z1, z2) , (11.25)

with

Mλ1λ2
(z1, z2) =

∫
d2k

k2(r − k)2
Q(z1, k, r, µ1) · ǫλ1(1) Q(z2,−k,−r, µ2) · ǫλ2(2) . (11.26)

Here and in the following, we denote C = 2 π
N2

c−1
N2

c
α2
s αem f2

ρ . In terms of the above amplitudes, the cor-

responding differential cross-sections can be expressed in the large s limit (neglecting terms of order Q2
i /s)

as

dσ
γ∗

λ1

γ∗

λ2

→ρ0
Lρ0

L

dt
=
|Mλ1λ2

|2
16 π s2

(11.27)

and it does not depend on s , in accordance to the kT−factorization in the Born approximation.

11.4.3 Non-forward Born order differential cross-section for γ∗
L,T γ∗

L,T → ρ0L ρ0L

Analytical integration in kT -space through conformal inversion

The k⊥ convolution of the two impact factors with the two t−channel propagators can be rewritten in terms of
k⊥−integral of scalar basic blocs. The most complicated basic blocs are boxes with two massive propagators
of different masses, and two massless. This integration is thus non trivial. We developped a powerful method
in Ref. [632], inspired by methods used in 2-dimensional conformal theories in coordinate space [638], which we
here used in momentum space. This allowed us to perform these integration analytically. The idea is to reduce
the number of massless propagator in order to reduce the number of Feynman parameter on which one should
integrate. We here illustrate the method on the example of a triangle diagram with one massive propagator
and two massless one. The transformation

k → K

K2 , r→ R

R2 , m→ 1

M
(11.28)
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reduces the number of propagators and gives

J3m =

∫
d2k

k2(k − r)2
(

1

(k − ra)2 +m2
− 1

r2 +m2
+ (a↔ ā)

)

= R2

∫
d2K

(K −R)2

(
K2R2

(R− aK)2 + K2R2

M2

− 1

a2r2 +m2
+ (a↔ ā)

)
. (11.29)

After performing the shift of variable K = R+ k′ and then finally making the inverse transformation

k′ → k

k2
, R→ r

r2
, M → 1

m
, (11.30)

we end up with

J3m =
1

r2

∫
d2k

k2




(r + k)2

(r2a2 +m2)

[(
k − r r2a a−m2

r2a2+m2

)2
+ m2r4

(r2a2+m2)2

] − 1

a2r2 +m2
+ (a↔ ā)


 . (11.31)

The computation of this integral can now be performed using standard Feynman parameter technique, with
now only 2 parameters instead of 3. It turns out that this method was known in 4-dimensions [639], in the case
of ladder diagrams6.

Analytical results for k⊥-integrated amplitude Mλ1λ2

In this section we summarize the results for the amplitudes Mλ1λ2
obtained after performing analytically the

k⊥ integrals. In the transverse-transverse (TT) case, the amplitude can be expressed in term of two projection
operators in the transverse plane as follows:

Mλ1λ2
(z1, z2) =

[
a(r;Q1, Q2; z1, z2)

(
δij − rirj

r2

)
+ b(r;Q1, Q2; z1, z2)

rirj

r2

]
ǫλ1

i ǫλ2

j , (11.32)

where we denote r2 = r2.
Combining (11.25) and (11.32), and using |M++|2 = |M−−|2, one gets in the case of two photons with the

same polarization :

|M++|2 = s2
C2

64

∣∣∣∣∣∣

1∫

0

dz1 dz2(z1 − z̄1)φ(z1) (z2 − z̄2)φ(z2) (b(r;Q1, Q2; z1, z2)− a(r;Q1, Q2; z1, z2))

∣∣∣∣∣∣

2

, (11.33)

and analogously for different polarizations :

|M+−|2 = s2
C2

64

∣∣∣∣∣∣

1∫

0

dz1 dz2 (z1 − z̄1)φ(z1) (z2 − z̄2)φ(z2) (b(r;Q1, Q2; z1, z2) + a(r;Q1, Q2; z1, z2))

∣∣∣∣∣∣

2

.(11.34)

For the longitudinal-transverse (LT) case, restoring the dependency over all variables, one defines from (11.22)
and (11.24) the scalar function f

M0λ(r;Q1, Q2; z1, z2) = f(r;Q1, Q2; z1, z2) r · ǫλ , (11.35)

or equivalently

Mλ0(r;Q1, Q2; z1, z2) = f(r;Q2, Q1; z2, z1) r · ǫλ , (11.36)

6We thank G. Korchemsky and E. Sokatchev for pointing out to us the existence of this work.
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which leads to

|M0+|2 = |M0−|2 = s2
C2

8
Q2

1 r
2

∣∣∣∣∣∣

1∫

0

dz1 dz2 z1 z̄1 φ(z1) (z2 − z̄2)φ(z2)f(r;Q1, Q2; z1, z2)

∣∣∣∣∣∣

2

. (11.37)

and analogously for the transverse-longitudinal (TL) case

|M+0|2 = |M−0|2 = s2
C2

8
Q2

2 r
2

∣∣∣∣∣∣

1∫

0

dz1 dz2 z2 z̄2 φ(z2) (z1 − z̄1)φ(z1)f(r;Q2, Q1; z2, z1)

∣∣∣∣∣∣

2

. (11.38)

The expressions of a(r;Q1, Q2; z1, z2), b(r;Q1, Q2; z1, z2) and f(r;Q1, Q2; z1, z2) presented as combinations
of finite standard integrals are given in the Appendix of Ref. [635].

For the longitudinal-longitudinal (LL) case, it turned out [632] that (11.19) can be effectively replaced by
M̃(z1, z2) whose integral over z1,2 with symmetrical DA gives the same result. M̃(z1, z2) reads

M̃00(z1, z2) = −
(

1

z21r
2 + µ2

1

+
1

z̄21r
2 + µ2

1

)
J3µ2(z2)−

(
1

z22r
2 + µ2

2

+
1

z̄22r
2 + µ2

2

)
J3µ1(z1)

+J4µ1µ2(z1, z2) + J4µ1µ2(z̄1, z2) . (11.39)

J3µ and J4µ1µ2 are two dimensional integrals with respectively 3 propagators (1 massive) and 4 propagators (2
massive, with different masses), they are both IR and UV finite. Their expressions are given in the Appendix
of Ref. [635].

Due to the collinear conformal subgroup SL(2, R) invariance discussed in Sec. 5.3.5, the ρ0L distribution
amplitude has an expansion in terms of Gegenbauer polynomials of even order which reads

φ(z) = 6z(1− z) (1 +
∞∑

n=1

a2nC
3/2
2n (2z − 1)) . (11.40)

Except for a short discussion in section 11.4.4, we will restrict ourselves to the asymptotical distribution ampli-
tude corresponding to a2n = 0. The effect of taking non zero a2n for n > 1 allows us to evaluate the precision
of our study.

To complete the evaluation of the amplitudeM, one needs to integrate over the quark momentum fractions
z1 and z2 in the ρ mesons. For arbitrary values of t, it seems not possible to perform the z1 and z2 integrations
analytically. We thus do them numerically. We observe the absence of end-point singularity when z1(2) → 0 or
z1(2) → 1. Indeed, for the longitudinal polarizations involving PP as defined in Eq.(11.14), the z divergency of
type 1/z, 1/z̄ is compensated by the zz̄ factor when z → 0, 1, while for transverse polarizations, involving Q as
defined in Eq.(11.16), there is no singularity since Q is itself regular.

For the special case t = tmin (where only the LL amplitude is non-vanishing), which will be useful in the
discussion of sections 11.4.3 and 11.4.4, the integration over zi can be performed analytically7, with the result
[632]

M00=−is
N2

c − 1

N2
c

α2
s αem f2

ρ

9π2

2

1

Q2
1Q

2
2

[
6

(
R+

1

R

)
ln2R+ 12

(
R− 1

R

)
lnR+ 12

(
R +

1

R

)
+

(
3R2+ 2 +

3

R2

)

×
(
ln (1 −R) ln2 R− ln (R+ 1) ln2R− 2 Li2 (−R) lnR + 2Li2 (R) lnR + 2Li3 (−R) − 2 Li3 (R)

)]
, (11.41)

where R = Q1/Q2 . When Q1 = Q2, the expression (11.41) simplifies to

M00 = is
N2

c − 1

N2
c

α2
sαemf

2
ρ

9π2

Q4
(14ζ(3)− 12) . (11.42)

7This non trivial expression was obtained after use of Landen, Euler and Hill relations [640] among Li2 and Li3 functions. One
needs (see Appendix A.1. of [632]) in particular to extend analytically the two complex-variable Hill relation for Li2(x y) in the
whole complex plane [641].
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On the other hand, in the large R≫ 1 typical of a DGLAP-type dynamics, the expression (11.41) reduces to

M00 = is
N2

c − 1

N2
c

α2
sαemf

2
ρ

96π2

Q4
2R

2

(
lnR

R
− 1

6R

)
, (11.43)

in agreement with the fact that this one loop gluon contribution contributes for a LLQ and a NLLQ term. This
result can be obtained directly by imposing from the very beginning the k⊥ ordering typical of parton model.
This is shown explicitly in Appendix A.2 of Ref. [632].

Results for differential cross-section

The formulae for Mλ1λ2
obtained in Sec. 11.4.3 permit us to evaluate the magnitudes of cross-sections (11.27)

of the diffractive double rho production for different helicities of virtual photons. In our estimates we use as a

strong coupling constant the three-loop running αS(Q1Q2) with Λ
(4)

MS
= 305MeV (see, e.g. [642]).8

In Fig. 11.13 we display the t-dependence of the different γ∗L,T γ∗L,T → ρ0L ρ0L differential cross-sections for
various values of Q = Q1 = Q2.

We first note the strong decrease of all the cross-sections when Q2
1,2 increase. For LL, this follows from an

obvious dimensional analysis, since

MLL ∝
s f2

ρ

Q4

(for Q1 = Q2 = Q), in agreement with (11.42).
Secondly, all the differential cross-sections which involve at least one transverse photon vanish when t = tmin.

It is due to the vanishing of the function Q for r = 0 (see (11.16)). Physically, this fact is related to the s-
channel helicity conservation at t = tmin. Indeed, since the t-channel gluons carry non-sense polarizations,
helicity conservation occurs separately in each impact factor.

In Fig. 11.14, we show the shape of the integrands Mλ1,λ2
of the various amplitudes Mλ1λ2

as a function

of z1 and z2, as they appear in formulas (11.21, 11.23 and 11.25):

M00 = z1 z̄1 φ(z1) z2 z̄2 φ(z2)M00(z1, z2) , (11.44)

and for λi = +,−

Mλ10
= (z1 − z̄1)φ(z1) z2 z̄2 φ(z2)Mλ10

(z1, z2) , (11.45)

Mλ1λ2
= (z1 − z̄1)φ(z1) (z2 − z̄2)φ(z2)Mλ1λ2

(z1, z2) . (11.46)

Mλ1λ2
(z1, z2) is symmetric under (zi ↔ z̄i) for a longitudinal polarization λi = 0 (cf. 11.14) and antisymmetric

under (zi ↔ z̄i) for a transverse polarization λi = +,− (cf. 11.16); thus the factors zi z̄i for λi = 0 and zi − z̄i
for λi = +,− ensure the symmetry of Mλ1λ2

under (zi ↔ z̄i) as we can see on Fig. 11.14. Because of the

ρ0L mesons distribution amplitudes φ(zi), Mλ1λ2
(z1, z2) vanishes for any polarization in the end-point region.

Consequently the case of a transverse polarization vanishes in the central region zi = z̄i = 1/2 and also in the
end-point region zi close to 0 or 1, so that it restricts the available zi phase-space and reduces the resulting
differential cross-section, in agreement with the dominance of longitudinal photons (helicity conservation) in
the process γ∗L,T γ∗L,T → ρ0L ρ

0
L.

The amplitude involving at least one transverse photon has a maximum at low−t value with respect toQ1Q2.
The Fig. 11.14 corresponds to −t = 0.16 GeV2 which is a typical value for the region where the cross-sections
with transverse photons in Fig. 11.13 are maximal.

A peculiarly characteristic shape appears in the amplitudes with two transverse photons, as shown in bottom
panels of Fig. 11.14. When the value of t changes towards tmin the peaks become very narrow, as shown in the
left panel in Fig. 11.15 for M+−. For t very close to tmin they are practically concentrated only on the boundary
which leads to the vanishing of the amplitude. On the other hand, when the value of t increases and leaves the
maximum of cross-sections the peaks in Fig. 11.14 decrease and spread, as shown for M+− in the right panel of
Fig. 11.15.

8Running of αS is in principle a subleading effect with respect to our treatment. Nevertheless, numerically, as we discuss in
sec.11.4.4, the dependence of our predictions for the rates in e+e− scattering on a choice of αs is negligible at Born order, but is
more subtle when LLx BFKL corrections are taken into account.



314 CHAPTER 11. ONIUM-ONIUM SCATTERING IN γ(∗)γ(∗) COLLIDERS

1 2 3 4 5

101
102
103
104
105
106
107

dσ
γ∗
L,T

γ∗
L,T

→ρ0

L
ρ0

L

dt
(fb/GeV 2)

Q1 = Q2 = 1 GeV

t − tmin (GeV 2)||

1 2 3 4 5

101

102

103

104

105

106

dσ
γ∗
L,T

γ∗
L,T

→ρ0

L
ρ0

L

dt
(fb/GeV 2)

Q1 = Q2 = 1.5 GeV

t − tmin (GeV 2)||

1 2 3 4 5

101

102

103

104

105

1

dσ
γ∗
L,T

γ∗
L,T

→ρ0

L
ρ0

L

dt
(fb/GeV 2)

Q1 = Q2 = 2 GeV

t − tmin (GeV 2)||

(a)

(b)

(c)

Figure 11.13: Differential cross-sections for the process γ∗
L,T γ∗

L,T → ρ0L ρ0L. The solid curve corresponds to the γ∗
Lγ

∗
L

mode, the dotted one to the γ∗
Lγ

∗
T mode, the dashed and the dashed-dotted ones to the γ∗

Tγ
∗
T ′ modes with respectively

the same T = T ′ and different T 6= T ′ transverse polarizations. The different figures (a), (b), (c) correspond to different
values of Q1 = Q2.
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Figure 11.14: Shape of the amplitudes M00, −M+0, M++, −M+− as functions of z1 and z2, for −t = 0.16GeV2 and
Q1 = Q2 = 1GeV.

In the case of LT polarizations, the shape of the amplitude M+0, which contains only one factor (zi − z̄i),
is shown in the right upper panel of Fig. 11.14. Its comparison with the upper left panel of Fig. 11.14, showing
the shape of the M00 amplitude, leads to the conclusion that M+0 shares some properties with M+− and M00.
In particular, the presence of a transverse polarization leads to the vanishing of M+0 at t = tmin. On the
other hand, the presence of a longitudinal polarization increases the cross-section at small values of t. As a
consequence of the competition of these two mechanisms, the maximum of the cross-section determined by M+0

is located closer to tmin than in the case of the cross-section given by M+−. This is illustrated in Fig. 11.16
which shows the t-dependence of the various differential cross-sections in log-log scale.

Third, in Fig. 11.17, we display the t-dependence of the γ∗L,T γ∗L,T → ρ0L ρ0L differential cross-sections for
Q = Q1 = Q2 = 1 GeV up to values of −t much larger than photon virtualities Qi, where t plays the role of
the dominant hard scale in our process. Of course, in such a kinematical region the cross-section are strongly
suppressed in comparison with the small t one. Nevertheless, Fig. 11.17 illustrates the expected fact that the
hierarchy of cross-sections is different in two regions: at large t, the γ∗T γ∗T → ρ0L ρ0L cross-section dominates
over the one of γ∗L γ∗L → ρ0L ρ0L, which is the dominant cross-section at small t, since the virtual photons are
almost on shell with respect to the large scale given by t.

To conclude this subsection, we note that all the above cross-sections are strongly peaked in the forward
cone. The phenomenological predictions obtained in the region of the forward cone will practically dictate the
general trends of the integrated cross-sections. This fact is less dangerous than for the real photon case since
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Figure 11.15: Shape of the amplitude −M+−, for −t = 0.01GeV2 (left) and −t = 0.8GeV2 (right), with Q1 = Q2 =
1GeV.

the virtual photon is not in the direction of the beam, and thus the outgoing ρ mesons can be tagged. We will
come back shortly on this issue The only difficulty has to do with the tagging of the outgoing lepton, since
the cross-section is dominated by small (hard) values of Q2

1,2. In this section we did not modify cross-sections
by taking into account the virtual photon fluxes, which would amplify both, the dominance of small Q2 region
as well as the small yi domain, characteristic for very forward outgoing leptons. This is discussed in section
11.4.4. In particular, it will be shown that the differential cross-sections are experimentaly visible and seems to
be sufficient for the t−dependence to be measured up to a few GeV2.

Note also that at this level of calculation there is no s-dependence of the cross-section. It will appear after
taking into account triggering effects and/or BFKL evolution.

Quark exchange contribution to the cross-section

The process (8.8) described above involves gluon exchanges which dominate at high energies. However, at lower
energy, the process can be described by double quark exchange. This was investigated in Sec. 6.4, in the case
t = tmin. Using the Eqs.( 6.131) and (6.132) together with the asymptotical ρ0L distribution amplitude (11.40)
one obtains the scattering amplitude for the photons longitudinally polarized

Mqq̄
00 = − 40 π2 N

2
c − 1

N2
c

αs αem f2
ρ

s


1 +

(
1 +

Q2
1

s + 2
Q2

1

s

ln
Q2

1
s

1−Q2
1
s

) (
1 +

Q2
2

s + 2
Q2

2

s

ln
Q2

2
s

1−Q2
2
s

)

(
1− Q2

1

s

) (
1− Q2

2

s

)


 (11.47)

and for the transversally polarized photons

Mqq̄
TT =Mqq̄

++ +Mqq̄
−− = − 40 π2 N

2
c − 1

N2
c

αs αem f2
ρ

s


7

2 +
2

(

1+
Q2

1
s

)

ln
Q2

1
s

1−Q2
1
s




 7

2 +
2

(

1+
Q2

2
s

)

ln
Q2

2
s

1−Q2
2
s


− 1

4

(
1− Q2

1

s

) (
1− Q2

2

s

) .(11.48)

In the large s limit, one respectively gets9

Mqq̄
00 ≃ − 80 π2 N

2
c − 1

N2
c

αs αem f2
ρ

s
(11.49)

9After correcting a misprint in Ref. [635].
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Figure 11.16: Differential cross-sections for the process γ∗
L,T γ∗

L,T → ρ0L ρ0L, for small value of t. The solid curve
corresponds to the γ∗

Lγ
∗
L mode, the dotted one to the γ∗

Lγ
∗
T mode, the dashed and the dashed-dotted ones to the γ∗

Tγ
∗
T ′

modes with respectively the same T = T ′ and different T 6= T ′ transverse polarizations, for Q1 = Q2 = 1GeV.

and

Mqq̄
TT ≃ − 40 π2 N

2
c − 1

N2
c

αs αem f2
ρ

s

(
4 ln

Q2
1

s
ln
Q2

2

s
+ 14 ln

Q1Q2

s
+ 12

)
(11.50)

= − 40 π2 N
2
c − 1

N2
c

αs αem f2
ρ

s

(
4 ln2

Q1Q2

s
+ 14 ln

Q1Q2

s
− 4 ln2Q1/Q2 + 12

)
.

Other amplitudes vanish at t = tmin. These expressions should be compared with the corresponding 2 gluons
exchange contributions discussed in the previous sections. The LL amplitude is almost constant around t = tmin,
and given by (11.41). The TT amplitude (11.32) behaves as

Mgg
TT ≃ −i a

π

2
s
N2

c − 1

N2
c

α2
s αem f2

ρ

|t− tmin|
Q3

1Q
3
2

, (11.51)

where the constant a = 253.5 is extracted from a numerical fit.
The Eqs. (11.47 - 11.51) confirm the well known fact that in the Regge limit the two gluon exchange

dominates over the double quark exchange, with relative enhancement of s , in accordance with (8.1). In the
case of longitudinally polarized photons which does not vanish at tmin, and for the same photon virtualities
Q2

1 = Q2
2 = Q2, let us consider the ratio

RLL =
Mqq̄

00

Mgg
00

=
32 (Q2

u +Q2
d)

28 ζ(3)− 24

Q2

s αs
. (11.52)

For a typical value of Q2 = 1 GeV2, as soon as s (≃ sγ∗γ∗) is higher than 4 GeV2, this ratio is bigger than
unity, which at first sight seems to be always the case for ILC. (11.41) would thus completely dominates with
respect to (11.47), by several orders of magnitudes. In fact, sγ∗γ∗ can reach such low value as 4 GeV2, because
of the outgoing energy carried by the outgoing leptons and the strong peak of the Weizsäcker-Williams fluxes
at small γ∗ energies. We discuss this effect in section 11.4.4 at the level of the e+e− process, after performing
the phase-space integration of the differential cross-section at tmin. It will be shown that nevertheless the quark
contribution is really negligible in almost all the ILC phase space.

In the case of the two gluon contribution with transverse virtual photons (11.51) which vanishes at t = tmin,
its dominance over the corresponding quark contribution (11.48) appears very rapidly when |t − tmin| starts
to increase, and persists in the whole essential region of the phase space (remember that (11.51) is peaked at
t− tmin = k 0.01GeV2 where k is of order 1-10). This dominance will also be discussed in more detail in section
11.4.4 at the level of the e+e− process.
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Figure 11.17: Differential cross-sections for the process γ∗
L,T γ∗

L,T → ρ0L ρ0L, up to asymptotically large t. The solid
curve corresponds to the γ∗

Lγ
∗
L mode, the dotted one to the γ∗

Lγ
∗
T mode, the dashed and the dashed-dotted ones to the

γ∗
Tγ

∗
T ′ modes with respectively the same T = T ′ and different T 6= T ′ transverse polarizations, for Q1 = Q2 = 1GeV.

11.4.4 Non-forward Born order cross-section for e+e− → e+e−ρ0L ρ0L

Kinematical cuts for the phase-space integration

Our purpose is now to evaluate the cross-section of the process e+e− → e+e−ρ0L ρ
0
L in the planned experimental

conditions of the ILC project [626] discussed in Sec. 11.2. The cross-section which takes into account all the
kinematical constraints, which are explained below, is given by

dσe+e−→e+e−ρLρL

dt
=

∫ Q2
1max

Q2
1min

dQ2
1

∫ Q2
2max

Q2
2min

dQ2
2

∫ ymax

ǫ

dy1

∫ ymax

Q1Q2
sy1

dy2
dσe+e−→e+e−ρLρL

dt dy1 dy2 dQ2
1 dQ

2
2

, (11.53)

with Q1min = 1 GeV, Q1max = 4 GeV, ǫ = 10−6 and ymax = 0.6. The cross-section (11.53) can be evaluated
combining the cross-section formulae (11.4), (11.27) and the results of section 11.4.3 for the helicity scattering
amplitudes.

The important feature of the formula (11.53) is that the dominant contribution for the γ∗ γ∗ → ρ0L ρ
0
L process

is strongly peaked at low Qi. The integration over Qi, yi is peaked in the low yi and Qi phase space region due
to the presence in (11.4) of 1/(yiQ

2
i ) factors coming from the Weizsäcker-Williams fluxes, and thus amplifies

this effect. We show below that this dominant part of the phase space is accessible experimentaly using the
BeamCal calorimeter.

The integration domain in (11.53) is fixed by the following considerations. In the laboratory frame, which
is also the cms for a linear collider, the standard expression for the momentum fractions which respect to the
incoming leptons and for the virtualities of the bremsstrahlung photons are, respectively, given by

yi =
E − E′i cos2(θi/2)

E
and Q2

i = 4EE′i sin
2(θi/2) , (11.54)

where E is the energy of the beam, while E′i and θi are respectively the energy and the scattering angle of
the out-going leptons. At ILC, the foreseen cms energy is

√
s = 2E = 500 GeV. The experimental constraint

coming from the minimal detection angle θmin around the beam pipe is given by θmax = π − θmin > θi > θmin

and leads to the following constraint on yi

yi > f(Qi) = 1− Q2
i

s tan2(θmin/2)
, (11.55)
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where the constraint on the upper bound of yi coming from θmax is completely negligible at this cm energy.
The condition on the energy of the scattered lepton Emax > E′i > Emin results in

yimax = 1− Emin

E
> yi > 1− Emax

E
. (11.56)

Moreover we impose that
sγ∗γ∗ = y1y2s > cQ1Q2 (11.57)

(where c is an arbitrary constant of the order 1) which is required by the Regge kinematics for which the impact
representation is valid. We show below that this constant c can be adjusted to choose bins of data for which also
in the case of e+e− scattering the contribution with quark exchanges (discussed in Sec. 11.4.3) is completely
negligible.

We arbitrarily choose Qi to be bigger than 1 GeV as it provides the hard scale of the process which
legitimates the use of perturbation theory. Qimax will be fixed to 4 GeV, since the various amplitudes involved
are completely negligible for higher values of virtualities Qi values (see section 11.4.3). The constraints on yimin

discussed so far are summarized by conditions

y1min = max

(
f(Q1), 1−

Emax

E

)
and y2min = max

(
f(Q2), 1−

Emax

E
,
cQ1Q2

s y1

)
. (11.58)

Further simplifications of conditions (11.58) can be done by taking into account that the only condition on the
maximal value of energy detection of the scattered leptons comes from kinematics, i.e. Emax = E, and some
specific features of the planned detector.

The BeamCal calorimeter in the very forward region allows in principle to detect particles down to 4 mrad.
More precisely, it measures an energy deposit for an angle between 4 mrad and 26 mrad. But this detector is
also polluted by the photon beamstrahlung, specialy for very small angles (see Fig. 11.8). We assume a non
ambiguous identification for particles whose energies are bigger than 100 GeV. More precisely, the efficiency
of detection of an electron depends on its energy and becomes less ambiguous when the energy increases. It
is above 70 % in the part of the phase space which dominates the cross-section (small yi, corresponding to
E′i ≃ Ei). A precise evaluation of this efficiency would require to set up a Monte Carlo simulation for the
beamstrahlung contribution, which is beyond the scope of this paper. This sets the maximal value of yi to
yimax = 1− Emin

E = 0.6 with Emin = 100 GeV and E = 250 GeV.
Such a big value of Emin can be considered as surprisingly high and could lead to a strong reduction of

the allowed phase space. In principle one could enlarge the phase space by taking into account particles whose
energies E′i are between 100 GeV and 20 GeV with angles θi bigger than 10 mrad (see Fig. 11.8), but the
contribution of this domain is negligible (see Fig. 11.18) since the lower bound of yi (see Eq.(11.58)) prevents
us to reach the small values of yi and Qi which give the dominant contribution to the cross-section. We safely
neglect the contribution of this region of phase space and assume in the following Emin = 100 GeV and θmin = 4
mrad. Thus, with θmin = 4 mrad and

√
s = 500 GeV, we have s tan2(θmin/2) = 1GeV2, which means that
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Figure 11.18: y1 integration domain for θmin = 10 mrad, Emin = 20GeV and Emax = 100GeV.
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f(Q) ≤ 0 for Q2 ≥ 1GeV2. The relations (11.58), with Emax = E, reduce to only one condition y2min = Q1Q2

sy1
.

This has to be supplemented numerically with the condition y1min = ǫ, where ǫ is a numerical cut-off: although,
because of the Regge limit condition, we have y1 >

Q1Q2

sy2
≥ Q1minQ2min

sy2max
= 6.610−6 which thus provides a natural

lower cut-off for y1, nevertheless we choose ǫ = 10−6 so that it is smaller than the smallest reachable value of
y1 but still non zero. This cut-off has no practical effect, except for avoiding numerical instabilities in the
integration code.

The above discussion justifies the various cuts in formula (11.53).

Background in the detector

BeamCal is an electromagnetic calorimeter which cannot distinguish charges of particles. Thus, it is important
to check that the cross-sections of any other processes which could lead to final states which can be misiden-
tified with the final state of the process e+e− → e+e−ρ0L ρ0L are suppressed. Indeed, the final state of the
process e+e− → γγρ0L ρ

0
L, with photons of the same energy deposit in detector as outgoing leptons, cannot be

distinguished with the final state of e+e− → e+e−ρ0Lρ
0
L.

We shall argue that the process e+e− → γγρ0L ρ
0
L leads to a cross-section which is negligible at ILC. Let us

first start with the process e+e− → ρ0Lρ
0
L illustrated in Fig. 11.19(a), studied in Refs. [643, 644].

ρ0L

ρ0L

ρ0L

ρ0L

(a) (b)

Figure 11.19: Example of Born order diagrams for the process e+e− → ρ0L ρ0L (a) and for the e+e− → γ γ ρ0L ρ0L process
(b).

Its differential cross-section behaves typically like

dσ

dt
∝
α4
emf

4
ρ

s2m4
ρ

, (11.59)

with the virtualities of the photons propagators equal to m2
ρ. More accurate expressions can be found in [644],

if one identifies gV γ = fρmρ.
Now, when considering the competitor process e+e− → γγρ0L ρ

0
L, that is adding two additional bremsstrahlung

photon as in Fig. 11.19(b), we get

dσ e+e−→γγρLρL

dt dy1 dy2 dQ2
1 dQ

2
2

/
dσ e+e−→e+e−ρLρL

dt dy1 dy2 dQ2
1 dQ

2
2

≃ α2
emQ

4
1Q

4
2

α4
ss

2m4
ρ

(11.60)

which is suppressed at ILC energies, and would be of comparable order of magnitude only for colliders with cm
energy of the order of a few GeV.

Results for cross-section

We now display in Fig. 11.20 the cross-sections dσe+e−→e+e−ρLρL

dt as a function of t for the different polarizations,
which are plotted after integrating the differential cross-section in (11.53) over the phase space considered
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Figure 11.20: Cross-sections for e+e− → e+e−ρ0L ρ0L process. Starting from above, we display the cross-sections
corresponding to the γ∗

Lγ
∗
L mode, to the γ∗

Lγ
∗
T modes, to the γ∗

Tγ
∗
T ′ modes with different T 6= T ′ and finally to the γ∗

Tγ
∗
T ′

modes with the same T = T ′.

previously. We made the following assumptions: we choose the QCD coupling constant to be αs(
√
Q1Q2)

running at three loops, the parameter c = 1 which enters in the Regge limit condition and the cm energy√
s = 500 GeV. Fig. 11.20 shows for e+e− scattering the same differential cross-sections related to different

photon helicities as Fig. 11.13. We see that the shapes of corresponding curves are similar although they lead to
quite different values of cross-sections. The cross-sections corresponding to photons with at least one transverse
polarization vanish as in the γ∗γ∗ (cf Sec. 11.4.3) case at t = tmin. Similarly, each of them has a maximum in
the very small t region. These maxima are shown more accurately on the log-log plot in Fig. 11.21.

At this point one technical remark is in order. By looking into the upper plot in Fig. 11.21 related to the
M00 amplitude, one sees that the points corresponding to nonzero |t − tmin| approach smoothly the point on
the axis |t− tmin| = 0. This point |t− tmin| = 0 is of special interest because it gives the maximum of the total
cross-section (since the transverse polarization case vanishes at tmin) and then practically dictates the trend of
the total cross-section which is strongly peaked in the forward direction (for the longitudinal case) and strongly
decreases with t (for all polarizations), as shown already at the level of the γ∗γ∗ cross-sections in Sec. 11.4.3.
Due to numerical instabilities, the differential cross-section at |t − tmin| = 0 must be evaluated in a different
way than those for |t − tmin| 6= 0, i.e. by the use of expression (11.41) in which the integration over zi was
already done in the analytic way. Since Eq.(11.41) involves several polylogarithmic functions its structure of
cuts is quite inconvenient for further numerical integration over variables yi and Qi. In order to overcome this
technical problem it is useful to rewrite (11.41) by the use of Euler identity [640] in the form

M00 = −is N
2
c − 1

N2
c

α2
s αem f2

ρ

9π2

2

1

Q2
1Q

2
2

[
6

(
R+

1

R

)
ln2R (11.61)

+ 12

(
R− 1

R

)
lnR + 12

(
R+

1

R

)
+

(
3R2 + 2 +

3

R2

)((
π2

6
− Li2 (1−R)

)
lnR

− ln (R+ 1) ln2R − 2 Li2 (−R) lnR + Li2 (R) lnR + 2Li3 (−R) − 2 Li3 (R)
)]
.

since now the imaginary terms only come from Li2 (R) and Li3 (R) along their cuts, which cancels among each
other analytically. Therefore, one can safely use their real part in a numerical fortran code as defined in standard
packages.

The ILC collider is expected to run at a cms nominal energy of 500 GeV, though it might be extended
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Figure 11.21: Cross-sections for e+e− → e+e−ρ0L ρ0L process, in log-log scale. Starting from above, we display the
cross-sections corresponding to the γ∗

Lγ
∗
L mode, to the γ∗

Lγ
∗
T modes, to the γ∗

T γ
∗
T ′ modes with different T 6= T ′ and finally

to the γ∗
Tγ

∗
T ′ modes with the same T = T ′.

in order to cover a range between 200 GeV and 1 TeV. Because of this possibility, we below discuss how the
change of the energy in cms influences our predictions for the cross-sections measured in the same BeamCal

detector. Furthermore, we discuss the effects of our various assumptions on the cross-section dσe+e−→e+e−ρLρL

dt
at the point tmin, and consequently on the behaviour of the total cross-section.
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Figure 11.22: Cross-sections for e+e− → e+e−ρ0L ρ0L at t = tmin for different αs : the blue and red curves for αs running
respectively at one and three loops, with c = 1.

Fig. 11.22 shows the cross-section at tmin as a function of the cm energy
√
s for different choices of strong

coupling constant αs. To see the sensitivity of our predictions to these choices, we plot the cross-section at tmin

in two cases: the blue curve corresponds to αs(
√
Q1Q2) running at one loop and the red one to αs(

√
Q1Q2)

running at three loops. The curves in Fig. 11.22 are very close to each other, which leads to a small uncertainty
on the total cross-section as we will see in the following.
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The shapes of plots in Fig. 11.22 distinguish two different domains: if the planned cm energy range
√
s is lower

than 500 GeV, the function f(Qi) (cf. equation (11.55)) appearing as a constraint on the minimum value of yi
in the phase space integration domain does not play any role at θmin = 4 mrad. Thus the cross-section increases
with

√
s between 200 and 500 GeV. Because of the condition we assumed on the minimal value of the energies

of the scattered leptons, the yi integration domain becomes very narrow (cf. equation (11.56)) when
√
s goes to

200 GeV and leads to a strong decreasing of the cross-section at this cm energy. Note that if
√
s becomes bigger

than 500 GeV, f(Qi) will cut the small yi region (which contribute mainly because of the Weizsäcker-Williams
photons fluxes) when

√
s increases. Thus the cross-section falls down between 500 GeV and 1 TeV. This is

due to the limitation caused by the minimal detection angle offered by the BeamCal calorimeter, which is thus
optimal for our process when

√
s = 500 GeV. This effect on f(Qi) could be compensated if one could increase

the value of Qi but this would be completely suppressed because of the strong decreasing of the amplitude
with Qi. The above discussion leads also to the conclusion, that although the Born order cross-sections do not
depend on s, the triggering effects introduce an s-dependence of the measured cross-sections.
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Figure 11.23: Cross-sections for e+e− → e+e−ρ0L ρ0L at t = tmin for different values of the parameter c: the red [black]
curves correspond to c = 1, the green [dark grey] curves to c = 2 and and the yellow [light grey] curves to c = 3. For
each value of c, by decreasing order the curves correspond to gluon-exchange, quark-exchange with longitudinal virtual
photons and quark-exchange with transverse virtual photons.

Fig. 11.23 shows the cross-section at tmin for different values of the parameter c which enters in the Regge
limit condition sγ∗γ∗ = y1 y2 s > cQ1Q2. The value of the parameter c controls the dominance of gluonic
contributions to the scattering amplitude: the increase of c should lead to suppression of quark exchanges.
To see that we display the quark contribution in the same bins: we use the usual phase-space for the process
e+e− → e+e−ρ0L ρ0L (cf. Eq.(11.4)) with the expressions of the amplitudes (11.47) and (11.48), and perform
their numerical integration on yi, Qi with the same cuts as in the two gluon exchange process. For each value of
c we plot the three curves corresponding to the two gluon exchange process and the quark exchange processes
with longitudinal and transverse virtual photons.

A technical remark is in order when performing this integration numerically. The equation (11.48) is not
divergent when Q2

i → s because this limit is only valid if s(1 − Q2
1/s)(1 − Q2

2/s) is finite and positive since
this term corresponds in our notation to the cm energy of the virtual photons. In order to avoid numerical
instabilities we add the condition y1 y2 s > Q2

1, Q
2
2 to the Regge limit condition. We can check that this

supplementary constraint does not change our results for the other contributions, namely for the two gluon
exchange and the quark exchange with longitudinal virtual photons processes.

As expected, the quark contribution is suppressed when increasing c and becomes completely negligible as
soon as c exceeds 2. All above discussion concerned the case t = tmin which determines the general trend of
the cross-section in the non forward case. Because of that we hope that above conclusions are also valid at the
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level of the integrated over t cross-section. Thus, we omit bellow the quark exchanges.
We finally obtain the following results for the total cross-section integrated over t. We shall show three

different predictions which differ by the choice of the definition of the coupling constant and by the choice of
the value of the parameter c controlling the gluon dominance. First we choose αs(

√
Q1Q2) running at three

loops, the constant c = 1, the cms energy
√
s = 500 GeV and we obtain (up to numerical uncertainties):

σLL = 32.4 fb (11.62)

σLT = 1.5 fb

σTT = 0.2 fb

σTotal = 34.1 fb .

With a nominal integrated luminosity of 125 fb−1, this will yield 4.26 103 events per year.
Secondly, with the choice of αs(

√
Q1Q2) running at one loop, the constant c = 1 and the cms energy√

s = 500 GeV, we obtain:

σLL = 33.9 fb (11.63)

σLT = 1.5 fb

σTT = 0.2 fb

σTotal = 35.6 fb .

As expected, we see that the transition from three to one loop changes very little the total cross-section. This
result will yield 4.45 103 events per year with a nominal integrated luminosity of 125 fb−1.

In the third choice, we choose αs(
√
Q1Q2) running at three loops, the same cm energy

√
s = 500GeV and

the constant c = 2 (for which as previously discussed quark exchanges are completely negligible) and we get:

σLL = 28.1 fb (11.64)

σLT = 1.3 fb

σTT = 0.2 fb

σTotal = 29.6 fb .

This result will yield 3.7 103 events per year with a nominal integrated luminosity of 125 fb−1.
Finally, we also consider the same assumptions as the previous ones except for the value of the constant c

which is now set to c = 10 in order to consider a more drastic Regge limit condition and we obtain:

σLL = 19.3 fb (11.65)

σLT = 0.9 fb

σTT = 0.11 fb

σTotal = 20.3 fb .

This result will yield 2.5 103 events per year with a nominal integrated luminosity of 125 fb−1. Thus, this shows
that the precise way one implements the restriction of the kinematical phase space to the domain of applicability
of the impact representation does not dramatically change the number of events.

All the prediction above were obtained using the asymptotical DA. In order to see the sensitivity of this
assumption on our results, we do also the calculation using the DA (11.40) within different models. The choice
of the DA of Ref. [645] with a2 = −0.1 and a4 = 0 gives 4.2 103 events per year, while the choice of the DA of
Ref. [297] with a2 = 0.05 and a4 = 0 gives 4.3 103 events per year. In summary, our predictions are quite stable
when changing the main parameters characterizing the theoretical uncertainties of our approach.

Let us comme back to the detection issue concerning the two ρ0’s. Each produced ρ0 has a branching ratio of
almost 100 % in the desintegration π+π− . Based on the cuts we have used for the tagging of the two out-going
electrons, one can try to evaluate whether each of these 4 pions will be detectable, i.e. if they will be not
too close from the beam pipe. The angle with respect to the beam pipe of the virtual photon as a function
of the angle of the corresponding out-going lepton is θ∗ ≃ −E′/

√
Q2 + (E − E′)2 θ . Since the cross-section
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is completely dominated by configurations where E′ ≫
√
Q2 + (E − E′)2 , the ρ0 is far from the beam pipe,

typically 100 mrad. The two emitted pions are a bit boosted in the ρ direction, so they will be seen in a region
of the detector where the efficiency should be rather high. In contrast, the γγ → J/ΨJ/Ψ [628, 629] is much
less favorable due to the low 6% branching ratio of J/Ψ→ ℓ ℓ+ .

We will now study the effect of BFKL enhancement, restricting ourselves to the forward case, thus considering
the process

γ∗L(q1) γ
∗
L(q2)→ ρ0L(k1) ρ

0
L(k2) . (11.66)

11.4.5 Leading order BFKL resummation effects for the forward γ∗
L γ∗

L → ρ0L ρ0L
amplitude

General expression

In the BFKL framework, as we saw in Sec. 8.1, writting the amplitude of the process (11.66) through its inverse
Mellin transform as

M(s, t) = is

∫
dω

2πi
eωY fω(r

2) , (11.67)

and using the forward BFKL solution (8.3) for fω(0) , one obtains, after using the expression (10.10) of the
forward impact factor10,

fω(r
2 = 0) = 4πα2

sαem
N2

c − 1

N2
c

f2
ρQ1Q2

∫ 1

0

dz1 z1z̄1 φ(z1)

∫ 1

0

dz2 z2z̄2 φ(z2) (11.68)

×
∫ ∞

−∞
dν

1

ω − ω(ν, n)

[∫
dk2

k3

(
1

m2
− 1

k2 + µ2
1

)
k2iν

] [∫
dk′2

k′3

(
1

m2
− 1

k′2 + µ2
2

)
k′
−2iν

]
.

Let us denote the expressions in the square brackets as I(z, ν) and I(z,−ν) respectively. It is straightforward
to put the propagators on a common denominator and show that

I(z, ν) = −
(
m2
)−3

2+iν
Γ
(
3
2 − iν

)
Γ
(
− 1

2 + iν
)
= −

(
Q2

1

)− 3
2+iν

(zz̄)
−3

2+iν
Γ
(
3
2 − iν

)
Γ
(
− 1

2 + iν
)
. (11.69)

Next, the z integrals can also be done. We have

∫ 1

0

dz zz̄ φ(z) I(z, ν) = −
(
Q2

1

)− 3
2+iν

Γ
(
3
2 − iν

)
Γ
(
− 1

2 + iν
) ∫ 1

0

dz 6 (zz̄)
1
2+iν

= −6√π 2−2−2iν
(
Q2

1

)− 3
2+iν

Γ
(
3
2 − iν

)
Γ
(
− 1

2 + iν
) Γ
(
3
2 + iν

)

Γ (2 + iν)
, (11.70)

since the integral over z is just the definition of the Euler beta function. Finally this yields the Mellin transform

fω(r
2 = 0) = 9π2α2

sαem
N2

c − 1

N2
c

f2
ρQ1Q2

∫ ∞

−∞
dν

1

ω − ω(ν)
(
Q2

1

)−3/2+iν (
Q2

2

)−3/2−iν

×Γ2
(
3
2 − iν

)
Γ2
(
3
2 + iν

)
Γ
(
− 1

2 − iν
)
Γ
(
− 1

2 + iν
)

Γ (2− iν) Γ (2 + iν)
, (11.71)

which immediately leads to the final result for the amplitude (11.67)

M(s, tmin, Q1, Q2) = is 9π2α2
sαem

N2
c − 1

N2
c

f2
ρ

1

(Q1Q2)2

∫ ∞

−∞
dν eω(ν)Y

(
Q2

1

Q2
2

)iν

×Γ2
(
3
2 − iν

)
Γ2
(
3
2 + iν

)
Γ
(
− 1

2 − iν
)
Γ
(
− 1

2 + iν
)

Γ (2− iν) Γ (2 + iν)
. (11.72)

10Note that the convention for impact factors differs between [379], [635] and this manuscript: Φhere = 2πΦ[379] = 1
2π

Φ[635].
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We define R ≡ Q1/Q2 and write this as

A(s, tmin, Q1, Q2) = is
N2

c − 1

N2
c

9π2α2
sαemf

2
ρ

(Q1Q2)2
J(Y,R) , (11.73)

with

J(Y,R) =

∫ ∞

−∞
dν eω(ν)YR2iν Γ

2
(
3
2 − iν

)
Γ2
(
3
2 + iν

)
Γ
(
− 1

2 − iν
)
Γ
(
− 1

2 + iν
)

Γ (2− iν) Γ (2 + iν)
. (11.74)

We now want to evaluate the integral J . We have three possibilities at hand: (i) numerically, (ii) saddle
point approximation and (iii) sum over residues of poles of the integrand. The first two methods are used to
obtain BFKL results while the last one is used to check the Born limit.

Born limit

A very valuable and non-trivial check on the BFKL result as well as the Born result is the fact that in the
limit Y → 0 (no evolution) or alternatively αs → 0 (the gluons in the ladder do not couple to each other) the
BFKL amplitude must reduce to the Born level result. We refer to the Appendix of [379] where we show, using
method (iii) for the evaluation of the integral, that our BFKL result (11.72) does indeed reduce to the correct
Born level results (11.41) (or equivalently (11.61)) derived in Ref. [632], first for the special case R = 1 and the
DGLAP-like limit R ≫ 1, and finally for the general case R 6= 1. Note that the calculations presented in that
Appendix are done in a completely different way than in the Born level calculation in Ref. [632] (there we relied
on the computation of k⊥ integration for arbitrary t, as explained in Sec. 11.4.3, which where then simplified
in the forward limit), so the agreement is very convincing.

Saddle point approximation of the BFKL amplitude

For R = 1 the integrand has a saddle point at ν = 0, but the product of Γ-functions that multiplies the
exponential is not very broad. This means that the approximation will yield a too large answer. But let us try
anyway. The expression multiplying the exponential in the integrand at ν = 0 takes the value π3/4, so for the
case Q1 = Q2 we get

J(Y, 1) ∼ π3√π
4

e4 ln 2 ᾱsY

√
14ᾱsζ(3)Y

, Y ≫ 1, (11.75)

so the BFKL amplitude is

A(s, t = tmin, Q1 = Q2 = Q) ∼ isπ5
√
π
9(N2

c − 1)

4N2
c

α2
sαemf

2
ρ

Q4

e4 ln 2 ᾱsY

√
14ᾱsζ(3)Y

. (11.76)

However, we can do better than this [525]. We can keep the general case Q1 6= Q2 with R ≡ Q1/Q2. The
integral is then

J(Y,R) =

∫ ∞

−∞
dν eω(ν)Y+2iν lnRg

(
1
2 + iν

)
(11.77)

where
g(γ) ≡ R2γ g1(γ) (11.78)

with

g1(γ) ≡
π3γ(1− γ)

Γ(5/2− γ)Γ(3/2 + γ) sin3(πγ)
=

f1(γ)

sin3(πγ)
. (11.79)

Expanding the exponent to second order we see that the saddle point is shifted:

ω(ν)Y + 2iν lnR ∼ ω(0)Y + 2i lnR ν +
ω′′(0)Y

2
ν2 ∼ ω′′(0)Y

2

(
ν +

2i lnR

ω′′(0)Y

)2

+
2 ln2 R

ω′′(0)Y
+ ω(0)Y, (11.80)



11.4. THE γ∗γ∗ → ρ0L ρ
0
L EXCLUSIVE PROCESS 327

Figure 11.24: Exact numerical result (solid line) and saddle point approximation (dashed) to the integral J(Y,R)
for R = 1 (left) and R = 10 (right).

and we can shift the integration variable accordingly to get a Gaussian integral. The result is now

J(Y,R) ∼ π3
√
π

4

e4 ln 2 ᾱsY

√
14ᾱsζ(3)Y

exp

(
− ln2R

14ᾱsζ(3)Y

)
, Y ≫ 1, (11.81)

and

A(s, t = tmin, Q1, Q2) ∼ is π5
√
π
9(N2

c − 1)

4N2
c

α2
sαemf

2
ρ

Q2
1Q

2
2

e4 ln 2 ᾱsY

√
14ᾱsζ(3)Y

exp

(
− ln2 R

14ᾱsζ(3)Y

)
. (11.82)

These approximations can be compared to numerical evaluations of the integral for each value of Y . This is
illustrated in Fig. 11.24. We see that the saddle point approximation gives the correct asymptotic behavior for
large Y and is less accurate for smaller Y. For R = 1 the approximate answer is about 40% too big for Y ∼ 2
and about 10% too big for Y ∼ 10. For R = 10 the approximation is slightly better. Note that the Linear
Collider is likely to test regions with Y & 5, where the saddle point approximation works relatively well.

Leading order results

In addition to the parameters ρ , fρ taken as above in our Born study, one should fix furthermore three parameters
in the calculation: αs in the prefactor, which gives the strength of the coupling of the pomeron to the impact
factor; ᾱs in the BFKL exponent, which gives the strength of the coupling of the gluons inside the pomeron;
and the energy scale of the rapidity Y . For all cases with a running strong coupling we use a three-loop running
αs(µ

2) [642] with µ2 = cαQ1Q2 as we did in our Born study. Unless otherwise stated, we use this running
coupling with cα = 1 in the prefactor of the amplitude.

At LLx accuracy, αs is a fixed parameter, i.e., it does not run with the gluon momenta in the BFKL ladder.
We choose to, however, let it depend on the given Q1 and Q2, which are external to the pomeron but provide
a reasonable choice; we thus choose ᾱs = Nc

π αs(Q1Q2). The pomeron intercept is determined by αs, and it is
known to be too large when comparing to HERA data. Our chosen values give quite large pomeron intercepts,
but we do not want to artificially suppress the growth by choosing very small values of αs. Instead we will see in
Sec. 11.4.6 that the growth becomes slower when higher order corrections to the BFKL evolution are included.

The rapidity is defined as

Y = ln

(
cY

s

Q1Q2

)
, (11.83)

where cY is a constant that is not constrained at LLx accuracy. As discussed in [595, 596] this constant is
related to the average attained values of z1,2 in the process. The authors of [595, 596] chose a very small value
cY = 0.01. We estimate the corresponding effect more conservatively and choose cY = 0.3 for the cross section
predictions shown below (see also [597]). We will now investigate the sensitivity to these choices. Note that all
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Figure 11.25: a (left): Ratio of the leading order BFKL cross section dσ
dt

∣∣
tmin

to the Born level cross section as

a function of the rapidity Y , using αs = 0.2. The solid curve is for R = Q1/Q2 = 1, the dashed curve is for
R = 5, and the dotted curve is for R = 50. b (right): same ratio with αs = Nc

π αs(Q1Q2), where Q2 is fixed at
Q2 = 2 GeV and Q1 = RQ2.

the results shown here have been obtained by numerical evaluation of the integral over ν and not by the saddle
point approximation.

We begin by comparing the energy dependence of the BFKL cross section and the Born cross section.
Fig. 11.25a shows the ratio of the differential cross sections dσ/dt|t=tmin calculated from BFKL and at the Born
level, as a function of the rapidity Y for three choices of Q1 and Q2, and for a fixed value αs = 0.2. There is
clearly a strong Y -dependence, as seen from (11.82). Note that all of the Y -dependence of this ratio comes from
the BFKL amplitude, since the Born level result is independent of the energy. Fig. 11.25b shows the same plot
but using our “standard” choice of αs = Nc

π αs(Q1Q2). The difference between Figs. 11.25a and 11.25b serves
to illustrate the sensitivity to the choice of αs, and shows that using a Q-dependent coupling for the pomeron
decreases the growth with energy for increasing virtualities.

In Fig. 11.26 we show the same ratios as a function of the center-of-mass energy
√
s for Q1 = Q2 = 2 GeV in

the left plot and for Q1 = 10 GeV, Q2 = 2 GeV in the right plot. The three different curves represent different
choices of the energy scale in the definition of Y , corresponding to three different values of the parameter cY .
This freedom to change the scale introduces an additional uncertainty in the results. In Fig. 11.27 we show
the same kind of plot, but varying instead the parameter cα in the argument of αs to highlight the uncertainty
coming from the choice of scale in αs. Note that the parameters cY and cα both affect the argument of the
BFKL exponential, and thus the energy evolution.

Finally, in Fig. 11.28 we show the ratio as a function of Q = Q1 = Q2. Thus we see that the BFKL
prediction differs from the Born level prediction in all kinematical variables, which allows testing BFKL dynamics
experimentally, and possibly fitting the free parameters. However, there are several (very large) uncertainties
in the calculated amplitude. This has to be kept in mind when viewing the cross section predictions that will
follow.

In Fig. 11.29a we show the differential cross section dσ/dt|t=tmin as a function of the photon virtuality Q in
the symmetric case R = 1, i.e. Q = Q1 = Q2, for three different energies

√
s, and in Fig. 11.29b we show the

same cross section as a function of
√
s for three different virtualities Q.

These predictions are made with the parameter choices discussed above and contain the corresponding
inherent uncertainties. To get some idea of the possible variation in the magnitude of the cross section because
of the parameters, we plot in Fig. 11.30 the cross section for Q = 2 GeV for the standard parameter choices,
and for two extreme versions, one where we choose new parameters c′α = 1/2 cα, c

′
Y = 2 cY and one with

c′α = 2 cα, c
′
Y = 1/2 cY . These curves are plotted in gray and should give some indication of the theoretical

uncertainty. This clearly calls for an evaluation of NLLx order effects.



11.4. THE γ∗γ∗ → ρ0L ρ
0
L EXCLUSIVE PROCESS 329

Figure 11.26: Ratio of the leading order BFKL cross section dσ
dt

∣∣
tmin

to the Born level cross section as a

function of the center-of-mass energy
√
s, for Q1 = Q2 = Q = 2 GeV (left) and Q1 = 10 GeV and Q2 = 2

GeV (right). The different curves in each plot correspond to three different definitions of the rapidity variable,
Y = ln(cY s/(Q1Q2). The solid curves are for cY = 1, dashed curves are for cY = 1/2, and dotted curves are
for cY = 2. The scale of αs is given by cα = 1.

Figure 11.27: Same as Fig. 11.26, but the different curves in each plot correspond instead to three different
scale choices in αs. The solid curves are for cα = 1, dashed curves are for cα = 1/2, and dotted curves are for
cα = 2. The scale of Y is given by the standard cY = 0.3.

Figure 11.28: Ratio of the leading order BFKL cross section dσ
dt

∣∣
tmin

to the Born level cross section as a function

of the virtuality Q1 for fixed Q2 = 2 GeV, for three different energies
√
s and standard scale choices cα, cY as

defined in the text.
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Figure 11.29: a (left): differential cross section dσ/dt|t=tmin as a function of the photon virtuality Q = Q1 = Q2

for center-of-mass energies
√
s = 100 GeV, 300 GeV and 500 GeV, with standard scale choices as defined in the

text. b (right): differential cross section dσ/dt|t=tmin as a function of the photon–photon center-of-mass energy√
s for photon virtualities Q = Q1 = Q2 = 2 GeV, 3 GeV and 4 GeV.

Figure 11.30: Differential cross section dσ/dt|t=tmin for photon virtuality Q = Q1 = Q2 = 2 GeV for standard
parameters cα, cY (black curve) and for new parameters c′α = 1/2 cα, c

′
Y = 2 cY and c′α = 2 cα, c

′
Y = 1/2 cY

(upper resp. lower gray curves).
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Figure 11.31: The characteristic BFKL functions ωNLL(γ) for the NLL resummed model with nf = 3 (solid
line) and nf = 0 (dotted line) and ω(γ) for LLx BFKL (dashed line), for a value of ᾱs = 0.2. The dot shows
the location of the saddle point of ωNLL(nf = 3), γs = 0.51, while ω(γ) and ωNLL(nf = 0) have saddle points
in γ = 1/2.

11.4.6 Estimation of next to leading order effects

Collinear improved LLx BFKL resummation

The BFKL kernel is known to NLLx accuracy [327,357–359], as well as the NLLx impact factor for our process
[368]. The calculations to obtain the full cross section are difficult, however, and have been performed only
recently [380,495,499]. At the time of our evaluation of Ref. [379], it was not yet available. We will explain now
how we evaluated higher order effects. To estimate these effects we implement two improvements to the LLx
BFKL amplitude. First, we use BLM scale fixing [191] for the running of the coupling in the prefactor. Second,
we use a renormalization group resummed BFKL kernel, as will be explained below. We will then compare our
estimate of the NLLx effects based on our calculation with the full NLLx evaluation of Ref. [380, 495, 499].

In Ref. [595,596] it is shown that for the BFKL calculation of the total γ∗γ∗ cross section, the BLM procedure
for choosing the scale leads to µ2 = cαQ1Q2 with cα = e−5/3, and thus to a larger coupling which will increase
the cross section. In the process γ∗p → V p at next-to-leading order [646] the correct scale choice was instead
found to be cα = e−1/2. The use of the BLM procedure in exclusive processes has been further discussed in [228].

An approximate BLM scale for our process is found by using the NLLx impact factors computed in [368]
and neglecting higher order effects in the BFKL kernel. The BLM procedure, choosing the scale such that the
terms proportional to β0 vanish, then leads to the simple choice cα = 1.

We investigate here the effect of higher order corrections described by the LLx collinear resummed approach
discussed in Sec. 8.6, which we will denote NLL in this section (although it is based on the LLx kernel). This
means that when performing the inverse Mellin transform in Eq.(11.67), the position of the pole in the ω plane
is determined by the equation

ω = ᾱsχ(γ, ω). (11.84)

This equation implicitly defines the function ωNLL(γ) that we need to perform the integral J(Y,R) over ν =
i(1/2 − γ). We therefore estimate the NLLx BFKL result by using a resummed BFKL kernel in the BFKL
exponential, but we keep the LLx form of the solution and the impact factors.

As we explained in Sec. 8.6, the renormalization group (RG) resummed BFKL kernel of Salam [369] and
Ciafaloni et al. [370,371] is actually a resummation of the full NLLx kernel, which removes the problems of this
kernel. It is however possible to perform such a resummation of the LLx kernel, which leads to a result that
includes a large part of the corrections coming from the NLLx kernel. One such model, based on the general
idea of the approach of [369–371] (more specifically Scheme 4 of [369]), was recently proposed by Khoze et
al. [382]. This approach uses a fixed strong coupling in the BFKL kernel which is essential for the approach
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here. A running coupling in the BFKL kernel radically changes the properties of the solutions, and it is no
longer possible to evaluate the ω integral by a simple residue. Therefore we do not pursue it here, although it
may be attempted along the lines of [538].

We make one modification to the approach of [382]: they use an asymmetric scale choice in the definition
of the rapidity (see [369–371] for a discussion) which was appropriate for their problem under study, but our
process is more suited for a symmetric scale choice and we therefore perform the necessary modification. The
characteristic function is then expressed as

χ(γ, ω) = χ0(γ) + ᾱsχ1(γ, ω) (11.85)

where χ0(γ) ≡ χ(γ) is the usual BFKL function (8.5). The correction piece χ1(γ, ω) is given by

ᾱsχ1(γ, ω) =
1 + ωA1(ω)

γ + ω
2

− 1

γ
+

1 + ωA1(ω)

1− γ + ω
2

− 1

1− γ − ωχ
ht
0 (γ), (11.86)

where χht
0 is the higher twist part of χ0,

χht
0 (γ) = χ0(γ)−

1

γ
− 1

1− γ = 2ψ(1)− ψ(1 + γ)− ψ(2− γ). (11.87)

A1(ω) is obtained from the Mellin transform of the DGLAP splitting function Pgg by

1

2Nc
Pgg(ω) =

1

ω
+A1(ω) (11.88)

with

A1(ω) = −
11

12
− nf

18
+

(
67

36
− π2

6

)
ω +O(ω2). (11.89)

We will in the following throw away any terms proportional to ω and only keep singular and constant terms.
For nf = 0 we then have A1(ω) ≃ −11/12. It is possible to account for quark loops for nf > 0 by replacing [382]

A1(ω)→ A1(ω) + nf

[
ᾱs

4N2
c

1

γ
Pgq(ω)Pqg(ω)−

1

3

]
≃ −11

12
− 7nf

18
+
CF ᾱsnf

6N2
c γ

(
1

ω
− 11

6

)
. (11.90)

The characteristic kernel ωNLL(γ) obtained by solving (11.84) with χ(γ, ω) given by (11.85) is shown both for
nf = 3 and nf = 0 in Fig. 11.31 together with the LLx BFKL kernel. An important feature of the kernel
(11.84) is that for nf = 0 it has no pole at γ = 0. The pole reappears when including the quark loops as shown
above. It is also clear that for the resummed kernel both the pomeron intercept and the second derivative at
the saddle point are reduced.

To compute the cross section using this model we need to make use of Eq.(11.84) in performing the integral
over ν. This is possible to do purely numerically, by solving the equation (11.84) explicitly for each given value
of γ when performing the integral numerically. However, we may obtain some more insight into the properties
of the NLLx corrections by instead performing the integral by the saddle point method as in Section 11.4.5.
We expect the accuracy of the saddle point method to be similar to the LLx calculation. For the saddle point
calculation we need only compute the position of the saddle point (γs , ωs), where ωs ≡ ωNLL(γs), and the
particular value ω′′s ≡ ω′′NLL(γs). These can be obtained explicitly in terms of the partial derivatives of the
function χ(γ, ω) as follows. The chain rule gives

dωNLL(γ)

dγ
= ᾱs

(
∂χ(γ, ω)

∂γ
+
∂χ(γ, ω)

∂ω

dωNLL(γ)

dγ

)
(11.91)

so that the saddle point condition gives

dωNLL(γ)

dγ

∣∣∣∣
γ=γs

= 0 ⇒ ∂χ(γ, ωs)

∂γ

∣∣∣∣
γ=γs

= 0. (11.92)

We then obtain the second derivative of ωNLL(γ) (using the saddle point condition)

ω′′s =
d2ωNLL(γ)

dγ2

∣∣∣∣
γ=γs

=
ᾱs

∂2χ(γ,ωs)
∂γ2

∣∣∣
γ=γs

1− αs
∂χ(γs,ω)

∂ω

∣∣∣
ω=ωs

. (11.93)
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Figure 11.32: Saddle point approximation of the integral J(Y,R = 1) for LLx BFKL and for the LLx corrected
kernel.

Finally, to find the saddle point values γs , ωs we must simultaneously solve the equations





∂χ(γ, ωs)

∂γ

∣∣∣∣
γ=γs

= 0,

ωs = αsχ(γs, ωs).

(11.94)

The symmetric scale choice with nf = 0 gives a kernel symmetric under γ → 1− γ, so that the saddle point is
always located at γs = 1/2. This does not hold for an asymmetric kernel obtained either by the asymmetric scale
choice, or, as here, by the inclusion of nf > 0 effects. The saddle point values γs, ωs must then be determined
separately for each value of αs.

The residue obtained by the integral over ω using the ω-dependent kernel is different from the LLx case; we
have

Res
ω=ωs

eωY

ω − αsχ(γs, ω)
=

eωsY

1− ω̇s
(11.95)

where we defined the third constant

ω̇s ≡ αs
∂χ(γs, ω)

∂ω

∣∣∣∣
ω=ωs

. (11.96)

The saddle point evaluation of the integral JNLL(Y,R) now gives

ANLL(s, t = tmin, Q1, Q2) ∼ is π5
√
2π

9(N2
c − 1)

4N2
c

α2
sαemf

2
ρ

Q2
1Q

2
2

eωsY

√
ω′′sY

exp
(
− 2 ln2 R

ω′′
s Y

)

1− ω̇s
. (11.97)

We show the difference between the energy evolution of the LLx kernel and the resummed LLx kernel in
Fig. 11.32. This plot shows the integral J(Y,R = 1) for LLx and improved LLx for a fixed value αs = 0.2. The
growth with rapidity is strongly reduced by the NLLx effects, and the diffusion pattern is also changed. This is
quantified by the pomeron intercept αP = ωs, which is reduced from αP = 0.55 to αP = 0.20, and by the second
derivative ω′′s of the kernel, which decreases from ω′′s = 28ᾱs2ζ(3) ≃ 6.73 at the LLx level to ω′′s ≃ 1.02 using
the improved LLx approximation.11 The overall normalization is also affected by the factor 1/(1 − ω̇s), where
in this case ω̇s ≃ −1.51.

The complete cross section prediction from the LLx modified amplitudes with BLM scale choice is shown in
Fig. 11.33 as a function of the energy. The dashed line shows the LLx BFKL result for comparison.

11Note that these values of ωs and ω′′
s depend on the value of αs, so care has to be taken to determine them correctly when using

formula (11.97).
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Figure 11.33: Cross section for LLx BFKL (dashed lines) and for the LLx corrected kernel (“NLL”)(solid lines),
using cY = 0.3 and the BLM scale choice cα = 1, for the three cases Q = Q1 = Q2 = 2 GeV, 3 GeV and 4 GeV
(from top to bottom in the plot).

Forward e+e− → e+e−ρ0L ρ
0
L differential cross-section with BFKL evolution

We consider below only the point t = tmin and we first consider the leading order BFKL evolution, discussed
in Sec. 11.4.5. Of course such an estimate should be taken with great caution since it is well known that LLx
BFKL overestimates the magnitude of corrections.
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Figure 11.34: Cross-sections for e+e− → e+e−ρ0L ρ0L with LLx BFKL evolution at t = tmin for different αs : the
upper and lower red curves for αs running respectively at one and three loops and the green one (the middle curve) for
αs = 0.46.

In Fig. 11.34 we show the corresponding cross-section at tmin as a function of
√
s, for different choices of

αs: we considered αs running at one and three loops (red curves) as in the previous discussion for the two
gluon exchange and we also used a fixed value of αs (green curve) corresponding to the three loops running
coupling constant at a typical virtuality Q = 1.1 GeV. We have used the expression (11.82) of the LLx BFKL

amplitude, with the rapidity Y = ln( c
′ s y1 y2

Q1Q2
), αs = Nc

π αs(
√
Q1Q2). The plots in Fig. 11.34 are obtained by

assuming that the constant c′ in Eq.(11.82), which at LLx is arbitrary and of order 1, is chosen to be 1. The
factor exp(4 ln 2 ᾱsY ) explains the enhancement of the sensitivity to the choice of αs compared to the one in
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the Born two gluon exchange case, since 4 ln 2 Y takes big values for ILC rapidities Y. For the same reasons as
discussed earlier in this section, the function f(Qi) does not appear for

√
s lower than 500 GeV; the LLx BFKL

cross-section then grows exponentially with s in this domain. The effect of f(Q) starting from 500 GeV gives
an inflexion point of the curves and a maximum beyond 500 GeV; then the curves decrease until 1TeV.
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Figure 11.35: LO BFKL cross-section for e+e− → e+e−ρ0L ρ0L at t = tmin for different values of the parameter c′: by
decreasing order, the curves correspond to c′ = 2, c′ = 1 and c′ = 0.5 . c is fixed to be equal to 1.

The effect of varying the parameter c′ in the BFKL prediction is illustrated in Fig. 11.35. As expected, it
has a strong effect in the order of magnitude of the differential cross-section, since the rapidity is very high and
thus leads to a large value of the factor exp(4 ln 2 ᾱsY ), which is highly sensitive to the precise definition of the
rapidity.

Such a dramatic enhancement of the cross-section as well as these uncertainty are clearly non-physical, due
to a to large Pomeron intercept, in view of HERA result as well as based on our evaluation of higher order
corrections of the in Sec.11.4.6 at the level of the γ∗L γ

∗
L → ρ0L ρ

0
L sub-process.

Based on our study of Sec.11.4.6 for higher order corrections, we now display our prediction [637] at the
level of the forward e+e− → e+e−ρ0L ρ

0
L process. In the approach of Sec.11.4.6 we must find the solutions (the

improved LLx Pomeron intercept and the anomalous dimension) of the set of the two coupled equations (11.94).
Although this approach uses a fixed strong coupling, we reconstruct in ωs and γs a scale dependence by fitting
with polynomials of Qi a large range of solutions obtained for various values of αs(

√
Q1Q2). Our results are

now much less sensitive to the various theoretical asumptions than the ones obtained at LLx accuracy. Having
integrated over the accessible phase space of this reaction at ILC, we compare in Fig. 11.36 the curves at Born
order (green) with the (red) one obtained after collinear improved LLx BFKL resummation. The experimental
cut imposed by the resolution of the electromagnetic calorimeter BeamCal is responsible for the fall of the
cross-sections with

√
s increasing from 500 GeV. This improved LLx evolution gives an enhancement of the

Born approximation by a factor 4.5, which allows us to definitively conclude of the measurability of the BFKL
evolution for this process at ILC. We finally mention that increasing the collider energy from 500 GeV to 1 Tev
will probably lead to a transition between the linear and the saturated regime (Qsat ∼ 1.4 GeV for

√
s = 1

TeV).

11.4.7 Summary and discussion

The diffractive production of a meson pair is one of the gold plated processes which permit clean studies of the
BFKL dynamics at ILC. Our first motivation was thus to show the feasibility of the experiment. In the Born
approximation, we estimated the cross-section for production of ρ0L-meson pairs in the e+e− collisions occurring
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Figure 11.36: Cross-sections at t = tmin for e+e− → e+e−ρ0L ρ0L with collinear improved BFKL evolution (red
curve) and at Born order (green curve).

in the kinematical conditions of future ILC. For this aim, we first calculated all γ∗-helicity contributions in
the Born two gluon exchange approximation, in a mostly analytic way, by the use of techniques developped in
Ref. [632]. Having done, we calculated the cross-section for the electroproduction of ρ0L-meson pairs which takes
into account kinematical cuts imposed by the LDC design project for the BeamCal detector. By assuming a
nominal value of the integrated luminocity, we predict (in the numerical analysis of cross-sections) a production
of at least 4 103 meson pairs per year, a value which is sufficiently large to ensure a reliable data analysis. These
results are stable with respect to our various discussed theoretical uncertainties.

In a controlable manner, by imposing appropriate cuts (11.57), one can get rid of the DGLAP type of
contributions (quark exchange) computed in Sec. 6.4, with still high couting rates.

We discussed a possible background process in the BeamCal detector which can identify in a misleading way
an outgoing lepton with a photon. We predict that the cross-section for such a background process is negligibly
small at ILC energies.

The study of pure LLx leads to an unrealistic enhancement, with very huge uncertainty due to the very
high value of the intercept. Our evaluation of the higher order correction through collinear improved LLx
BFKL evolution widely reduces both this enhancement and uncertainties, which is essential to make precise
predictions. We then obtain an enhancement factor of the order of 4.5

The above discussion about BFKL enhancement was restricted to the forward case t = tmin. In the non-
forward case, the phase space region with small t values dominates the cross-sections. The obtained hierarchy
between cross sections in Born approximation for different photon polarizations will presumably still be valid
when including BFKL evolution at any order of resummation (LLx, NLLx, etc...). Indeed the argument given in
Sec. 11.4.3 for Born order and on which this hierarchy is based, only relies on the s-channel helicity conservation.
Technically, it is based on the impact representation which is valid beyond Born and/or LLx approximation.

The full NLLx cross-section, with both impact factors and BFKL kernel computed in the NLLx accuracy,
has been carried out at t = 0 in [380, 495]. The effect coming form the inclusion of the NLLx impact factors is
large, comparable with the effects due to the NLLx correction to the Green function. These NLLx corrections
to the impact factors reduces the cross-section. In this study, the values of s0 and for the scale of the coupling
were obtained based on PMS [186, 187], BLM [191] and FAC [188–190] principles. They lead to unatural high
values for these two parameters. At the level of the γ∗L γ∗L → ρ0L ρ0L sub-process, the obtained prediction
of Ref. [380] is displayed in Fig. 11.37, and compared with our collinear improved LLx results12. We obtain
a rather good agreement between the two predictions. However, one cannot deduce any definite conclusion
from such a comparison. Indeed, a recent study [499] based on a collinear improved NLLx Green function
combined with NLLx impact factors shows that the unnatural choice of the renormalization scale µR in the
non collinear improved NLLx Green function treatment of Refs. [380,495] is affected by this collinear improved

12Fig. 11.37 differs from the comparison shown in Fig. 8 of Ref. [380] due a numerical mistake in the first version of our paper
[379], corrected in Ref. [637].
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Figure 11.37: Cross-sections at t = tmin for γ∗γ∗ → ρ0L ρ0L with full NLL BFKL evolution (black) [380] and
(this work) collinear improved BFKL evolution (red) for Q1 = Q2 = 2GeV and three quark flavors.

NLLx treatment: the application of PMS to the amplitude leads to µR value which are still a bit higher than
the natural scale

√
Q1Q2 , (of the order of 4

√
Q1Q2 , but not anymore of the order of 10

√
Q1Q2 ). The same

conclusion holds for the choice of the scale s0 which tends to be of the order of the natural scale Q1Q2 . This
is thus consistent with what we obtained in our study of MN jets in Sec. 9.1.1, in particular in relation with
the fact that a choice of µR a bit higher than the natural scale k1 k2 leads us to more consistent results for
the azimutal dependency. On the other hand, these lower scales lead to a rather large enhancement of the
cross-section with respect to the NLLx evaluation of Refs. [380, 495], of the order of 2 for Y = 10 , thus giving
an enhancement with respect to our collinear improved LLx prediction of a factor up to 4 for Y = 10 . Clearly,
there is still some room for predicting more precisely the counting rates.

In conclusion, the important message of these studies is the clear feasibility of the experiment, and the
rather high expected enhancement based on BFKL type of dynamics. However, based on our experience on
MN jets and other observables which were considered for a long time to be good tests for BFKL dynamics,
definite conclusion could be obtained only when comparing with LLQ and presumably NLLQ DGLAP type
of predictions, which are expected to be much lower, but had not been evaluated completely so far (the only
available result in this spirit is the lowest order quark exchange contribution, which we evaluated in Sec. 6.4, and
the lnQ1/Q2 LLQ DGLAP correction (11.42)). This exclusive diffractive reaction may as anticipated become
the best tool to investigate the perturbative picture of the hard Pomeron.

11.5 Hard Pomeron-Odderon interference effects in the production
of π+π− pairs in high energy γγ collisions

11.5.1 Introduction

As we saw in Sec. 8.4, from the theoretical point of view the Pomeron should have a C-odd partner, the Odderon.
The need for the Odderon contribution [647], in particular to understand the different behaviors of pp and pp̄
elastic cross sections [648], is quite generally accepted. Indeed, t−dependence of the elastic pp data at the ISR
show a dip for |t| ≃ 1.3 GeV2 while the pp̄ smothly decrease at that t , which can be interpreted as a sign
of an Odderon contribution, since σpp̄ − σpp is sensitive to a C−odd contribution, as illustrated in Fig. 11.38.
However, this is the only evidence we have, depending on only a single small set of data. The Odderon has
never been seen in the perturbative regime, where it can be described (at lowest order) by the exchange of three
gluons in a color singlet state.

Studies of specific channels where the Odderon contribution is expected to be singled out have turned out to
be very disappointing, in particular for exclusive photoproduction of π0 [649], but new channels have recently
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Figure 11.38: Differential cross section for elastic pp and pp̄ scattering in the dip region for
√
s = 53GeV; data

taken from [648]. Figure from [347].

been proposed. A first possibility is to consider the reaction γ∗γ∗ → ηcηc [650], which could be tested at ILC.
However the expected cross-section is very small. A second recent proposition relies on the exclusive production
of an heavy vector meson C = − like J/Ψ or Υ in pp and pp̄ collision, through Pomeron-Odderon and Pomeron-
photon fusion [651]. Still, in all of these attempt the main difficulty relies on the presumably low value of the
Odderon coupling with hadronic states.

Thus, due to its small exchange amplitude one should rather consider observables where Odderon effects
are present at the amplitude level – and not at the squared amplitude level. This lead to a another strategy to
reveal the Odderon, first initiated in Ref. [652], based on observables linear in the Odderon amplitude, through
interference with the Pomeron amplitude. In Ref. [652], it has been proposed to look for the Odderon in open
c c̄ difractive photoproduction, through the asymmetry in the fractionnal energy of charm versus anticharm jets,
which is sensitive to the interference between O and P.

This approach has been extended to the diffractive photoproduction of pion pairs [653, 654] and to the
diffractive electroproduction of pion pairs [655, 656] since the π+ π−-state does not have any definite charge
parity and therefore both Pomeron and Odderon exchanges may contribute to the production amplitude.

We now present our results [657] on such an observable in the hard regime, a charge asymmetry in the
production of two π+π− pairs in photon-photon collisions, which could be tested at LHC, and more presumably
at ILC. We thus consider the process

γ(q, ε) γ(q′, ε′)→ π+(p+) π−(p−) π+(p′+) π−(p′−) , (11.98)

where ε and ε′ are the initial photon polarization vectors, see Fig. 11.39. We have in mind the ultraperipheral
collisions of protons or nuclei of high energies, like at LHC, as dicussed in Sec.11.1.1, as well as γ − γ collision
in a photon collider or in an e+ − e− collider like ILC.

At high energy the application of pQCD for the calculation of a part of this process is justified by the
presence of a hard scale: the momentum transfer t = (q− p+− p−)2 from an initial photon to a final pion pair,
−t being of the order of a few GeV2. The amplitude of this process may be calculated within kT -factorization,
as the convolution of two impact factors representing the photon to pion pair transitions and a two or three
gluon exchange. The impact factors themselves include the convolution of a perturbatively calculable hard part
with a non-perturbative input, the two pion GDA which parametrize the quark-antiquark to hadron transition.
Since the π+π− system is not a charge parity eigenstate, the GDA includes two charge parity components and
allows for a study of the corresponding interference term. The relevant GDA is here just given by the light cone
wave function of the two pion system [241].
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Figure 11.39: Kinematics of the reaction γγ → π+π− π+π− in a sample Feynman diagram of the two gluon exchange

process.

11.5.2 Kinematics

Let us first specify the kinematics of the process under study, namely the photon-photon scattering as stated
in Eq. (11.98). As usual, we decompose all particle momenta using the Sudakov light-like momenta p1, p2 with
s = 2 p1 · p2 . The initial photon momenta are written as

qµ = pµ1 , q′µ = pµ2 , (11.99)

The momenta of the two pion systems are given by

pµ2π =

(
1−

p2
2π

s

)
pµ1 +

m2
2π + p2

2π

s
pµ2 + pµ2π⊥

p′2π
µ =

(
1−

p′
2π
2

s

)
pµ2 +

m′2π
2 + p′

2π
2

s
pµ1 + p′2π⊥

µ . (11.100)

The (massless) quark momentum ℓ1 and antiquark momentum ℓ2 inside the upper loop before the formation of
the two pion system are parametrized as

ℓµ1 = z pµ1 +
(ℓ + z p

2π
)2

zs
pµ2 + (ℓ⊥ + z p2π⊥)

µ , (11.101)

ℓµ2 = z̄ pµ1 +
(−ℓ+ z̄ p

2π
)2

z̄s
pµ2 + (−ℓ⊥ + z̄ p2π⊥)

µ, (11.102)

where 2 ℓ is the relative transverse momentum of the quarks forming the two pion system, up to small corrections
of the order p2

2π
/s. As discussed in Sec. 6.1.1, in the collinear approximation the two pion formation factorizes

through a GDA, and we put ℓ = 0 in the hard amplitude.
In a similar way as in (11.101), (11.102), and following the analysis introduced in Sec. 6.1.2, we parametrize

the momenta of the produced pions as

pµ+ = ζ pµ1 +
m2

π + (p+ ζ p
2π
)2

ζs
pµ2 + (p⊥ + ζ p2π⊥)

µ , (11.103)

pµ− = ζ̄ pµ1 +
m2

π + (−p+ ζ̄ p
2π
)2

ζ̄s
pµ2 + (−p⊥ + ζ̄ p2π⊥)

µ, (11.104)

where 2 p is now their relative transverse momentum, ζ = p2·p+

p2·p2π
is the fraction of the longitudinal momentum

p2π carried by the produced π+, and ζ̄ = 1− ζ.
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According to (6.63), the variable ζ is related to the polar angle θ which is defined in the rest frame of the
pion pair by

β cos θ = 2ζ − 1 , β ≡
√
1− 4m2

π

m2
2π

. (11.105)

Since the “longitudinal part” of the two pion wave function depends only on the angle θ and does not depend
on the azimuthal decay angle φ (in the same rest frame of the pair), we focus on the calculation of charge
asymmetries expressed in terms of θ (see below). Similar expressions as Eqs. (11.101-11.105) are used for the
lower quark loop. Since we are interested in photon interactions in ultraperipheral collisions of hadrons, the
photons are quasi real and hence predominantly transversely polarized. The polarization vectors of the photons
are written as in Eq. (11.18), i.e.

ǫ± =
1√
2
(∓1,−i) . (11.106)

We will consider spin averaged cross sections since hadron colliders do not produce polarized photon beams.

11.5.3 Scattering amplitudes

In the high energy limit (s ≫ |t|) we are investigating, we will rely on the impact representation (8.14) of the
amplitude, which factorizes into impact factors convoluted over the two-dimensional transverse momenta of the
t-channel gluons.

For the Pomeron exchange, which corresponds in the Born approximation of QCD to the exchange of two
gluons in a color singlet state, see Fig. 11.39, the impact representation has the form

MP = i s

∫
d2k1 d

2k2 δ
(2)(k1 + k2 − p2π)

(2π)2 k21 k
2
2

ΦγT

P
(k1, k2) · ΦγT

P
(k1, k2), (11.107)

where ΦγT

P
(k1, k2) is the impact factor for the transition γT → π+ π− via Pomeron exchange.

The corresponding representation for the Odderon exchange, i.e. the exchange of three gluons in a color
singlet state, is given by the formula

MO =
8 π2 s

3!

∫
d2k1 d

2k2 d
2k3 δ

(2)(k1 + k2 + k3 − p2π)
(2π)6 k21 k

2
2 k

2
3

ΦγT

O
(k1, k2, k3) · ΦγT

O
(k1, k2, k3), (11.108)

where ΦγT

O
(k1, k2, k3) is the impact factor for the transition γT → π+ π− via Odderon exchange. The impact

factors are calculated by the use of the standard methods of twist 2 factorization, which we illustrated in
Sec. 10.1.1. See e.g. Ref. [658] and references therein for the Odderon case.

Impact factors for γ → π+π−

The leading order calculation in pQCD of the impact factors gives13

ΦγT

P
(~k1, ~k2) =

i e g2 δab

4NC

1∫

0

dz (z − z̄) ǫT ·Q
P
(k1, k2) Φ

I=1(z, ζ,m2
2π), (11.109)

where the vector Q
P
(k1, k2) is defined according to (11.16) by14

Q
P
(k1, k2) =

z p
2π

z2p 2
2π

+ µ2
−

z̄ p
2π

z̄2p 2
2π

+ µ2
+

k1 − z p2π
(k1 − z p2π)2 + µ2

−
k1 − z̄ p2π

(k1 − z̄ p2π)2 + µ2
. (11.110)

13The definition of impact factor used in this manuscript differs by a factor −i with respect to the one of [657]: Φhere = iΦ[657].

This explains the additional − sign in front of Eq. (10) in [657] in comparison with the present Eq. (11.107).
14We use here slightly different notations with respect to (11.16) in order to single out both momenta of t−channel gluons and

not their relative momenta. We do the same for Q
O
(k1, k2, k3) .
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The calculation of the Odderon exchange contribution gives

ΦγT

O
(k1, k2, k3) =

i e g3 dabc

8NC

1∫

0

dz (z − z̄) ǫT ·Q
O
(k1, k2, k3)

1

3
ΦI=0(z, ζ,m2

2π), (11.111)

where we have used the definition

Q
O
(k1, k2, k3) =

z p
2π

z2p 2
2π

+ µ2
+

z̄ p
2π

z̄2p 2
2π

+ µ2
+

3∑

i=1

(
ki − z p2π

(ki − z p2π)2 + µ2
+

ki − z̄ p2π
(ki − z̄ p2π)2 + µ2

)
.(11.112)

Generalized two pion distribution amplitudes

A crucial point of the present study is the choice of an appropriate two pion GDA which includes the full strong
interaction related to the production of the two pion system. Various models for this GDA have been proposed
in Refs. [241, 655, 656, 659, 660].

Based on an expansion of the GDA in Gegenbauer polynomials Cm
n (2z − 1) and in Legendre polynomials

Pl(2ζ − 1) as discussed in Sec. 6.1.2, and keeping only the two first terms according to Eq. (6.55) for the I = 1
contribution and similarly for the first term for the I = 0 one, we write

ΦI=1(z, ζ,m2π) = 6zz̄βf1(m2π) cos θ, (11.113)

ΦI=0(z, ζ,m2π) = 5zz̄(z − z̄)
[
−3− β2

2
f0(m2π) + β2f2(m2π)P2(cos θ)

]
, (11.114)

where f1(m2π) can be identified with the electromagnetic pion form factor Fπ(m2π). For our calculation we use
the following Fπ-parametrization inspired by Ref. [661]

f1(m2π) = Fπ(m2π) =
1

1 + b
BWρ(m

2
2π)

1 + aBWω(m
2
2π)

1 + a
, (11.115)

with

BWρ(m
2
2π) =

m2
ρ

m2
ρ −m2

2π − im2πΓρ(m2
2π)

(11.116)

Γρ(m
2
2π) = Γρ

m2
ρ

m2
2π

(
m2

2π − 4m2
π

m2
ρ − 4m2

π

)3/2

(11.117)

BWω(m
2
2π) =

m2
ω

m2
ω −m2

2π − imωΓω
. (11.118)

As masses and widths we use mρ = 775.49MeV, Γρ = 146.2MeV, mω = 782.65MeV, Γω = 8.49MeV [662]. We
fit the remaining free parameters to the data compiled in Ref. [663] obtaining a = 1.78 · 10−3 and b = −0.154.
Including a hypothetical radial excitation or the ρ , the ρ′ resonance, as originally used in Ref. [661], gives a
significant better fit to the data at large m2π but has only a small effect on the asymmetry which is the main
object of our studies.

For the I = 0 component we use different models. The first model follows Ref. [655] and reads

f0/2(m2π) = eiδ0/2(m2π)
∣∣BWf0/2(m

2
2π)
∣∣ . (11.119)

The phase shifts δ0/2 are those from the elastic π+π− scattering, for which we use the parametrization of
Ref. [664] below and that of Ref. [665] above the KK̄ threshold. |BWf0/2(m

2
2π)| is the modulus of the Breit-

Wigner amplitudes

BWf0/2(m
2
2π) =

m2
f0/2

m2
f0/2
−m2

2π − imf0/2Γf0/2

, (11.120)

with mf0 = 980MeV, Γf0 = 40− 100MeV, mf2 = 1275.1MeV, Γf2 = 185MeV [662].
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In the second model – elaborated in Ref. [660] – the functions f0/2 are the corresponding Omnès functions
for S− and D−waves constructed by dispersion relations from the phase shifts of the elastic pion scattering:

fl(m2π) = exp

(
πIl +

m2
2π

π

∫ ∞

4m2
π

ds
δl(s)

s2(s−m2
2π − iε)

)
, with Il =

1

π

∫ ∞

4m2
π

ds
δl(s)

s2
. (11.121)

The assumption that the phases of the GDA equal those of the elastic scattering looses its solid base beyond
the KK̄ threshold. As discussed in Refs. [660,666] it might well be that the actual phases of the GDA are closer

to the phases of the corresponding T matrix elements ηle
2iδl−1
2i . The third model for the I = 0 component of the

GDA takes this into account by using the technique of model 2 with these phases δT ,l of the T matrix elements.

While the first and the second model give quite compatible results, model three differs from them significantly.
The most striking difference is the absence of pronounced f0 resonance effects in model 3. In fact, measurements
at HERMES [299] do not observe a resonance effect at the f0-mass even though a confirmation by an independent
experiment would be desirable. From the same measurements at HERMES one can draw the conclusion that
using δT,2 and δ2 for the f2 region are both compatible with data [660]. Having this in mind, we consider also a
fourth model – a mixed description with the f0 contribution from model 3 and the f2 contribution from model
2.

Photon exchange amplitude

The photon has the same C-parity as the Odderon. Therefore, its exchange between the two quark-antiquark
systems can mimic an Odderon exchange. The according amplitude is straightforward to calculate and reads

Mγ =
s

2t
ΦγT

γ · ΦγT
γ , (11.122)

with

ΦγT
γ =

e2

2

1∫

0

dz (z − z̄) ǫT · p
2π

(
z

µ2 + z2 p2
2π

+
z̄

µ2 + z̄2 p2
2π

)
ΦI=0(z, ζ,m2

2π). (11.123)

In our concrete process the photon exchange amplitude amounts to the order of 10% of the Odderon exchange
amplitude. Although we do not neglect this contribution, it is clear that the asymmetry described in the following
section is driven by the Odderon/ Pomeron-interference.

11.5.4 Charge asymmetries and rates

Charge asymmetry and P−O interference

The key to obtain an observable which linearly depends on the Odderon amplitudeMO is the orthogonality of the
C-even GDA (enteringMO) and the C-odd one (entering the Pomeron amplitudeMP) in the space of Legendre
polynomials in cos θ. As a consequence, in the total cross section the interference term completely vanishes.
In contrast only the interference term survives, when the amplitude squared is multiplied by cos θ before the
angular integration which corresponds to selecting the charge asymmetric contribution. The asymmetry we are
interested in is defined as

A(t,m2
2π ,m

′2
2π) =

∫
cos θ cos θ′ dσ(t,m2

2π ,m
′2
2π, θ, θ

′)∫
dσ(t,m2

2π ,m
′2
2π, θ, θ

′)

=

∫ 1

−1 d cos θ
∫ 1

−1 d cos θ
′ 2 cos θ cos θ′ Re [MP(MO +Mγ)

∗]
∫ 1

−1 d cos θ
∫ 1

−1 d cos θ
′
[
|MP|2 + |MO +Mγ |2

] . (11.124)

The obtained landscape as a function of the two invariant masses is not particularly illuminating and would
be difficult to measure. To reduce the complexity, we integrate over the invariant mass of one of the two pion
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systems to obtain

Â(t,m2
2π ;m

2
min,m

2
max) =

∫m2
max

m2
min

dm′22π
∫
cos θ cos θ′ dσ(t,m2

2π ,m
′2
2π, θ, θ

′)
∫m2

max

m2
min

dm′22π
∫
dσ(t,m2

2π,m
′2
2π, θ, θ

′)

=

∫m2
max

m2
min

dm′22π
∫ 1

−1 d cos θ
∫ 1

−1 d cos θ
′ 2 cos θ cos θ′ Re [MP(MO +Mγ)

∗]
∫m2

max

m2
min

dm′22π
∫ 1

−1 d cos θ
∫ 1

−1 d cos θ
′
[
|MP|2 + |MO +Mγ |2

] .(11.125)

Let us note that since the two pion pairs are always in the same C-parity state, because of C = + parity
of the initial γγ state, it is necessary to keep in Eq. (11.125) the integration weight cos θ′. Without this weight
the single charge asymmetry would vanish. The deviations from this vanishing of the asymmetry may serve as
a measure of experimental uncertainties.

Numerical evaluation

Considering an analytic calculation of the matrix element in Eq. (11.108), it turns out that it would require
the calculation of two dimensional two-loop box diagrams, whose off-shellness for all external legs is different.
The techniques developed in Refs. [639, 632, 635] which rely on the transformation (11.28) can not be applied
here due to the very elaborated topology of the most complicated diagrams involved (square box with one
additional diagonal line), illustrated in Fig. 11.40. As far as we know, such a diagram has not been evaluated

Figure 11.40: Left: most complicated Feynman diagram which need to be evaluated. Right: corresponding
scalar-reduced contribution. Thick lines are off-shell lines, while thin lines are massless lines.

in the literature. Instead we rely on a numerical evaluation by Monte Carlo methods. In particular we make
use of a modified version of Vegas as it is provided by the Cuba library [497]. The result for the asymmetry
Â at t = −1GeV2 (resp. t = −2GeV2) is shown in Fig. 11.41 (resp. Fig. 11.42). Since our framework is only
justified for m2

2π < −t, (in fact strictly speaking, one even needs m2
2π ≪ −t ), we keep m2π below 1GeV (resp

1.4GeV). In each case, we present the expected asymmetry with the GDAs parametrized as discussed above.

Asymmetry in ultraperipheral collisions

In order to evaluate the feasibility of the Odderon search, we need to supplement the calculation of the asym-
metry with rate estimates in ultraperipheral collisions at hadron colliders. This rate depends on the Pomeron
dominated photon-photon cross section and on the equivalent photon flux. The total photon-photon cross sec-
tion falls off rapidly with increasing |t| (see Fig. 11.43). Therefore, the integration mainly depends on the lower
limit of |t|-integration (tmin). Already for tmin = −1GeV2 we find σγγ = 1.1 pb.

Although in Ref. [613] it is claimed that the photon flux is best for medium-weight ions, and especially
superior to that of protons, this is in fact not true. To obtain Fig. 6 of Ref. [613] the effective γγ luminosity
has been calculated for protons and ions by the Monte Carlo program Tphic [667] which is based on the
Fermi-Weizsäcker-Williams method [610–612] with the additional condition of non-overlapping ions [668, 669],
but the authors used a quite small luminosity for proton-proton collisions at the LHC (14 000mb−1s−1 instead
of the official design luminosity 107mb−1s−1 [670,671]). Very unfortunately, the identical figure is reprinted in
Ref. [614] while a non consistent p-p luminosity of 107mb−1s−1 is cited.

As already was shown by Cahn and Jackson [669], the γγ luminosity in case of ions can be expressed in
terms of a universal function ξ(z), where z =MR ≈ 5.665A4/3 with M being the mass and R the radius of the
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Figure 11.41: Asymmetry Â at t = −1GeV2 for model 1 (solid), 2 (dashed), 3 (dotted), and 4 (dash-dotted) –
model 3 and 4 are nearly on top of each other. Left column has mmin = .3GeV and mmax = mρ, while right
column has mmin = mρ and mmax = 1GeV.

Figure 11.42: Asymmetry Â at t = −2GeV2 for model 1 (solid), 2 (dashed), 3 (dotted), and 4 (dash-dotted).
Left column has mmin = .3GeV and mmax = mρ, while right column has mmin = mf0 and mmax = 1.4GeV.

ion, and a prefactor proportional to Z4. Since the luminosity for ions at the LHC decreases roughly as Z−4,
the prefactor’s Z dependence is more or less compensated and only the universal function ξ remains which is
exponentially decreasing with z. Hence, lighter projectiles provide a larger effective γγ luminosity, with the
protons offering the highest luminosity.

Therefore, we provide a corrected overview over the various effective γγ luminosities in Fig. 11.44. For the
different ion scenarios that are discussed in Ref. [672] we use the parametrization of Ref. [669] which relies on the
Fermi-Weizsäcker-Williams method [610–612] with the additional condition of non-overlapping ions [668, 669].

For protons usually a calculation based on the proton electric dipole form factor FE(Q
2) = 1/(1 + Q2

0.71GeV2 ) in
combination with the Weizsäcker-Williams method is used, as it can be found in Ref. [673]. In Ref. [674] a slightly
improved version is given, which lowers the photon flux. An inclusion of the corresponding magnetic dipole
moment [675] would lead to a flux between those both. For this reason, we use the formulas given in Ref. [673]
and Ref. [674] for the case of proton-proton collisions. We also provide the results for the proton treated as a
heavy ion because it might be that the non-overlap condition – reducing the flux – is of importance [674], even
if such a procedure does not include the proton form factor. We consider such a lower result as a conservative
lower estimate. Since the luminosity factors will cancel in the asymmetry, this uncertainty does not affect our
conclusions on the Odderon effects. For comparison, we provide also the effective γγ luminosities at the intended
ILC where the design luminosity for e+e− collisions is 2 · 1034 cm−2s−1 [676] 15.

As shown in Fig. 11.44, the effective γγ luminosity decreases rapidly with increasing energy. Since our

15In the calculation of the equivalent photon spectrum [263] we used qmax = 100GeV.
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Figure 11.43: t-dependence of photon-photon cross section.

intermediate hard scale t is quite small, we are not forced to consider extremely large photon-photon energies.
The only condition on the minimal photon-photon energy (smin) is smin ≫ |t| to ensure the validity of high
energy factorization into two separated pion systems. Hence, a smin of 400GeV2 could be already enough. The
effect of varying smin is displayed in Fig. 11.45.

For pp collisions, the rates are high and even for tmin = −2GeV2 sizable. Although heavy ions would
offer the possibility to trigger on ultraperipheral collisions by detecting neutrons from giant dipole resonances
(GDR) in the Zero Degree Calorimeters, the rates that can be read off from Fig. 11.45 are rather low. Only
for medium-weight ions there might be the possibility to measure the process. The best compromise may be
Oxygen-Oxygen collisions, which is by no means the priority of the heavy ion physics community.

In hadron-hadron collisions the process of interest could as well be connected by Pomerons to the colliding
hadrons. Indeed, in contrast to electromagnetic processes which have been proposed to be studied in ultrape-
ripheral collisions, pions are produced by pure QCD processes as well. In that case one would have to deal
with the unknown hadron-Pomeron and Pomeron-Pomeron-two-pion couplings. Therefore, we consider that
process as background. This circumstance would make heavy ions preferable because of the different scaling of
Pomeron and photon coupling when changing from proton to nuclei scattering. However, experimentally such a
background can be suppressed by refusing events with a total pT larger than some small cut-off. Indeed, the γγ
events dominates, due to the photon propagator singularities, when each of the transverse momentum is small,
which on the average is satisfied when the total transverse momentum of our four pion system is imposed to be
small. Unfortunately, in practice, it is not easy to demonstrate quantitatively that one can separate these two
processes by just relying on the fact that ultraperipheral processes are strongly peaked at low t, contrarily to
the flatter depence of the Pomeron induced ones [616], as we discussed in Sec. 11.1.1.

Additionally, although photon fluxes are important in pp collisions at the designed LHC luminosity
(1034 cm−2s−1), data collected under these conditions will suffer from the pile up of events, which will prevent
an analysis of the process considered here from being performed. At lower luminosity, rates may be marginally
sufficient for values of −t ≈ 1GeV2, but designing a trigger strategy to record interesting events seems very
difficult: typical triggers on high pT mesons demand a minimum pT of a few GeV, which is incompatible with
such low values of −t and the corresponding limit of m2π <

√−t. It could be marginaly be acchieved within a
dedicated study of a few days of run at low luminosity.

One may think about the effect of BFKL type enhancement. Indeed, this would increase the total cross
section, which varies like |MP|2 but at the same time diminish the asymmetry ∼MO/MP , since the Odderon
including BJKP evolution [348–351], as discussed in Sec. 8.7.1, has a smaller intercept, which is presumably
equal to unity [406, 407, 408, 409], than the Pomeron one. Our Born order estimate should be corrected by
BFKL effects which can be estimated semi-phenomenologically from HERA data, in which the intercept is of
the order of αP ≃ 1.3 . This leads for

√
smin = 20 GeV to an increase of ∼ 6 for the counting rates and to

a slight decrease of the asymmetry ∼ MO/MP . This effect is thus not enough to increase dramatically the
counting rates in the low luminosity run of LHC.

In contrast, an electron-positron collider such as the projected ILC would be the ideal environment to
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Figure 11.44: Effective γγ luminosities for the collision of p-p based on Ref. [673] (dash-dotted) and Ref. [674]
(dashed). The results using the parametrization of Ref. [669] for ions are given by solid lines for p-p, O8

16-O
8
16,

Ar1840-Ar
18
40, Kr3684-Kr3684, Sn

50
120-Sn

50
120, Pb

82
208-Pb

82
208 from top to bottom. For ions we used the average luminosities

as given in Ref. [672], for proton we used Lpp = 1034 cm−2s−1. For comparison also effective γγ luminosities at
the ILC are given for

√
se+e− = 250GeV and

√
se+e− = 500GeV (both as dotted lines).

study the process under consideration. Photon photon collisions are indeed the dominant processes there
and the background from strong interactions would be completely absent in an e+e− collider. As we saw in
Sec. 11.1.2, an e+e− collider, via Compton-back-scattering, could work as a very effective γγ collider. At the
ILC [676] for a nominal electron beam energy of 250GeV the luminosity for photon-photon collisions would be
3.5 ·1033 cm−2s−1 [624] for the high energy photons (energy fraction at least 80% of the maximal possible energy
fraction) or even higher, if optimized for photon-photon collisions [677]. As Fig. 11.44 reveals, even running
in the electron-positron mode the effective γγ luminosity is slightly larger than at the LHC. Additionaly, at
ILC no pile up phenomenon can blur the picture of a scattering event in comparison with LHC at the same
luminosity. For these reasons, the ILC would provide an ideal environment to study the process of interest.

Maybe an alternative, which we did not study, is a large energy electron ion collider in its ultraperipheral
mode.

11.5.5 Summary and prospects

We have investigated in real photon-photon collision the production of two π+π−-pairs well separated in rapidity.
Due to the non fixed C-parity of these pairs, beside a Pomeron exchange an Odderon exchange is possible as
well. We have calculated both contributions in a perturbative approach – justified by t providing the hard scale
– where the only soft building blocks needed are the GDAs of the pion pairs. We have shown that a charge
asymmetry in the polar angle θ (defined in the rest frame of the pion pairs) is linearly dependent on the Odderon
amplitude and moreover is sizable but GDA-model dependent.

In fact, the predicted asymmetry depends much on the two pion GDAs, which are still not really known. The
unfavorable situation would be the scenario supported by HERMES measurements of two pion electroproduction
[299], which disfavor models with a strong f0 coupling to the π

+π− state. We however think that higher statistics
data, which may come from a JLab experiment at 6 or 12GeV, are definitely needed before one can trust a
definite model of the GDAs. Because two pion deep electroproduction in the low energy domain is dominated
by quark exchanges, this test of the GDA models is independent of any Odderon search. This looks like a
prerequisite to a trustable extraction of the Odderon signal – or of an upper bound on Odderon exchange
amplitudes – from ultraperipheral collisions.

Recently the BaBar experiment reported a new measurement of the reaction γ⋆γ → π0 up to photon
virtualities squared of 40 GeV2 [678]. In this study, the reaction γ⋆γ → π0π0 was investigated in the f0(980)
and f2(1270) resonance regions as a potential background for the study of the π0 transition form factor. This
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Figure 11.45: Rate of production of two pion pairs in ultraperipheral collisions in dependence on the lower
cut smin given in ‘events per month’ in case of ions, and ‘events per six months’ in case of protons which in
both cases correspond to one year of running of LHC. The l.h.s. plot shows the rate for tmin = −1GeV2, the
r.h.s. that for for tmin = −2GeV2. The solid line displays the result for p-p collision using Ref. [673], the
dashed-dotted that for protons treated as heavy ions, the dashed one that for Ar-Ar collisions, and the dotted
line that for Pb-Pb collisions. On the left figure, also the much smaller rates coming from the Odderon exchange
are shown (with the same dashing).

low-W 2 kinematical region should soon be analysed in the framework of two-meson GDAs.
A first positive indication for a favorable scenario appeared recently. Indeed, CLAS experiment at JLab

has recently reported on studies of the reaction γ p→ p π+ π− , in the photon energy range 3.0− 3.8 GeV and
momentum transfer range 0.4 < −t < 1.0 GeV2 . Besides the dominant contribution of the ρ(770) meson, CLAS
found evidence [679] for the f0(980) and the f2(1270). It this is confirmed, this would be very positive for P−O

interference, since it would select scenarios 1 or 2, for which the interference effect is much higher.
These results are signs that there is a hope to get experimental informations on GDAs, which are at the

moment very poor and confusing, in a rather short time. This will settle the question of the adequate model to
be used, in particular for the Odderon observable we have discussed.

In conclusion, our proposal to discover the perturbative Odderon through asymmetries in the production
of two pion pairs in ultraperipheral collisions at the LHC seems to have a hard time to win over quite severe
experimental constraints. However, we believe that the concept is viable, and could be used at ILC.
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Conclusion

QCD have reached a degree of maturity in many domains, in particular for PDFs which are now measured and
whose evolution is now understood from first principles in a very wide range in xBj and Q2 , with an impressive
precision. This is one the main achievement of HERA experiments. Meanwhile, the understanding of QCD for
more and more exclusive observables has also reached a certain degree of maturity. Data for DVCS and hard
electroproduction are now coming more and more, and one can expect the emergence of a rather comprehensive
picture of GPDs and related quantities within a decade, with a reasonable degree of precision. All these results
have been based on very fruitful interplays between theory and experiment at medium and large energy.

Much of our understanding of QCD at medium energies relies on the collinear factorization, which gave a
single framework when dealing with hard exclusive processes. The recent development lead to the introduction
of various off-diagonal non-perturbative correlators. It is not an overstatement to stress that this activity is
very likely to shed light on the confinement dynamics of QCD through the detailed understanding of the quark
and gluon structure of hadrons.

Starting from extension of the conventional PDFs to the GPDs, its has been realized that many observables
and thus experiments could be used in order to understand QCD, though the introduction of GDAs, TDAs...
In particular, it proved its efficency in describing the more and more DVCS data which are now coming.

From the theory side, the number of processes for which there is a full understanding of factorization
from first principles is very small, basically reducing to DVCS and hard electroproduction of longitudinally
polarized mesons. For other processes, factorization is plagued by end-point contributions, which require a
special treatment for which there is at the moment no single framework. On top of Sudakov contributions, it
has been proposed to consider transverse momentum dependent partonic distributions. This leads at the moment
to many developments from the theory side. Despite the complications and new playground it introduces, it is
at the moment not clear how such objects will participate in a coherent way to the picture of hard exclusive
processes.

Still, the number of experiments in which efforts have been devotted to the study of hard exclusive process
as a meanstream is rather small, and it is only recently that high luminosity B-factories started to exploit their
high potential for studying exclusive processes, which should lead to a first understanding of GDAs, which is a
the moment rather poor from phenomenological side.

After more than three decades of theoretical developments after the seminal papers of BFKL, the understand-
ing of QCD in the particular Regge limit is still uncomplete. There are at the moment several approaches which
coexist when dealing with unitarity corrections. This has suggested many fruitful developments in various do-
mains like integrable models, statistical physics, perturbative approaches to non-linear dense systems... Except
the special limit of the BK equation, which sums up diagrams which are equivalently obtained from EGGLA,
dipole model, QCD shock waves and JIMWLK, there is however no clear comprehension of the relations between
these various approaches. Important progresses were made concerning the generic ultra-asymptotic behaviour of
scattering amplitudes, based on statistical mecchanics methods, in particular using reaction-diffusion equations
with noise, which takes into account in an effective way (unknown) higher order QCD corrections. However,
starting from first principle, there is at the moment no practical realization of these equations outside of low
dimension toys models, and we are far from having a tractable complete theory which could be used at physical
energies.

From the phenomenological side, saturations models implements the main features of linear DGLAP and
BFKL evolutions, in the color transparency regime, combined with a functional form which realizes saturation.
They can now successfully describes the data in the whole HERA range, implementing the main features of
partonic distributions in the high density region which any LHC experiment will face, with a very small number
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of fitted parameters.
In the linear regime at small-x , studies of higher order corrections lead to the conclusion that the LLx BFKL

resummation predicts a Pomeron intercept which is by far too steep, a fact which was meanwhile confirmed by
HERA, Tevatron (and LEP) experiments. Various studies have also shown that there is some room to see a
linear Regge evolution, not modified by saturation effects, for which NLLx resumation corrections are important
and presumably much more in agreement with data. This requires the implementation of additional procedures,
to evaluate the effects of higher order corrections and have a compatibility with usual renormalization group
predictions. Recents results have shown that the NLLx corrections to impact factors are by no means negligible,
and should be included when computed, in order to get reliable predictions. At the moment, despite tremendous
efforts both from theoretical and from experimental sides, signals of BFKL linear evolution are rather weak.
This is even worse for the elusive Odderon, for which any attempt to catch it failed until now. On one hand, the
example of MN jets maybe a hint that new coming consistent NLLx BFKL type of descriptions are becoming
stable and should be competitive with DGLAP treatments, in a rather large range of phase space. On the other
hand, this latter example also provide an explicit case where “natural“ observables for revealing the peculiar
small-x dynamics with respect to fixed order treatments can be much modified when including NLLx corrections,
and become rather close from the fixed order predictions. Finding observables which are stable with respect to
NLLx corrections and differs significantly with NLLQ prediction thus remains in our opinion a still open task,
which might be achieved when considering exclusive final states.

When considering specific exclusive final states, we have shown that a rather coherent picture emerges at
small-x , which can incorporate the effect of twist beyond the usual twist 2 description. We hope that the tools
we have developped based on LCCF factorization will in the near future provide an efficient way for describing
other exclusive processes. Studies of small-x physics at the moment focussed mainly on the gluonic Green
function. This was also the essence of the dipole model, where the elementary gluonic degree of freedom is
replaced by color dipoles. Only very few investigations of exclusive processes, when based on dipole models,
focused on the higher twist corrections when coupled to a final state starting from first principle. We believe
that our momentum space treatment beyond twist 2 could be implemented within the dipole model, i.e. in
coordinate space.

QCD in the perturbative Regge limit leads naturally to the introduction of unintegrated kT parton (gluons)
distribution involved in the impact representation of high-energy scattering amplitude. On the other hand, such
unintegrated distributions where introduced in another context, in relation with spin-physics on which we almost
did not elaborate in this manuscript, in particular for transverse spin effects. Indeed, starting form the single
transverse spin asymmetries à la Collins [680] or à la Sivers [681,682], one gets access to the number density of
unpolarized partons with intrinsic transverse fixed momentum [683,684] inside a transversally polarized proton.
It would be of much interest to have a single picture for such unintegrated partonic distributions, which appeared
naturally in these two very different contexts [685,686], as well as in kT−dependent parton showers, which are of
much interest of Monte Carlos in jet physics at small-x, and thus presumably for LHC which will be dominated
by multi-particle final states. On the other hand, due to the recent developpements within processes involving
helicity flip GPDs, it may well be that the notion of transverse momentum dependent GPDs should require
special attention.

To end up, let us hope that the future ILC project will be build. As any e+e−collider, it is a very clean ma-
chine. Based on its expected luminosity and on the new kind of detector facilities which are under development,
its potentialities in γ(∗)γ(∗) are very great and it would be a fantastic tool both for clean experiments beyond
the standard model as well as for any kind of QCD studies, in particular for exclusive processes whose rates are
too low to be studied at the moment. Besides, lower energy machines with high luminosity like B−factories,
existing or planned, like the super-B factory, are very interesting from the point of view of QCD (spectroscopy
e.g. exotic states, DAs, GDAs, ...). Let us hope that such possibilities will be taken into account by the whole
community, in particular when designing detectors.



Abreviations and notations used

PDF: Parton Distribution Function

DGLAP: Dokshitser, Gribov, Lipatov, Altarelli, Parisi (equation)

BFKL: Balitskii, Fadin, Kuraev, Lipatov (equation)

LLx: Leading Logarithmic approximation in ln 1/x or ln s

NLLx: Next Leading Logarithmic approximation in ln 1/x or ln s

LLQ: Leading Logarithmic approximation in lnQ2 or any collinear logarithm

NLLQ: Next Leading Logarithmic approximation in lnQ2

DVCS: Deep Virtual Compton Scattering

DDVCS: Double Deeply Virtual Compton Scattering

TCS: Timelike Compton Scattering

DA: Distribution Amplitude

GDA: Generalized Distribution Amplitude

GPD: Generalized Parton Distribution

OPE: Operator Product Expansion

CMS: Center of Mass System

CCFM: Ciafaloni Catani Fiorani Marchesini

MN: Mueller Navelet (jets)

SCHC: s−channel helicity conservation

WW: Wandzura-Wilczek (approximation)

LCCF: light-cone collinear factorization

CCF: covariant collinear factorization
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EOM: equation of motion

BLM: Brodsky Lepage Mackenzie

PMS: principle of minimal sensitivity

MRT: Martin, Ryskin, Teubner (model for electroproduction of mesons)

GBW: Golec-Biernat, Wüsthoff (model for saturation)

PSF: Pomeron Structure Function (for diffractive DIS)

BEKW: Bartels, Ellis, Kowalski, Wüsthoff (model for diffraction)

pQCD: perturbative QCD

P : Pomeron

O : Odderon

z̄ = 1− z

k , k , ~kt are two-dimensional euclidean vector

k⊥ is a four-dimensional minkowskian vector, with thus k2⊥ = −k2 = −k2

~k is the euclidean part of the four-dimensional vector k
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