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When an electron gas is submitted to a uniform magnetic field, the diamagnetic part of its
magnetization is associated with amperian surface currents. In the weak-field limit, explicit
expressions are found for the current density near an infinitely steep wall, and near a soft wall,
for both Boltzmann and Fermi statistics. The Wigner distribution function in presence of a
magnetic field is a convenient tool.

I. Introduction
The conventional w a y ~'2) of studying the diamagnetism of an electron gas is
based on the calculation of the partition function in a large volume. The detail
of what happens near the boundaries is not needed for computing the net
magnetization, a fortunate simplifying feature for practical calculations.
Yet, it is well k n o w n that the magnetization can be ascribed to amperian
currents, which are localized at the surface in the case of a uniformly
magnetized b o d y ; sending a w a y to infinity these currents is s o m e w h a t unsatisfactory. Although the structure of the surface currents might not be
directly observable, it is at least an amusing exercise to investigate that
structure, and this is the aim of this paper.
The current density has already been calculated for the simple model of a
magnetized electron gas confined by a harmonic oscillator potential well3).
This model has the i m m e n s e advantage of being exactly soluble for an
arbitrary field strength, but is does not represent even schematically a large
s y s t e m with a surface region of finite depth; the harmonic oscillator well
model rather represents a small system4"5), in which the " s u r f a c e " region
occupies the whole volume. The present p a p e r deals with large s y s t e m s and
studies surface regions described by potential walls of more realistic shapes.
Unfortunately, it is then no longer possible to obtain a simple exact solution
for an arbitrary strength of the applied magnetic field, and the current will be
+ Permanent address: Laboratoire de Physique Th6orique et Hautes Energies, Universit6 de
Paris-Sud, 91405 Orsay, France.
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computed only in the linear-response regime, i.e. in the weak-field limit. Of
course, the de Haas-van
Alphen oscillations of the magnetization
as a
function of the magnetic field are beyond the scope of this approach.
Two extreme cases for the shape of the potential wall which bounds the
electron gas will be considered: an infinitely steep wall (in section 2) and a
soft wall (in section 3). Both cases of Boltzmann statistics (valid at high
temperature)
and Fermi statistics (in the zero-temperature
limit) will be
treated; the results for the Fermi case will be derived from the results for the
Boltzmann case by the inverse Laplace transform method’j). In the special
case of a soft wall with Boltzmann statistics, the interactions are taken into
account; they are not, in all other cases.

2. Steep wall
We consider an ideal electron gas, in a semi-infinite geometry.
confined in the region x > 0 by an infinitely steep plane potential
V(x) = 0 if x > 0,

The gas is
wall V(x);

V(x) = 00if x < 0.

(2.1)

The gas is submitted to a weak uniform magnetic field B directed along the z
axis. It is convenient to choose for the vector potential the gauge

(2.2)

A = (0, Bx, 0).

Therefore,
is

for an electron of mass m and charge e, the one-body

hamiltonian

H=+-(p-EA):+V(x),

(2.3)

where p stands for the operator - ihV.
We want to compute the electrical current density j(rO) at some point
r. = (x0, yo, zo). This current density is directed along the y axis, as it can be
shown by a symmetry argument. Indeed, the hamiltonian is invariant under a
time reversal followed by a symmetry with respect to the plane y = y,. The x
and. z components of the current density operator are reversed by the above
transformation,
while the y component is unchanged. Therefore, only the y
component can have a non-vanishing thermal average. Furthermore,
the
current density does not depend on y. and zo, since the hamiltonian is invariant
under translations along the y and z axes.
2.1. Boltzmann
For a system

statistics
of N independent

electrons

with Boltzmann

statistics,

the
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current density is given by

N
e (py eB
j , ( x o ) = - ~ ( r o l e - ~ n m _ ---c---x0) I r0),

(2.4)

where /3 is related to the temperature T and Boltzmann's constant k by
/3 = 1/kT, and where Z is the one-body partition function (since e x p ( - / 3 H )
and Pr commute, their order is irrelevant).
We are interested in the linear response, i.e. in the part of the current density
which is proportional to B. Since the partition function Z has no term of first
order in B (it must be an even function of B), it can be replaced by its zero-field
value
Z = f~/;t 3,

(2.5)

where ~ is some large normalization volume and ;t = (2~rhZ/3/m) In is the
thermal de Broglie wavelength. To first order in B, the hamiltonian can be
written as

eB
H = Ho - ~ pyx,

(2.6)

where H0 is the zero-field hamiltonian
p2

Ho = ~

+ V(x),

(2.7)

and the density operator can be expanded as

e-t3H = e-tin° + mceBf dr e -~t3-Tm°PrX e -m°.

(2.8)

0
Using (2.5) and (2.8) in (2.4), we find, to first order in B,
0
jy(x0) = nA3[~<r0 l e -#Hopy
m2Ce2Bf dz(r0 l e -(#-,)Hoprr
0

I ro)+

e2Bxo(r°le-tm°lmc ro)],

pyI ro)

e -rHo

(2.9)

where n = N[I~ is the number density. The first term of (2.9) vanishes for
symmetry reasons. In the other terms, the contributions from the y and z
degrees of freedom can be easily computed and factorized out (py commutes
with H0, and the p2 which appears in the second term of (2.9) gives the simple
contribution m/ /3).
Calling
2
Hox = P'x + V(x)
(2.10)
2m
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the x part of H,,, and using the closure property
(x,, 1e-PHox( x0) = 1 dx(xo ( e-(fl-r)Hor1x)(x 1e-rHoII x0),

(2.11)

we recast (2.9) as
P

nhe*B
jy(xo)= pmc

1e-‘B-“Ho~1x)(x

- x0)(x

1emrHo~
(x0).

(2.12)

0

With V(x) given by (2.1), th e thermal propagator
has the simple form

-exp

[

which appears in (2.12)

m (x + x0)*
2pfl2 1) O(x) 6(x0),

-

(2.13)

where 8 is the step function (the first term in (2.13) is the free-particle
propagator, and the second one is the image term which accounts for the
infinite potential wall). Using (2.13) in (2.12), and performing the integral on x,
one obtains

jJx0)

=

~xO~d~{Erf[(2~2(~~T)T)“2xo]+exp(-~x~)-~

+27-P

F’exp(

-~xi)Erf[(2h2p(~_~)~)“2(B-2T)xo]),

(2.14)

where Erf is the error function. Then, the integral on 7 is performed
integration by parts and using u2 = @*/4(@- T)T as a new variable.
The final result is (the variable x0 has been renamed x for simplicity)

jr(x) = sx2[l-Erf(2-li2f)].

by

(2.15)

This current-density
profile is plotted in fig. 1. As expected, the current
density is localized near the surface, actually within a depth of the order of
the de Broglie wavelength A. The total surface current is
s

j,(x)dx =

r@e*h*B
12m2c

.

(2.16)

0

If the body, far away from its surface, has a uniform magnetization
along the z axis, the surface current should be
Jy = - CM,.

density M

(2.17)
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Fig. 1. The current-density profile near an infinitely steep wall, with Boltzmann statistics.

The magnetization M: which is obtained from (2.16) and (2.17) is indeed the
Landau result for an extended electron gas. Of course, for obtaining the total
magnetization density, one must add to the present diamagnetic contribution
the paramagnetic one from the spins, which has the opposite sign and is three
times larger.
2.2. Fermi statistics (zero temperature)

For a system of independent particles, it is possible to obtain the current
density with Fermi statistics at zero temperature from the current density
with Boltzmann statistics by an inverse Laplace transform6). Indeed, the
current density with Boltzmann statistics is
N
JB = ~- ,~, e-Oe" j,,

(2.18)

where j. is the current density in the nth one-particle orbital quantum state
and E, is the energy of that state. The current density at zero temperature
with Fermi statistics is

iF

:

2 ~ O(l~ - E,)j.,

(2.19)

n

where t~ is the Fermi energy and 0 the step function (the factor 2 in (2.19)
accounts for the spin). Since the Laplace transform of this step function is

o

it is readily seen that

( 2zj~

(2.21)
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where 9;’ is the inverse Laplace transform from the variable /3 to the
variable CL.
When (2.15) is used for js, the inverse Laplace transform (2.21) is easily
computed. Indeed, since’)
Z’;‘{Erf[(2mx*/h*)“* p-“*I} = -& sin[(2mx*/h*)“* ~“~1,

(2.22)

the current density with Fermi statistics is
iY@) =

me*B
2,&4c

x2

y;’

s

-

+

=gx*(fp*-/dp

Erf[(2mx*/h*)“* p-‘“1)

jdp

jdp

sin[(2mx21fi2)“*1*.“*])

i-Sij;fx)i+(&-l)sin2fx
-

(&+

2fx)cos

(2.23)

2fx),

where the Fermi wave number f is defined by p = h2f2/2m and Si is the
sine-integral function. The limiting behaviours are

jJx)

-eZf4Bx2 ifx+O
16rmc

3

(2.24)
e2f2B cos2fx
2fx

iJx)--7- 4~ mc

if x~oo.

2

it is seen that jr(x) has Friedel-type oscillations on a length scale of the order
of f-‘. This current-density profile is plotted in fig. 2. The total surface current

2

2 fx

0

-1

Fig. 2. The current-density

profile near an infinitely

steep wall, with Fermi statistics.
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is obtained either by integration of (2.23) or by using (2.16) in the inverse
Laplace transform (2.21); it is

e2fB

L = / L(x)dx - 12 7r2m c,

(2.25)

0

and -(1/c)Jy is the Landau value for the diamagnetic magnetization density in
an extended degenerate electron gas, as it should.
An alternative calculation of the current densities (2.15) and (2.23) is given
in appendix I.

3. Soft wall

3.1. B o l t z m a n n statistics
We now turn to the case of a "soft" potential wall, i.e. we assume that the
de Broglie wavelength A is small compared to some characteristic length scale
of the potential. In that case, the interactions between the electrons can be
included in the formalism provided they are also soft enough; this condition is
fulfilled if A is small compared to the classical distance of closest approach
3e 2 and to the average interparticle distance a. A weak uniform magnetic field
B is applied.
A convenient tool for dealing with this nearly classical situation is the
Wigner distribution functionS'9). For describing a N-particle system with
interactions, with a total hamiltonian H, we use 3N-dimensional position or
momentum vectors such as r, p, etc . . . . From the density matrix in configuration space, one obtains another representation of this matrix, called the
Wigner distribution f(r, p, [3), through the definition*

"(r- le

,3,,

The density matrix obeys Bloch's equation. In the Wigner representation, this
equation becomes")

Of(r' P' fl) = - H (r, p ) cos [-~(Vv . V , - V, . Vp) ] f(r, p, ~),

(3.2)

where H ( r , p ) is the classical hamiltonian; the gradient operators operate
either to the right or to the left, as indicated by the arrows.
* In eq. (2.2) of a previous paper ~°) we have defined as the " W i g n e r distribution" a slightly
different function. T h e present definition, which is the original oneS), is more symmetrical and
more convenient.
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The hamiltonian of concern here is
'

H=~-~

(

e

P-cA

)~

+ V(r),

(3.3)

where A is the 3N-dimensional vector potential, the components of which are
A(rl), A(r2) . . . . . A(rN) (ri is the position of the ith particle, and A(ri) is the
3-dimensional vector potential at this point); the potential V(r) includes the
walls as well as the interactions between the particles. In this magnetic case, it
is more convenient to use the "physical" momentum (mass times velocity)
~r = p - (elc)A, rather than the canonical one p. With the variables (r, ~r), after
the gradient operations to the left have been performed, (3.2) becomes

8f(r, Tr, fl)_

[~m+COs(~hVr.V~)V(r)
8m
h2 Vr + ec B ^ V~

f(r, It,/3).

(3.4)

In this equation, the gradient Vr in the argument of the cosine operates only
on V(r); the vector product B ^ V,~ is the 3N-dimensional vector operator, the
components of which are B ^ V~,, B ^ V~2. . . . . B ^ V~N. A remarkable feature of
eq. (3.4) is that it contains the magnetic field B = curl A itself rather than A, and
therefore it is explicitly gauge invariant. It may also be noted that the
field-dependent term in (3.4) vanishes in the classical limit h ~ 0, in agreement
with the well-known B o h r - v a n L e e u w e n theorem which states that magnetism
does not exist in classical physics.
Under the nearly classical conditions which are considered here, the
solution of (3.4) can be computed as an expansion in powers of h2; this
expansion will then be used for computing the electrical-current density. In
the limit h = 0, the solution of (3.4) (with the initial condition f = 1 at/3 = 0) is
the classical distribution

Therefore, we look for a solution of (3.4) of the form
[ = fcl(1 + h2q~l + h44~2+ • • .).

(3.6)

Using (3.6) in (3.4), we can obtain 4~, 4~2, e t c . . , by succesive iterations. For a
linear response calculation, it is enough to keep the B-dependent terms only
up to first order in B. The results up to order h 4 are
132 V2V+

• ' = -8-m

(VV)2+

('rr" V)2V

12m2c~V ^ V V ) - ~

(3.7)

(from now on, V means V, and B ^ V is the 3N-dimensional vector operator
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the components of which are B

A Vl,

J~ A V 2. . . . .

B A VN) and

• 2 = qb~°' + ~ e f l 5 [(B A V V ) . ~ r ] [ V 2 V - - ~ ( V V ) 2 f l~-m(
rr'V)2V]+

eB5 ~a
120m3c~,, ^ V V ) . V(~r • V)V

+ 96-~3c ~r. (B ^ V ) [ " V2V+2~fls(VV)2+fl-~-'Ir'Sm" V)2V] '

(3.8)

where ~(2°~ is independent of B and even in 7r; ~0~, which is not needed here,
has been computed in ref. 9.
We can now use the above expansion of the distribution function f for
computing the electrical current density. In the Wigner representation, the
current-density operator at some point r is
-m

*ri 8 ( r

-

ri).

iM

Since all particles are equivalent, the current density at rj is
j(rl) - e N f frtl drr dr2.., drN
m
f f dTr dr

(3.9)

Using in (3.9) the expansion (3.6), one easily performs the integrations on 7r.
For expressing the result in a simpler form, it is convenient to introduce the
number density
n(ro = N f f dTr dr2. . . drN N f ~(r) dr2. . . drN
f f dlr dr
=
f ¢(r) dr
'

(3.10)

where, to order h 2,

~(r)

e-t3Vll

h2fl 2

h2fl 3

2

- 1--~m V2 V + 2---~m(V V) ].

(3.11)

Then, after some manipulations, one finds
j(rO = c curl M ( r 0 ,

(3.12)

where, to order h 4,
M(rO -

[3eEh2n(rl) [B h2132
h2132
12m2c 2
-6--O--mB(V2V)1 + 6--O-m((B " V~)V1V)IJ.

(3.13)

In this equation, Vl is the gradient with respect to r~, and an average on all
positions except r~ is defined by
(F(rl, r2 . . . . .

.f e-~VF dr2.., drN
rN))l = f e-aV dr2. • • drN

for any function F(r).

(3.14)
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Eq. (3.12) indicates that M(r) plays the role of a magnetization density.
However, in the present problem, there are no microscopic magnetic dipoles,
and M(r) is only a convenient aid for expressing the current density j(r).
Current conservation imposes that j(r) be a curl, but of course M(r) is not
uniquely defined by (3.12) and an arbitrary gradient could have been added to
(3.13). On the other hand, the total magnetic moment of the sample is
uniquely defined and has the value

l f r ^ j(r)dr= f

M(r)dr.

(3.1,)

For a large system, the number density n(r), and the magnetization density

M(r) as defined by (3.13), have constant values except near the walls. The
resulting magnetization per unit volume is identical to the one which had been
obtained in another paper~°). For a small sample, (3.13) is a generalization of a
previously derived formula~2).
For a system of interacting particles, our formalism expresses the current
density j(r) to order h 4 in terms of classical averages, which in principle can
be computed if the distribution functions of the classical system are known.
Within order fi2, j(r) is simply proportional to the curl of the classical
one-body density n(r). It is clear that, for a large system, j(r) is localized near
the walls; it extends on the whole region where n(r) varies.
A simple special case is a large system of non-interacting particles bounded
by a soft plane potential wall V(x). It is assumed that V is infinite at x = 0,
and goes to zero as x increases. Then, the density n(x) is

~2~2d2V ~12~3/dV\2-1
n(x) = n e -~V 1 12m d~-+2-~'mm~,-d-x-x)J,

(3.16)

where n is the bulk density far away from the wall.
When a uniform magnetic field B is applied along the z axis, the electricalcurrent density is

jy(x)- [3e2fi2B ~x{ n(x) [ 1 h2fl2d2V]]
12m2c

60m dx 2 J J"

(3.17)

Only the leading term of order h 2 in (3.17) contributes to the total surface
current which is given by the same expression (2.16) as in the case of an
infinitely steep wall. A general proof that the total surface current is independent of the shape of the potential wall V(x) is given in appendix II.
3.2. Fermi statistics (zero temperature)
For a system of independent particles, we can again go from Boltzmann to
Fermi statistics by an inverse Laplace transform. We consider a large system
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of N particles in a volume ~ , confined by a potential V(r) which is zero
inside the system far away from the walls, and goes to infinity in the walls.
We work at order h 2. With Boltzmann statistics, the magnetization density is

MB(r)

fleZh2B N
= - 12m2c2 -~ e-~Vt'~;

(3.18)

The one-body partition function is again given by (2.5). By the same kind of
argument as the one leading to (2.21), one finds for the magnetization density
with Fermi statistics

~_~[2ZMB\
MF(r) = ~

e2B ~ 2 m [ ~ - - V ( r ) ] } m
12~r2mc2[
h2
.

k--~)--

(3.19)

Not unexpectedly, at this order of approximation, we obtain a result ~ la
T h o m a s - F e r m i , since, for a constant potential, (3.19) is just the Landau result.
The current density c curl MF behaves like (# - V) -~/2, and therefore diverges
at the turning points where V(r)= # ; the distributions of density, magnetization, current, etc . . . . . have no tail beyond the turning points.
This behaviour near and beyond the turning points is a well-known spurious
effect. Similar divergences arise in the calculation of the density near the
surface of a nucleus when expansions in powers of h 2 are usedl3). Here, a
current density behaving like ( # - V) -t/2 gives at least a finite correct total
surface current when integrated on r. But higher order terms in the h:
expansion would generate worse divergences, which would not even be
integrable. These divergences can be avoided by partial resummations of the
h 2 expansions~4), a program which will be carried on in a future publication.
Here, we shall content ourselves with (3.19), noting that this expression
ceases to be valid near and beyond the turning points.
In the simple special case of the soft plane potential wall V(x), one finds
from (3.12) and (3.19) a current density

JyF(X)

--

e:B d ~ 2 m [ / ~ - - V ( x ) ] } 'n,
127rEmc d x [
h:

(3.20)

for x > x0, where x0 is the turning point defined by V(xo)=/~. The total
surface current is
oc

JyF =

f

JyF dx = ~

e2B
\

T

{2m#] I/2
]

'

(3.21)

x0

and therefore has the same value as the one found in (2.25) for the case of an
infinitely steep wall.
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4. Conclusion

We have explicitly computed the electrical-current
density associated with
the diamagnetism of an electron gas, in the weak-field limit. As expected, the
current is localized near the surface of the sample. The detail of the currentdensity distribution depends on the profile of the confining potential wall. The
total surface current, however, does not depend on this profile, as expected,
since the total surface current is related to the bulk magnetization inside the
sample, a quantity which should not be sensitive to surface features.
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Appendix I

An alternative derivation of the current density near an infinitely steep wall
can be obtained by using the eigenfunctions of the potential (2.1) as a basis.
When normalized in a large cube of volume R = L’, these eigenfunctions are

(1.1)
The summation prescriptions

T...=;jdt

....
0

are

Z...=&jdl...,
I

z...=&jdq

. . ..

4

--r

--cc

(1.2)
With the gauge (2.2), the many-body
r0 = (x0,

Yo,

Jyop=

20)

cclrrent density operator

at some point

is

in+j2,

(1.3)

where
j,=&T

[pyi6(ri-r0)+8(ri_rO)Pyil9

A=-$$07

WriwrOh

(I.4
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In the second quantization
j, =$-$

z

representation,

these operators

h(l+ I’)exp[i(l -I’)y,+i(q

become

- 4’)z01

k’l’q’
X

sin k’xo Sin kxo U;yq, @q,

C exp [i(l - I’)y, + i(q - q’)zO]

j2=-%x0&

kk

k'l'q'

x sin k’x,, sin k.xoa;;,,,, aklq,
where a(~+) are annihilation
interaction hamiltonian is

(I.3

(creation)

operators.

To first order in B, the

(1.6)
it becomes,

in the second quantization

H’ = - $

representation,

i kzq hl 1 dx x sin k’x sin kx aLss a&

(1.7)

0

A straightforward use of the linear response theory15) gives an expression
for the expectation value of jr; since the operator jz already contains B, its
expectation value can be simply computed with the zero-field wavefunctions.
The total current density is

(1.8)
where n and E,, label quantum states and energies of the zero-field
system; f, is the partition function

N-body

(1.9)
When (1.5) and (1.7) are used in (1.8), the current density becomes

0

2

x
0

dxx sin k’x Sin kx -f-i!-&
x
mc L3 klq

nklqx0

Sin2 kxo,

(1.10)

where nklq is the occupation number of the one-particle state (klq).
In (I. lo), 1 - nk’lqcan be replaced by 1, since the contribution involving nk’/q
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vanishes, by symmetry. The sum on k' is then
zc

2 .~ sin k'xo sin k'x
x"
k, 2 _ k2

2 p f dk' sin k'xo sin k'x

= -~

k'~k

~

k, 2 _ k 2

1

- ~ cos kx> sin kx<,

0

(I. 11)

where P means principal part; x> is max(x, x0) and x< is min(x, x0). Using
(I.11) in (I.10) and performing the integral on x, one finds

Jy(xo)=e2B
mc L23 ~ nklq{~ [X2 sin kx0 cos kx0
~ s i n s kxo- ~-~"8'(k) sin 2 kxo] - go sin 2 kx0}

(1.12)

The integrand in this equation will be an even function of k; in order to avoid
difficulties with the 8'(k), we change the summation prescription for k from
(1.2) to
~...

=

dk . . . .

(I.2')

--oo

With Boltzmann statistics, the occupation number is

nktq = nA 3 e x p [ - ~ -fib2
- ~ ( k 2 + is+ qS)];

(1.13)

the spin degree of freedom is taken into account by using for nktq the total
occupation number of the orbital state (klq), including both spin states. When
(I.13) is used in (I.12) and the summation performed, one recovers the
Boltzmann current (2.15).
With Fermi statistics, at zero temperature, the occupation number is

nklq = 20(f s -- k s - Is - t/s),

(I.14)

where f is the Fermi wave number and 0 the step function; the factor 2
accounts for the two spin states. When (I.14) is used in (I.12), one recovers
the Fermi current (2.23).

Appendix II
For a system of independent particles near a plane potential wall, we prove
in this Appendix that the total surface current does not depend on the profile
V(x) of the potential. It is enough to give the proof for Boltzmann statistics,
since the results for Fermi statistics can be obtained afterwards by the inverse
Laplace transform method described in section 2.2.
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For an arbitrary shape of V(x), the current density is given by (2.10) and
(2.12), and the total surface current is
/,=~~dr~dx,~dx(x,/e-‘d-‘)H~~/x~(x-xO)(x/e-TH~~Ix~).

(11.1)

0

In this equation, the order of the integrations on x and x0 cannot be freely
interchanged, because the integral is not an absolutely convergent one (the
propagators do not go to zero when x, x0 + + 00for a fixed difference x - x0). We
can, however, split the integration domain in the (x, x0) plane into a domain D
defined by (x > a, x0 > a) and the complementary domain D*. We choose for
a some large value, well inside the sample, far away from the wall, and
therefore, in D, the propagators can be replaced by their free particle values,
since V(x) is assumed to be negligible inside the sample. In D*, the integral is
absolutely convergent, and since the integrand is odd under the permutation
of x and x0, the contribution from D* vanishes. The contribution from D is

x (x - xo)[*]"'
When the integrations
f =

n@e2h2B

Y

12m2c

independently

exp[ - m(i&xO)2].
are performed

’

(11.2)

in the indicated order, one finds
(11.3)

of the shape of V(x).
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