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Abstract. We discuss a theoretical model for bidirectional cargo transport in

biological cells, which is driven by teams of molecular motors and subject to
thermal fluctuations. The model describes explicitly the directed motion of the
molecular motors on the filament. The motor-cargo coupling is implemented
via linear springs. By means of extensive Monte Carlo simulations we show
that the model describes the experimentally observed regimes of anomalous
diffusion, i.e. subdiffusive behavior at short times followed by superdiffusion
at intermediate times. The model results indicate that subdiffuse regime is induced by thermal fluctuations while the superdiffusive motion is generated by
correlations of the motors’ activity. We also tested the efficiency of bidirectional
cargo transport in crowded areas by measuring its ability to pass barriers with
increased viscosity. Our results show a remarkable gain of efficiency for high
viscosities.

1 Introduction
Many cellular functions depend on active transport processes, which are driven by molecular
motors. Molecular motors are proteins which are able to perform directed motion along the
intracellular network of biopolymers, i.e. the cytoskeleton. The cytoskeleton consists of three
different kinds of filaments - microtubules, actin-filaments and intermediate filaments. Transport on large length scales occurs mainly along microtubules from the cell center to the membrane and vice versa [1]. Microtubules are long, polarized biopolymers with a well-defined
plus- and minus-end. Molecular motors, in the case of microtubules the families of kinesins
and dyneins, can perform steps preferentially to the plus-end (kinesin) or to the minus-end,
respectively, under the consumption of Adenosin triphosphate (ATP). In recent years much
knowledge has been accumulated in particular with respect to the properties of single molecular motors [2, 3]. Despite this progress many rather fundamental questions of motor-driven
transport are still not answered. This is particularly true for systems of interacting motor proteins, as for example a cargo that is driven by teams of molecular motors. Depending on the
configuration of the attached motors cargos can be transported uni- or bidirectionally [4, 5].
Actually, for several kinds of cargos - for example for endosomes [5], mitochondria [6] or
lipid droplets [4] - it was observed that they move in a saltatory manner: the trajectories show
pieces with persistent motion in one direction and then sudden turns in the other direction.
These properties of the cargo trajectories evidence that both types of motors can apply forces
on the cargo. Besides, the motor-cargo complex shows interesting statistical properties which
has been characterized as anomalous diffusive behavior. The mainly disputed point is whether
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a coordination mechanism is needed to control the interplay between the two teams of motors [7] or if stochastic fluctuations are sufficient to produce this kind of cargo motion [8].
We explore in this work whether the second scenario can explain the observed characteristics
of cargo trajectories.
In experiments the cargo motion is often characterized via the mean square displacement
(MSD) h(X(t + ∆t) − X(t))2 i of cargo trajectories X(t). The brackets here indicate the average
over t. For a ballistic motion the MSD is proportional to t2 while it is linear in t for the purely
diffusive case without bias. In several in vivo experiments [9–11] it was detected that the
cargo’s MSD shows a time-dependence ∆tγ with exponents γ < 1 and 1 < γ < 2, depending
on the time scale (anomalous diffusion). In fact, the time dependence of the MSD is difficult
to interpret for finite times. Indeed, apparent superdiffusion (γ > 1) may originate either from
a biased but uncorrelated motion of the cargo or indicate positive temporal correlations of the
cargo’s displacements. In the latter case it is, compared to normal diffusion, more likely that
the cargo continues its motion in the same direction. The difference between these two kinds
of particle motion can be easily distinguished by analyzing the variance
Var[X(∆t)] = h(X(t + ∆t) − X(t))2 i − h(X(t + ∆t) − X(t))i2 .

(1)

instead of the MSD. We showed in a preceding publication [12] that a cargo transported
by two teams of motors with different single motor properties most time exhibits a biased
motion, so that variance and MSD are not equal. We shall focus on the variance throughout
this paper.
It was found for in vivo experiments [9, 11] that for small time lags the cargo moves
mainly subdiffusively and crosses over to a superdiffusive motion for intermediate time
lags. On long time scales, way bigger than the average turning time, the motion becomes
(sub)diffusive again [10]. It was suggested that the cargo exhibits anomalous diffusive behavior because of the inner cellular structure that presents several obstacles which can impede
cargo’s motion [13, 10]. Here we want to study the statistics of cargo trajectories in the absence of such additional effects due to the inner cell structure.
Another explanation of the observed anomalous diffusion could be the motion of microtubules which bend and than relax again and so add a velocity component to the cargo motion
[9]. Also the underlying network can influence the MSD or variance. On a branched network
a purely ballistic motion also shows Var[X] ∼ ∆tγ with 1 < γ < 2 depending on the turning
angle distribution [14]. In this work, as we want to ignore all network effects we propagate
the cargo along a static one dimensional track.
The model introduced in this article describes bidirectional cargo transport mediated by
two different teams of molecular motors. We will show that a subdiffusive (Var[xC (t)] ∼ ∆tγ
with γ < 1) motion occurs at small time scales if the thermal fluctuations of the cellular
environment are taken into account. Besides, superdiffusive (1 < γ < 2) motion occurs at
longer time scales and no further interaction with the environment is needed to observe this
anomalous diffusion. In a second part, we analyze how the motion is influenced by a viscous
barrier in the system representing highly crowded areas. Having two teams of motors attached
to the cargo provides in this scenario an efficient mechanism to pass highly crowded areas.

2 Model
In this work we introduce a model to describe bidirectional cargo transport by teams of
molecular motors. Each motor consists of a head which is bound to the filament at position xi and a tail, the so-called neck linker, connecting the head and the cargo. To calculate
the force Fi produced by these motors and applied on the cargo we take the position of each
single motor head into account as shown in Fig. 1. This kind of model for motor-cargo complexes has already been introduced in [15, 16] and [17] with one and two teams of motors,
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respectively. Since we want to compare our simulation results with in vivo experiments, we
model the differences between the two different kinds of motors in detail.
We analyze the motion of a cargo at position xC (t) at time t pulled by two teams of
molecular motors, each consisting of N = 5 motors. We assume that the neck linker of
motors can be modeled as a linear spring with spring constant α and an untensioned length
L0 such that the motors exerts no force on the cargo as long as |xC (t)− xi | < L0 . The motors are
tightly bound to the cargo but can detach with a force dependent rate kd± (Fi ) from the filament,
where the superscript ± gives the rate for + and − motors, respectively. Once detached from
the filament, the motors can reattach to the filament with a constant rate ka . The motors attach
within a region xC (t) ± L0 and therefore apply no force. We introduce this untensioned length
because a motor that binds to the filament will not directly apply a force, since the motor’s
neck is not spontaneously stretched but by the motion of the motor’s head along the filament.
The total force applied on the cargo by the n+ /n− puling +/−-motors then reads
F(xC (t), {xi }) =

nX
+ +n−

Fi (xi − xC (t))

i=1



α(x − xC (t) + L0 ),


 i

with Fi (xi − xC (t)) = 
0,



α(xi − xC (t) − L0 ),

xi − xC (t) < −L0
|xi − xC (t)| < L0
xi − xC (t) > L0

As long as the motor is bound to the filament it can perform steps with the force dependent
rate s± (Fi ). The model’s dynamics are schematically represented in Fig. 1.
As already mentioned in the introduction the motor properties of the two teams are different if realistic biological parameters are used. That is why we use for stepping [18, 19]
and detachment [17] rates some expressions based on experimental results and also take the
influence of ATP concentration into account. The detachment rate for plus motors (kinesin)
is given by
 |F | 

0
i


Fi < FS
kd exp
+
2.5 f


kd (Fi ) = 
(2)
|F
|

0
i
k 0.186 + 1.535 Fi ≥ FS
d
f
and for minus motors (dynein) by
 |F | 
 0
i

Fi > −FS

kd hexp 2.5 f
−
 −|F | i−1
kd (Fi ) = 
.

i
k0 1.5 1 − exp
Fi ≤ −FS
d
1.97 f

(3)

with the force-free detachment rate kd0 [17]1 . In (2) and (3) we introduce two force scales the stall force FS which is the maximum force under which the stepping rate in the preferred
motor direction does not vanish and a normalization force f = 1 pN to get the right units.
For the stepping rate s± (|Fi |, [AT P]) in the region of forces smaller than the stall force we
use a two-state Michaelis-Menten equation as suggested in [18]
s(|Fi |, [AT P]) =

kcat (|Fi |)[AT P]
,
[AT P] + kcat (|Fi |)kb (|Fi |)−1

(4)

with the catalytic-turnover rate constant kcat (|Fi |) and a second-order rate constant for ATP
binding kb (|Fi |). Schnitzer et al. [18] also introduce a Boltzmann-type force relation for the
rate constants
k0j
k j (Fi ) =
j = {cat, b}
(5)
p j + q j exp(βFi ∆)
1

Since the in vivo and in vitro behavior differs significantly in [17] some model-parameters in the
detachment rate expressions have been adjusted in order to avoid dominance of one motor species. Here
we chose slightly different parameter values to achieve the same goal.
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Fig. 1. Schematic drawing of the motor kinetics. A cargo (red) is moved by two teams of motors
pulling in ”+” (light green) and ”-” (orange) direction, respectively. The single motors can walk on
and detach from the filament. Once they are detached, they can attach again within the force free area
[xC (t) − L0 , xC (t) + L0 ].

with constants k j , p j + q j = 1, β = (kb T )−1 and ∆ (see [18] for more details). It was measured
for kinesin [18] and dynein [19] that the stepping rate, depending on [ATP] and the load force
Fi , can be described by eq. (4). If the force on a motor is bigger than the stall force the motors
step backwards with a constant rate s±b = vb /d.
The stall force for minus motors is taken to vary in a linear affine manner from 0.3 pN
at vanishing ATP concentration up to 1.2 pN for saturating ATP levels [20] while we leave
kinesin’s stall force constant at 2.6 pN [17]. This determines ∆ as defined in eq. (5) to ensure
that the stepping rate is zero at stall.
Now knowing the motor kinetics we further have to define how a cargo with mass m and
radius R reacts on these forces. We describe the motion of the cargo via a Langevin equation
m

∂2 xC (t)
∂xC (t)
= −β
+ F(xC (t), {xi }) + Ftherm (t)
2
∂t
∂t

(6)

with Stokes’pfriction β = 6πηR due to the cytosol’s viscosity η and the stochastic force
Ftherm (t) = 2kB T βξ(t) due to thermal noise inside the cell. Here kB is the Boltzmann constant, T the temperature and ξ(t) a normalized white-noise process, hence
hξ(t)i = 0

and

hξ(t)ξ(t0 )i = δ(t − t0 ) ∀ t, t0 .

(7)

The cargo has to be propagated in continuous time according to equation (6) between two
motors events (stepping, detachment or attachment). In constrast to our previous work [12],
this evolution equation contains some thermal noise which requires a specific treatment.
In [21, 22], a stochastic procedure was proposed in order to generate at discrete times some
fluctuations in the cargo trajectory, with the same amplitude as would result from the integration of the Langevin equation. We follow this procedure and define the moments at which
these thermal fluctuations are included as “shot events”.
At each shot event Ei at time tEi , two independent random numbers ϕi and ζi are chosen
from a zero-mean, unit-variance Gaussian distribution. Then, some contributions of thermal
noise to the position and velocity of the cargos are build up until the next shot event, according
to the expressions [21, 22]
xCtherm (t − tEi ) = σ xx (t − tEi )ϕi

vCtherm (t

σ xv (t − tEi )2
− tEi ) =
ϕi +
σ xx (t − tEi )

s
σvv (t − tEi )2 −

(8)
σ xv (t − tEi )4
ζi .
σ xx (t − tEi )2

(9)
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The expressions for the time-dependent σ xx (t−tEi ), σ xv (t−tEi ) and σvv (t−tEi ) are given in
Appendix A and verify xCtherm (0) = vCtherm (0) = 0. At the next shot event Ei+1 (we assume here
that no motor event occured in the meantime), the built-up thermal fluctuations are added to
the cargo components before drawing new random numbers :
xC (tEi+1 ) = xCd (tEi+1 ) + xCtherm (tEi+1 − tEi )

(10)

vC (tEi+1 ) =

(11)

vCd (tEi+1 )

+

vCtherm (tEi+1

− tEi )

Here xCd and vCd are the deterministic cargo position and velocity calculated by solving the
equation of motion (6) without the stochastic force Ftherm (t) as described in [23] and with the
initial condition at tEi to be at position xC (tEi ) with vC (tEi ).
The history of the system is punctuated by two types of events, motor events and shot
events. The knowledge of the cargo position at every time t is necessary to get the force on
the cargo at every arbitrary time so that we can use Gillespie’s for time-dependent rates [24],
in order to predict which event will occur next, and when. In order to know the cargo position
not only at discrete times as in (10) but in continuous time, we interpolate between the shot
events by generalizing the expression (10) to
xC (t) = xCd (t) + xCtherm (t − tEi )

(12)

for all times tEi ≤ t < tE j between the two successive shot events Ei and E j . While the
thermal contributions added at discrete times have the same statistics than those that would
be obtained from the direct solution of the Langevin equation, as proved in [21, 22], the
interpolation in (12) is an approximation, which should be correct if the shot frequency is
high enough. Still, as we want to analyze the long time behavior, the frequency cannot be
too high due to computational limitations. We chose to let the thermal shots occur with a
constant rate k s which is at least hundred times bigger than the average single motor event
rate, thus in the order of k s = 105 s−1 . We checked that our choice for kS is sufficient to avoid
discretization effects.
For completeness all simulation parameters are given in Table 1.

3 Results and Discussion
In this section we first concentrate on the time-dependent variance of the cargo motion and
analyze how it evolves with time. Secondly, we introduce a viscous barrier in the system
and investigate how this change in the effective viscosity influences the cargo’s transport
efficiency.
3.1 Cargo’s displacement Variance

In this first subsection we calculate the variance of the cargo trajectories as given in eq. (1)
where we carefully checked that the results are independent from the initial conditions. Using
the set of parameters given in Table 1 we observe subdiffusive motion Var[xC (t)] ∼ ∆tγ with
an exponent γ = 0.6 for times smaller than 10 ms and superdiffusion for larger times with
an exponent γ = 1.3 as shown in Fig. 2. The subdiffusive cargo motion can be attributed to
thermal fluctuations in the external potential of the motor springs whereas the superdiffusion
is observed due to the correlation of the motor stepping events. This is for our chosen set of
parameters observable on time scales of several hundred motor steps. We have already shown
in [12] that without thermal noise the superdiffusive behavior is observed while subdiffusion
is not.
Recently, the MSD has been calculated from particle trajectories in Drosophila S2 cells [9].
In this work a crossover from sub- to superdiffusive has been reported at ∆t ≈ 30ms. In the
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Fig. 2. Variance of the cargo pulled by N+ = N− = 5 motors through a viscous medium. At short times
the cargo shows subdiffusive behavior ∼ ∆tγ with an exponent γ = 0.6. For times t > 10 ms the cargo
moves superdiffusively with γ = 1.3.

subdiffusive regime, γ = 0.59 ± 0.28 has been obtained, where exponents are varying from
0.2 to 1.2 for different trajectories. At times ∆t > 30ms, a mean value γ = 1.62 ± 0.29 has
been established, where the results for single trajectories are in the range of 1.2 to 2. We
notice a remarkable agreement between experimental and model results in the subdiffusive
regime (for which we checked that variance and MSD do not differ). The results for γ in
the superdiffusive regime strongly depend on the bias of the cargo if the MSD is considered
and not the variance of the particle position. Taking this into account our results are at least
not contradicting the experimental findings. However, in order to test the actual agreement
between model and experimental results the variance should be taken into account which
characterizes more directly the correlation of the motors’ dynamics.
3.2 Viscous barrier

In a crowded compartment of a cell the effective viscosity can be enhanced by a factor up
to 1000 in comparison to the viscosity of pure water [25]. In a previous publication we have
shown that the above described model exhibits non-monotonous dependence of the bias on
the viscosity [12]. This motivated us to analyze the influence of spatial confinement in a
crowded area of the cell on the cargo dynamics. Crowded areas are considered as regions
of high effective viscosity. In order to assess the mobility of the motor-cargo complex we
compare its motion to pure diffusion in the same environment.
We introduce two viscous barriers with increased effective viscosity η∗ and with a given
length LB at positions ±xB which represent a highly crowded area (see Fig. 3). In Fig. 4 the
mean first passage time (MFPT) to cross the barrier at position ±xB ± LB starting at position
x0 = 0 is shown. To make conclusions about the time needed to cross the barrier we compare
it on the one hand to the purely diffusive case (green curve in Fig. 4) and also to the barrierfree case (Fig. 4(a)).
Interestingly, in the case of low barrier viscosities η∗ and unbiased cargo dynamics (Fig.
4(a)) pure diffusion outperforms the active transport of cargo. Irrespective of the chosen
barrier length our results for the MFPT are much longer in case of actively transported cargos
as compared to diffusion, for which exact results for the MFPT
β
(xB + LB )2
2kB T

(13)

are known [26], with β = 6πηR. With slightly increased viscosity in the barrier (η∗ = 10η)
the diffusion is still faster, especially for small barriers but one can already recognize that for
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Fig. 3. Schematic drawing of the arrangement of the barriers. The blue rectangles represent the area of
increased viscosity η∗ .

LB = 90 nm the MFPT for diffusion and active transport are already the same in the range of
error. If the effective viscosity is further increased inside the barrier (η∗ = 100η) the active
transport is significantly faster (4(c)) and the MFPT does not show the quadratic behavior
with the interval length 2 · (xB + LB ) anymore.
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Fig. 4. MFPT for different barrier viscosities ((a) η∗ = η, (b) η∗ = 10η, (c) η∗ = 100η) and different
barrier lengths LB . We show the cases with active transport (blue) and pure diffusion (green). In some
regimes it is more efficient to diffuse through the cell, especially for small distances and low viscosities.
If the effective viscosity is considerably higher it is more productive to actively transport the cargo. The
red line in (a) shows the analytic solution for the MFPT for diffusion on an interval. The errorbars give
the Gaussian error.

4 Conclusion
In this article we analyzed a model for bidirectional cargo transport driven by teams of
molecular motors. We studied the impact on the cargos motion of thermal noise, and also
of crowded areas of the cell, which we represented by a spatially structured effective viscosity.
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First, we analyzed the change in the cargo displacement variance if thermal noise is taken
into account. With the given parameter combination in this paper we have shown that for
times smaller than 10 ms the trajectories exhibit subdiffusive behavior with Var[xC (t)] ∼ ∆t0.6
which transfers into superdiffusive behavior at longer times. The subdiffusive motion is a
result of the thermal fluctuations of the cargo’s position, which is trapped in the external potential of the motor springs. If this potential is stronger (for example stiffer springs, lower
detachment rate, higher attachment rate) we expect that the subdiffusive exponent will decrease. We actually checked that this is the case for stiffer springs. Contrary, superdiffusion
can be obtained because the cargo motion has a finite correlation time and tends to continue
moving in the same direction.
In [9] it was concluded that the observed anomalous diffusion of cell organelles cannot
be described solely in terms of cargo movement along stationary microtubule tracks, but
instead includes a strong contribution from the movement of the tracks. Our results question
this interpretation since in our model the motor-cargo complex moves on a single and infinite
track, i.e. the structure and dynamics of the MT-network has not at all been taken into account
and still we find the same anomalous diffusion.
Additionally, we characterized the influence of a change in the effective viscosity representing differently crowded areas. For low viscosities or small areas of increased viscosity
the pure cargo diffusion is faster than an actively transported one,since in the latter case the
cargo can be trapped in the potential of motor springs. In crowded areas of the cell, however,
the situation is inverted: While the diffusively moving cargo slows down completely, the actively transported one keeps its motility to a large extend. This illustrates that the cell can use
the asymmetry between the motors as a driving force.
In this paper, the effect of the environment was modeled as an effective viscosity. Within
our modeling approach it is also possible to treat external forces explicitly.
It would be interesting to build experiments that would allow direct comparison with the
model. Very recently it became possible to use dynein in motility assays [27]. Due to this
achievement it will also be possible to study bidirectionally transported motor-cargo complexes in vitro . Such experiments could be used in order to validate the modeling approach.
Then both, experiment and model, could be modified to account for more complex situations,
example giving the influence of well-defined network structures.

A Thermal noise propagation
In order to give the expressions for σ xx (), σ xv () and σvv () given in eq. (8) and (9) we
define the diffusion coefficient D = kB T /β, the cyclic frequencies of the damped and the
1
1
undamped harmonic potential ω = (β2 /4m2 − α/m) 2 and ω0 = (α/m) 2 respectively and the
characteristic time in the presence of frictional forces τ = m/β is. The σi, j (here i, j = {x, v})
depend explicitly on time  ∈ [tEi , t]. We have
σ xx ()2 =

σ xv ()2 =




D
1h
2 2
−1
·
4ω
τ
−
exp
−
τ
+
2ω
(1 + 2ωτ)
i
i
2
4ω2 ω20 τ3



i
+ exp −i τ−1 − 2ωi (1 − 2ωτ) + (1 − 4ω2 τ2 ) exp(−i τ−1 )




D
1h
·
4ω2 τ2 − exp −i τ−1 + 2ωi (1 − 2ωτ)
2
3
2
4ω τ


i


−1
+ exp −i τ − 2ωi (1 + 2ωτ) + (1 − 4ω2 τ2 ) exp −i τ−1

(A1)

(A2)
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and
σvv ()2 =







D 
−1
−1
−1
.
exp
−
τ
+
2ω
+
exp
−
τ
−
2ω
−
2
exp
−
τ
i
i
i
i
i
ω2 τ2

(A3)

Here, σ xx , σ xv and σvv are the elements of the variance-covariance matrix which fully characterizes a Gaussian distribution [21, 22].
This work was supported by the Deutsche Forschungsgemeinschaft (DFG) within the collaborative
research center SFB 1027 and the research training group GRK 1276.

kinesin

dynein

Ref.

d

8 nm

[2,19]

N±

5

[4]

L0

110 nm

[17]

vf

1000 nm/s

[2,19]

vb

6 nm/s

[2,28]∗

α

0.1 pN/nm

[17]∗

−1

[8,29]

−1

[17]∗

5s

ka
kd0

1s

f

1 pN

FS

2.6 pN

0.3-1.2 pN

[30,31]

v f · d−1

[18]

kb0

1.3 µM s

[18]

qcat

6.2 · 10−3

[18]

0
kcat

−1 −1

−2

4 · 10

qb
∆

4267.3 nm

max



2.9·105
[AT P]0.3

[18]


− 28111.1, 8534.6 nm

eq. (5)

Environment
ks

106 s−1

η

10 mPa·s

[ATP]

0.5 mM

T

300 K

xB

50 nm

[9]∗

Cargo
R

1000 nm

m

10−14 kg

[32]∗

Table 1. The second and third column show the simulation parameters for kinesin and dynein, respectively. The fourth column gives the references providing experimental basis to these values. The ∗
indicates that the experimental values must be considered as orders of magnitude.
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