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Abstract

The present notes provide exclusively a synthesis of the formalism presented in the lecture

series “Particles and Symmetries” (part of the Major Course “Particles, Nuclei and

Universe”) at the 1st year Master General Physics of the Paris-Saclay University. After

recalling the basics about the covariant formalism in special relativity, I introduce the

Klein-Gordon equation. Then the time-dependent perturbation theory is presented and

the Fermi’s golden rule demonstrated. The special case of electromagnetic interactions

is described within the covariant formalism (adopting a Lagrangian approach). All these

physical tools are then used to explain the Quantum ElectroDynamics [Q.E.D.] theory,

in the simplified context of spinless charged particles. The Feynman rules are derived,

and, applied to the calculation of amplitudes — and cross sections — for simple scattering

reactions.

Beam electrons may interact with target electrons by exchanging a mediator particle:

N7 photon (electromagnetic force)
ﬁ Z (weak force)

WX 7 (representing a yet-to-be discovered new force)

SN

e - = N\ detector
4 7

beam electron .
mediator pamcle

%

target electron
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1 Special relativity: the covariant formalism

From the principle of relativity the fundamental laws have the same form in any Galilean

frame.

vt = Ryal -V't+ad
Galilean transformation
t = ()t +1°
Lorentz transformation : a/* = A% z¥ + o*
where =¥ = (ct,x,y,z)

vy =B 00
-8 v 00 2 2 92 2 2
AP = = Det =~*— =7y"(1-57)=1
b (B) o o0 10 V= =159
0 0 01
“Algebric measure” (in its own direction): B = V/C
= 1/V/1-p2
ct! = ~ct —yBx
Limiting case v —— 1:< 2/ = —~fct+yx
gkl y =y o

Be=V = Vil =V" >0
Remark : [AN"1]4(8) = A% (—p)

The principle of relativity dictates that :

d some equation structures invariant as changing Lorentz frame.

ex : z'z), = 2"z, — “covariant form” i.e. invariance explicit for 2"z,

A2t AP g =z, (A AT = 0| with  [ATUR(B) = AL(B) -




Direct use = da'™ d:r:L =dz" dz, .

Mathematical framework: Riemann space Ry.

+1
-1
g’ x, = xt, with the metric tensor for flat space ¢"” = )
v 2
Fdt? <1 - () ) = AZdt* — di’® = ds®
c
= dx, g" dx,
= dz" dz,
e Property:
g/*”/gyp — 65’ = g/*”/glj‘u‘ = 4
e 4-Vectors:
ex: da' =AY dat
ex: p'=(E/c,p) = (yme,ymV) = mV*
2
I 22201 _ 2y _ 2 2 _ mc
Indeed, p''p, vim“c*(1 — %) = m°c <$E (1—52)1/2>
E2
= — - pQ = m2c2
c
1
Bl =~ ch—l—iva—&—...
e Tensors:
T p =N A% A Ty
e Fields:
9p(z?)
dp(x) = S oz
For a “scalar field” ¢'(z™) = ¢(at)
not like A" (z™) = A¥ AO‘(A.”B'xﬂ)
0
= S = 0, must be covariant = 6; = Ai Oy

5o (0 9 0 0
Y \eot’ 0x’ Oy’ 0z




e Operators:

82
c20t?

2 2 2 0 2 2
“Laplacian” A

ex : d’Alembertian 03 = 00, =

e Integration:

ox'H(x")
oxr¥

d*s = diz = |Det AY| diz = d*z (Jacobian).

‘ Natural unit system ‘

To simplify calculations, it is customary to set, at a first level, A = ¢ = 1. Then,

E = mdc? — M=[El,as E=m

E=p*/2m — P?=[E)?

AzAp>h — L=[E]"!

AtAE>h — T=[E]!

F = m% — [F]= [E]l—l—(—2)

S=f  — S)=(E =1

F=4%7 — [g?=[EPL*=1 (Coulomb’s law)

with absorbed inverse vacuum permittivity 1/ey ([eo] = N™'m=2C?) and €g po = c% =1
so that pp =1= ¢ = 1.



2 The Klein-Gordon equation

2.1 The Schrodinger equation

‘2 B d3P(x)
dx3

| I |

[[*dPx
p >z

p= v’

1.— classical energy for a free particle system
7 /2m
2.— substituting the differential operators

o — —ihV

3.— one obtains the Schrodinger equation

—h? . S
%Alp( t) = ih O (7, t)

Probability current:

Condition of conservation of the probability of presence :

ot

/ B 9 np / n j.dS = / V.nj d®z  (from the Gauss theorem)
v S(V) v

VV = V.J+

%
o

with p =

0
9 (continuity equation)

ot

o= auww) = vt + it = (EAY)et 4o - HEA) = (Avy* - pAYY)

o= d(Vyyr —gVyr) = V.=

Jh (A + T — NN T — PpAY*)

The sum of these two lines vanishes and one recovers the above continuity equation.

Check of the (free) solution of the Schrodinger equation:



Y(F,t) = NeilP#H

i) () e ()
P%/2m = E \/

Hioe eigenvalues

7 = hk ; k=2r/\ (wave length)
E = hw ; w=27n/T (period)

Stationary solution:

F=p0 with |p=[¢[>=|N|?

2.2 Extension to the relativistic framework

The Schrédinger equation has not a covariant form [0; instead of 9,] and is not suitable

for the relativistic energy expression (E = p?/2m).

e First approach:

ﬁfreed] = Zhatq/)
H?,.o0 = ih0; (Hfpee 1) = —h20%4)

£ Rt)(£ F(By)...) — |h202 — h2AAA + m2ct |y =0

prescription
with time-dependent states

(classical relativistic energy) E? = P+ mid

= ﬁfcme = —(he)®’A +m2ct1

[82 — A+m?S P(x¥) =0

d(ct)? R
 —
O=010),,




e Second approach:

E? =32 + m*ct —  —R20% = —(he)? A + m2cty

Note in passing that the fundamental relativistic quantum equation for a free massive

particle with spin-1/2 reads as (Dirac equation),

(iv* 0 —m)yp =0 (with h=c=1)

2.2.1 Density flux

Let us recover a continuity equation,

2
KG x (=) = KG* x (—it) = 0R(~it") = Ab(—iv) + m? (=i} = 0

(;aw*atw - ;amatw*) — O (i) + A*(~iv)

2
—mQ%(—izb)@b* (=it N+ iV V) = 0

at<;{at¢*¢—at¢¢*}> +6.<i{ —W*¢+W¢*}) =0

L ] L 1
P J

which has the expected form, | 9;p + 6; =0

[ £ y* = [i(, 1)

p cannot be a probability density as 0
<

imaginary

p possibly {

Check of the (free) solution of the Klein-Gordon equation:

Y(Tt) = NerPT-ED = Neir'ou
1 £\’ N\ 2
l 1\ 9C”
= a(‘n) v (n) Pt migy =0



E2
—‘;;? 4‘1#2—% WlQCZ =0 \///

P
with, H.?reedj = —h? 2( )1/1 +m2cty = (]7202 +m?c )1,[)

The current components are,

leading to a covariant form (4-current),

g =i(wrory — porpr) | = (pej)

= i(v" Lo — wLaw*) = pe

J = i o — w00 =7 N

since " = glo, = (18,5, —8xi>

Covariant form of the continuity equation —

chec

=0 = 0%+, = z@[%—l—a ij =0+ V.j \/

=

The free solution ¥ = N exp < — %p”xﬂ> gives rise to:

, - IN|? INI2 IN? (E _

[ 2F, — o=
J (pc,j) = (h : 2p - oD
: INI2

[V w
J P

Let us now make a comment on the p d®>z Lorentz transformation...



e ®
cdt’ = yedt — yBdr =0

In F’ dr' = —~Bedt +~ydz,  di' = —B(+yBdx) + vdx = dey(—F2 + 1) = /1 — B2dx
dy' = dy dz' = dz

so that  d®z — d®2’ = /1 — 82 dedyd=
| I |
d3x
e®
P’ = vxp’—Pps
£ E
- — fyi
c c
p = constant x B —
e@+®

Pz =yp x /1 - B2d3z = pd3x

Lorentz invariance as in quantum mechanics:

_ # particles in A3z

dBx = d3P(z) =
. (@) # total of particles

2.2.2 Application: the energy sign

The relativistic expression, E = £+/p?c? + m2c?, raises the question of the unacceptable

negative energy. Historically,

- in 1927, Dirac devised the relativistic wave function equation linear in 0;,d,: but
the negative energy problem remained still unsolved. Although he did not succeed in
overcoming this problem, he got the unexpected bonus of a spin-1/2 description (!).

o

- In 1934, Pauli and Weisskopf revived the Klein-Gordon equation by inserting “-e”

in j# to interpret it as a charge 4-current (probability density — charge density).

- Stiickelberg (1941) and Feynman (1948) proposed then the following prescription:

10



ghe ,pt) =

(—e)

2
N ¢

(et p")

11

N
(+e) 2720“

INP [ E .
—_e) ol 2
(—e) - D

—
—p

gH(e”, —pt)



3 Time-dependent perturbation theory

3.1 Quantum state decomposition

So far, we have discussed the wave functions, 4-current j*, 4-momentum p* for the free

particles.

In order to compute transition amplitudes of scattering reactions, one needs obviously

to introduce interactions.

This requires to consider the perturbation theory. Given the complexity of the relativistic

quantum theory, we start with a non-relativistic framework.

The starting point is to assume that one knows the solutions of the (free) Schrodinger

equation,
free

h2
Solution of —— A =ih O
2m

)%

6u(@) 6 (@)

| o I p— |

with (1, m) = Sy — / &z (nf7) (@m)
\%4

[
H#Ho(t)

i Ent
Ch Hopn = Zh(

The objective is to solve the Schrédinger equation with an interaction term,

H
[Ho + V(Z,t) |v = ih 9(Z, 1)

The solution is necessary of the form,

(@) Zc ) (@ln) as at t=0 (Fy(t = ~T/2)) = D Cult=
w(m) NG "

It is useful to redefine C),(t) accordingly to,

W@t =" an)e " 6,(@)

n Chn(t)

12

—T/2)(Zn)



Substituting into Eq. (1), one gets,

Z an(t)e_i% H0¢n End)n + Z Van(t)e
n n

=ih)_ lé‘tana)e—“ﬁ” + an(t) (}f ) ] bn

_iEnt

" fn

Z (/Vdgx ¢}¢nv> an(t)e’i% = zﬁz </Vd3x ¢}¢n> 8tan(t)e*iE£"i

n

ai(t:—§> = 1, (4)

. T 0= 1!}(5, —T/Z) — ¢i(f)(e+iEiT/2ﬁ)
Qo (£ = —— = a . . At .
. O = 1 SBR[ d GV (3,060, t = T2

with T'> Ty >0

T
Remark : interaction during [— ?0, —1—50

st approximation: use Eq. (4) for Oay(t)/0t at the initial time ¢t = —7'/2 for any time.
Integrating Eq. (4) gives rise to,

T —i [t it/
agp(t) — af< - 2) = % /T dt er (Br=F) /Vd?’a: 5V (E,1) s

— solution ¥(Z,t) fixed in Eq. (2)

After interaction has ceased, at t = T'/2, one can reorder as,

Ty o= 5t [ d*a ¢} (a)V (a")i(27)

13



3.2 The Fermi’s golden rule

Probability interpretation:

2 2
P = (11t |< '(z Y > a5
if _ | ?
Pt_>T/2 ‘Tz‘
Case: V(#,t) = V(&)
—7, oo . t oo . /
T = Vi /_ d e’<Ef—Ei>ﬁ:7Vfl / hdt’ e FrmFty
with Vy; = / &Pz ¢5(F)V (£)¢(T) (5)
14

Tfi = —27T15(Ef—Ez)VfZ

Let us define a transition probability per unit time,

T3] 1 T ,
W= 1 _ : — iV (Ef—E;)t ) . *
- Tl—>1moo I - T1—>1moo T ! fl/_T dt’ ! Pr B 2mi0(Ey — Ei)V;

9 12
T 2
= lim —|V4|? t §(E; — E;
A, 7 Vil /_gd OEs — Bi)

= 21 |Vi[26(By — E))

(E E)AEf 2
Wy = / dEy p(Ef)QW’Vfi’ o(Ey — E;)

Wp = |27 ]Vfi\Qp(Ei) (Fermi’s golden rule)

Prob —[E+dE]f Prob —Ey
since / % = / % X dNy and transition probability VE .

14



3.3 Higher order solution

To improve the ay(t) solution, let us insert the first order approximation for as(t) in the
original Eq.(3),

T

2
daf(t) [ —i i(Bp—E;)t —1 2 (B, E)
T —<ﬁ>e n Vi + 5 Z /_:gdteﬁ Vi

n

ei(En_Ef)% Vf + ..

Let us integrate to find out af(t) and in turn af(%) =7

fi
N
T —1 i ._iﬁ
ﬂﬁ=<n>VﬂKT“ew’E“
2

N 2 r t ’
. (%) Z{ [ a ey, [ <>v} ‘.
n -2 T2
- L 2 Too (BB, ez’(En—Ei—ie)%
T = -9 i0(Er — E;)Vy; dt e v, Vii £
fi ™ i0(Ef Wi+ A zn:/_oo © f”i(En—Ei—ie)% *
§(Ey—E;—ic)

ei(En—Ei—ie)%

t ’
. T A
since / dt' e/ Bn—Ei—ie)

—-0.
oo i(En, — E; — ie)

(o) R N Vi, Vni o

Ty = —2miVd(Ef — Ei) + z;i E B ie)zwa(Ef — E; —ie) + ...
. 1

S d ord : 1 1

econd order term: ; Vin E. _E. Vo E_E. Vi

d 1 oOH
mMm:ﬁwwmwmzmQHmmwﬁ<t> 0
l9(t)>

15



3.4 Electromagnetic interaction

|E, B| cilkz—wt) Tk Yo ot (PI—FEt)

@ New time dependence:

Ve W)= TJE;?O) = % /dt e_“”t‘”Tft_ZETt Vii + 2nd order. ..
= —2mié(Ey — B — hw)Vy

—27i6(Ey — By — 2hw) Y Vin|Ei — En + hw]Vpi + 2nd order . ..

. . . daf(t) (En—ENt | 3. ixvr(m
since Eq.(3) gives rise to 5 ;an(t)e ( ks /d z Y3V (T, t)n

Remark : E; + hw = E,, possible —— +ie

® Fermi’s rule:

Wlst x /dtlelt’(EfElhw)Vflvfl
x §(Ef— E;i — hw) |V |? = Wy = 27|V p(B; + hw)
2

W2nd o :>Wfi:---

§(Ef — E; — hw)Vy; + 6(Ef — E; — 2hw) Y Vi, [Ef — En] ™'V

(© Anti-particle discussion:

and in Ty; calculated , §(Ey — E; — hw) < 6(—Ef + E; + hw)
& —(Ep)+ (B + (~hw)

16



4 The covariant equations of electromagnetism

We need to describe the interaction considered within a covariant formalism, before

applying perturbation theory (more concretely) within the special relativity framework.

4.1 The classical theory: Maxwell’s equations and Lorentz force

4-potential : A = < (ZZTC ) Electromagnetic tensor : ’F Hy = gAY — oY A*
1 1
FY o= 04— oA =taa, (0% =15,
c c
- . 94
. B o _g,._094
since, Vo 5
B = VAA

FH =

OuF" = pog” , O F" = 0‘

xR = %e“”/"’FpU (dual of F* Hodge operator)

. - qpc
7" - (qf)

o+ 0pF + 0yl = 0] 57 2(8, % F' 4+ 9, % FP + 8, F*) = 0

g OuFup + 0+ 0y, =0 <= 0y (Fup + Fpp) =0

) 1 ;
OuFr = o & E@FOO + 0, F" = poqpe

1~ - -
& 04-V.E= VE=2
c €0
o oF . —
v=1i— V/\B—,uoe()a—uoj V.B=0

17



1
8}“’ 5 GHOPUFPU

0+ 6#610231_723 + 861032F32 + 82E2013F13 + 3262031F31 + 8363012F12 + 8363021F21 —
—61(—Bx) + 61(—|—Bm) + 62(—|-By) — 52(—By) — 83(—32) + 83(+Bz

+2[01(Bz) + 92(By) + 03(B:)

V.

—_ N~
i
o o o o o

oo ]l
Il

—

0B

o 0

Similarly v =i = VAE+

%éf“ = qF™V, with V¥ = <7‘;> (Lorentz force)

avt o
ym-——

g = Jra.= aFvc + 0+ gF"?(—V,) + ¢F P (—4Va) = ¢vE, + ¢vV, B. — qyV. B,

dvyv
mel”

—g(vE +~V x B
o q(vE +~V x B)

The gauge symmetry:

jl/}_>jl/

The Maxwell equations and Lorentz force are invariant under z®

A% s A% — 9ON(Z, 1)
FH —y QR[AY — 98] — OV[AF — 9PX] = FHv

Possible choice not affecting the EOM’s: 9, A%(a#) — 0, A%(2#) — OA(z#)
=0 by A choice

0" = O, F™ = 9,(9" A — 9 A4) = 04"

18



Local conservation: — 9,j*(z) =0

Global conservation: / d3z dogpe = / —6.fqd3m = —/ qf.dg =0& &g/ qpdr =0
R3 R3 3 R3

R

Q
4.2 The quantum theory: a Lagrangian description
Free particle:
1 4 . 1 * m?c? 2
Spart. = — [ d°x Lpare. With Lpars. = = (0,0)(0"Y*) = Vi and V,, = [
c 2 2h?
. . . 2 2 dE 4
Dimensions (natural unit system): [¢]* = [E]?, Bl = [E]" = [Vin)
L L k2 1 0
— e +— ——F Oy | =50, 0" "
00 =% 000,0) A [2 000 """ ]
R
= 0,0"" (Klein-Gordon equation)
Anti-particle (—e — +e): 1, N LN Yy, e~ P! T
Free radiation:
LOAP) = 0, =0 if L(A") = —F ™, [A"] = [E]
410 pl
po=1
oL oL
)
94, = 9| 5@,4,)
oL 1
0 [=] {(é?uAl, —0,A,)( orAY — grAH )}] - —
8(85“4(1) Bpglrgl"’IAU angWIAU ( 4M0>

19



0 = % <6563—5553>(0“A”—6”A“>+@Au—ayAmgwgwaﬁaz—gp"gwaffés)]

= 05|(0PAY —0"AP — 97AP + 9P A*) + (8P A~ — 9~ AP — 9~ AP + 9P A%)

(= 50)

_ [P

= 05| 40P A® — 40> AP

Interacting matter / radiation:

(5 — j (%)

The gauge symmetry is a theoretical guide: P — Y ah(2%)

[ A — Ar — e ()

5(52?3 = }(DM/J)(D“M)* - iF,WF“” — Vi (DF = 9" +iqgAM)
2 4o

DI = (0" — igAM)p*  —s (O — igA* + iqa”)\)e’iq)‘w*
= —(igd"N)e " 4 T NYT —igAFeT YT —ig(8MN)e T Py
= el (PP —igAM) *
L

so that,

(DHep)* s e~ (D)

(Dy1p) — (Dyip)e'®

To calculate the Euler-Lagrange equations it is useful to write,

SDR(DMY) = (B + iaAu) (00" — igAru)

1
= 5 (000" +ig|Aworpu - gapary] + 2 A%P)

20



Euler-Lagrange equations for the scalar fields:

08 — & (ig[-Az0my] + 2 A%)
Oy = Oas (ia| Ao 255 | ) = i0a[A%

so that,

T~ Ligan @) + Ll APy (=) 0,006k + 100,140
2 94 2 pO Yo Ty Ou

0 = [0 + iqA"™ [0, +iqA, ] +m?y  with the compact form: |[D¥D,, +m?) =0

Euler-Lagrange equations for the vector field:

aﬁnew
0A,

(ia|gguore] + ?luftoza™)

(iqwors” + o Pac)

N~ N~

S —|
Dax* MO

al ] <o 2)

0577 = o with = L[y (D) — (D]

= 0=0,05 FP = 11900j"

—
S. A.SA

To be compared with the previous free current, j* = i(*8"¢ — ¥(8"¢)*) = (pc, )

21



5 Spinless Quantum ElectroDynamics (QED)

{ perturbation theory in a covariant formalism

based on the electromagnetic interactions

5.1 Scattering off an electromagnetic field

5.1.1 Matter equation of motion

At first order in ¢ = —e (electron charge), where « is the fine structure constant with
1, € _ —
™ = Y= 00 (he=1=e] =1),

0 = [(9" + igA")(0, +iqAu) + m®Jy)
~ O — ie( A9, + 0" (A,h)) + m*)
=[O0+ m? —ie(A"™0, + 0" A,) Jv
K.—G. 1%

5.1.2 Perturbation theory
Covariant formalism / first order.
Ty~ 3 [dz Y@V (2¥)hi(27) (no more standard probability interpretation)

— from Lopp : ] = [E], [T]=1so [V] = [E]?

Ty; ~ %e / d'z AP0, + / d*z 50 (Au)
- / d*z (0"p) At + / d*z 0" (Y5 Auiy)

Ty 5 [ e (ie)[050u00) - (B0

sz — /d4.’L' Juz|free

with,
i _i B i By Bt 45 5o ]
I ree = (—ie) [Nsz‘ hoe — N¢N; ht e ]e‘h it=Bypt+pyo—pi.@
! —4(=pf) 5-(=p%)

= (—ie)NpNi( — Hlpin + pgale i@ P0")

22



5.2 Application : scattering off a muon

The Feynman diagram for the scattering of an electron off a muon is:

yZej PD
e ’
OA \\ v(@) L= pB
In ‘frco /\'\/\W\ Ju |frcc
/l - —\\
/s € 1% \
ba PB

. . "o - .
One needs first to write, A" = p,j7 glfee S0 that A¥ = — qg JPpliree with ¢¥ =
4 v _ 2 _ a2 h? ° . —a2 .
pVD_pVB and Oer? *v = 5721[%_62] = ﬁig as [JAH = — qg DJ%B|free = _qig(T%]$B|free)h2Mo-

Tep,ap =~ <_hi>/d4x (ie)NcNA<_hi>(pA +pc)u

_ h;’f] (—ie)NpNp <_hi>(pD +pB)"

% e#(Pe=PA+PD—PR).2 [

12

<_hZ>NCNANBND (—1)/d4x ot (PcHPD—PA—PB).T

R4 (2m)48*) (pc+Pp—PA—PB)

x (ie)(pa +pc)” [ ;gz“”} (ie)(pp + pB)* (—itto)

—iM

5.3 The cross section

5.3.1 Normalisation

Inspired by the non-relativistic framework where [, |Y2d3x =1, N = ﬁ .

Free solution: p can be related to the probability with a careful normalisation,
p=Notde . [, pd3z=[,|N?2E d®z =2E .

5.3.2 Transition rate per unit volume

. A—C (T)
2 bodies w 2 lim Pi:?/z = 1 M
AB—CD — Tooo TV — TV

T—o0

As W definition but
/v
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Wap—cp = lim 7| NaNENcNp 2 IM[? (27)* 6 (pe + pp — pa — pB)

x [ d*z elpotpo—pa=pp)e 1

1
Wap—cp = Vi M2 (27)* 6D (pc + pp — pa — pB)

5.3.3 Cross section notion

The experimental results for an AB — C'D scattering reaction are usually quoted in the

form of a “cross section”:

= Initial Flux x Cross Section x Density of Target

Probability of interaction per VT ) Y &
= WaB—cp X Number of Final States

The cross section represents the surface area around a charged particle, in which another

charged particle, passing through, would interact with the former particle (effective area

‘seen’ by the incoming particle). This notion thus includes the interaction strength.

Typically, ¢, e PED) Boundary Condition sin(p”z) so that sin(o) = 0 and
sin(p? L) = 0, p? L = 2n,7 (ny € N*), dny = L dp?/2w. Finally, An = Vd3p/(27)3.

Number of states in d®p (i A d®p/(2m)3
umber of states in d”p (in V) _ 20 m = Number of states per particle

Number of particles (in V) — 2E 2F
So finally, Number of final states = 1.- x (2‘7/33;51%0 X1, x (2‘;)‘13;5513 .
5.3.4 Cross section expression
do = % IM? (2m)? 5@ (pc +pp —pa — PB) (2‘:;;5;0 (2‘;?;52[) 22,4 QEB 15 i 7l
dap 1/F

|M|?: Lorentz invariant (squared amplitude) - theoretical prediction
2
do = %dP dP: Lorentz invariant (phase space factor) “dLips” - available energy

F': not Lor. invariant (flux term) - experimental conditions

For dP, the dimension counting goes like, [EO_/(JF/ZJF?(_Q] = x(he)? : [Apec Ax? =
[E)2L2.
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5.3.5 Lorentz invariant cross section

Adding the following assumption, the cross section can become Lorentz invariant : pa-

rallel beams (impact along an accelerator axis: collinear collisions).

27 1/2 . .
) R ymu p
since ¥ = =

ym(c)  E/(c)

F" = 4FE,Ep

Py Py
Ey Ep

2

A pads]
—AEAEp |24 4 £B _ 2400
4 B[E%*‘E% EAEp

1/2

=4 | ERp4 + EPs — 2EAEp §a.PB
¢

where,

C = (pipp,)? — mim% | = (EaBEp — padp)’ — (B3 — p2)(E% — 7%)

= EXE% + [[pallpsttT)] + 2E4Ep|pallps|
| B + lnairar - B3y - B3

5.3.6 Center-of-mass frame

This frame is possibly equivalent to the laboratory frame but is different from fixed tar-

get frames.

E
For a process AB — CD, such a frame is defined by where p/y = ( ﬁj ) .

1 d*pc dpp 5@

(om)2 2B 28, (pc +pp — pa — pB)

ch.m. =

1 a3 1 S
= (2m)2 255 S5EL d*pp 8B (Pe + Pp — Pa — Pp) 6(Ec + Ep — Es — Ep)
Q¢ dpc
- (2m)2 4EcEp lpel” 6(v/s — Eo = Ep)

since s = (pa + pp)*(pa +PB)u
= (BEs+ Ep)*> — 6% with d®p = |p|*dpsin6 df do¢

;1 , dy/s
- P o(Vs—Bo+ E
@np 1EcEy P17 OWs = Eo+ Ep) 1 )
dQy|py| | IpyldQay

4(27T)2(ED —i—Ec) 167T2\/§
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We have used the relation, /s = E¢c + Ep = (ﬁ?c +m2)1/? 4 (ﬁ?« +m%)1/2

dys _ 1 2|py| Ipsl
so that doy = 2(p;P4mZ) 2 + Fp

ba bB

F! = AELE —ap (2 e
cm. ALB <EA EB> A B(EA+EB

= A|pi| [E + Ea] = 4|pilV/s

_|_

o
dQy

“M-64m2s  |p;

c.m.

5.3.7 High-energy limit

The relativistic regime is realistic for high-energy colliders (exploring new physics do-

mains),

E* = p|* + m® ~ [p|?

In this limiting case, the squared amplitude becomes,

2F 2F 1
Di + Dy —Di — Py ( 0 )

—pr + i

r — — 2
4 4E2+(pi+]3f)2:|
—(Pi — y)?
s [4E2 + 2Api* + 2pif* cos0)” _ 4 [642cos6]
—(2[ps[* — 2|ps[? cos 0) 2 — 2cosf
4 [3+cos6]?
= e _—
|1 —cosf

which leads to the following differential cross section,

(V1 [3+cosf]’
" \4r ) 4s|1—-cos@
~—

2

do
dQyf

c.m.

«

Cross section units: ¢ in barn(s) = 10728 m?.

Smaller units: 1 picobarn = 10~!2 barn, 1 femtobarn = 10~® barn.
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5.4 Other examples of processes

5.4.1 Electron-electron scattering

The Feynman diagrams for the Mgller scattering are:

yYe PD
\ P yZe; PD
~ e e -
he 4. ~_
oy e
“t-channel” L 2% VAR
/ \ AN
e , N~ € « 9
4 o= e N v S u-channel
/ \ e N
/ \ + PA DB
bA bB

Those two Feynman diagrams sum up in the total amplitude. The Feynman rules give,

—iM = (ie)(patpc)” ~

2 (pB+pD)y(i€) + (ie)(pa+pp)” ( (pB+pc)vie)

(pp — PB pc —pB)*

_t,_/ N————
u

with the Mandelstam variable definitions (making use of the 4-momentum conservation),

t=(pp—pB)* = (pa—pc)*

u= (pc —pB)* = (pa—pp)*

5.4.2 Electron-positron scattering

The Feynman diagrams for the Bhabha scattering are:

yZej PD pc PD
~ e €+ -,
\ /
_ > v
he d.+
\ vy /
w Y
/ \
‘ - +\ 7N
/ € € \ v N
/ \ + -7 e~ et SN
pA PB pa PB

These two Feynman diagrams are respectively equivalent to the following ones (in

terms of the corresponding anti-particles).
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“t-channel” AR gl

.. €
v t R “s-channel”
ba —DB pA —PB

The Feynman rules give rise to the following sum of amplitudes,

—iM = (i€) (pa-+pc)* M(ie)(—m—m)u + (ie)(pe—pp)* M(z’em—pm
—_—— —_——

t s

which can be re-expressed through,

(pa+pc)'(pp +pB)y = (Pa+ [pa+pB — D))" (PD +PB)WN
=2p(pp + pB)u + (—pp +pB)"(PD + PB) ) = 2PA-PD + 2pA.PB
—

=s—u

with the third Mandelstam variable definition (using of 4-momentum conservation),
s = (pp +pc)® = (pa + pB)°

Similarly, one has (pc — pp)*(pa — pB)y = u —t.

Property : s +t+u = >, m?+2 p%—k 2pa.(pp —Pp—PC) = Di_apcD m? .

—pA
Finally, the amplitude takes the simple form,
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