Master 1 — General Physics Major SQFT

QUANTUM FIELD THEORY

Tutorials (n’2) I

1. Real field.- Show that the operator property At(pr) = A(—p*) allows to define a real scalar
field accordingly to ¢! (z#) = ¢(x*), where [m, z* and p* being respectively the mass parame-
ter, the 4-coordinates and 4-momentum]

. 1 . -
p(zt) = COEE / d'pd(p"p — m?) A(p®)e "

[ oot —mtagie = [ ot —m Al

1)4

= A(—p)

“if true then equality OK”

We have used the change of variable, pL = —p,, and renamed the variable, p; — Py, @s itis an
integration variable.

2. Canonical commutation relations.- Show that the following operator properties,

[y, @ ]_6(3)(]7 "), [ap, G =0, [pa p]_o (1)
allow to recover the commutation relation between the real scalar field and its conjugate mo-
mentum, namely [¢(t, %), 7(t,7)] = i6®) (¥ — ), where [2* and p" being respectively the

4-coordinates and 4-momentum while £, = \/p? + m?]

d(z) = (ap e~ + af ™" or) . 2)

27m)32E,

4-momentum

P with p =k, Bt
=0 from Eq.([18]) of course 36B) (F—p")e Bptilyt
P+ 7 V To —imp o —iply] o (4 o—imp At iy
[o(t, Z), / - / [ape™ P, —aye”" Y] + [ae™ P, a4y, e” ]
(27) 2E (2m) \/_
3603 (p—p")e' PP ! =0 from Eq.([18])
4 [dTewcm —a e—ipty] _i_deeixm dT ez‘prT
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—+0o0 3
(*) _ / d p { Ep |: — —zEpt—i—zEp + e—zp (Z— y)ezEpt 1Ept

ESENCTANNG
s |21 - )+ (25 -
LR

where we have used the equality, Fourier-Tr(1,) = 2 (z), without any conventional constant
factor in the Fourier transform.

Then deduce the relation [((¢, 7), d;p(t, )] = 0 where 8; = 22 [i = 1,2, 3] denotes the spatial
derivative.
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e WP die’y‘l’)

_ dp N
)‘/m(“)(

(6,0,0] = ... (x) = /:O (dg)‘ Di_ i (7-9) ///m d*(~ '( ) —iPET) _

—>( 1) from p'=—p _ E_ﬁE (152 + m2)1/2

intermediate result () of previous question as the respective starting points, [
and [¢(t, Z), 0;¢(t,y)] = 0, are identical precisely up to this replacement 74 (¢,

i) = 0i6(t, 9).
3. Hamiltonian expression.- Calculate the Hamiltonian
3 3, 1 S a L 909
where 0y = % = E represents the time derivative [within the natural unit system where

¢ = 1]. For this purpose, make use of Equation (2)) as well as the three-Fourier transformation
formula [ d*z e”* = (27)35(®)(p5). Express the obtained result in terms of E,, G, and a exclu-
sively.

e The first term of H is proportional to,

d3p dp Y2
&z (0,0)° = | &z (-1) | ——=E)" E)
/ Fa[11)[17) VMR

(—dpe_m‘*” + dTem‘J’)(—& e dT eip/lz)

/d3 E1/2 dp 1/2
\/2 27r V2(2m)3

P —iw.(p+p) _g at  eimp'-p) 474 ix.(p—p') | AtaT iz.(ptp')
(apap/ e ApQ,y e Oy € +aya, ¢
Be—z‘(Ep+Ep/)z z(E 1 —Ep)t 36z‘(Ep—I«Jp,)t Bei(EIﬁ—Ep/)t
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and let us use now, [ & s e = 5@ (p):

fesir— o fou 5

/
( e EHEN SO (54 ) =ty B 50— 1)

= —/d3p % (d(jd( p) e Pt fl(ﬁ)fff(ﬁ) — dT(ﬁ)d(ﬁ) + dT(ﬁ)&T(_ﬁ)e%Ept).

P ==%p and a(p") = a(E,. 5) = a(p)
(*) Ep = Ep(iﬁ)

Ep’ = Ep

e The second term of H is proportional to,

PN d3p p; dgp/ Zp . . L, L,
3 v i _A —ix.p | At iTp\(__ A Lo ~t ip'.x
/ VoV = /d NGO AN TR ape”P4ale™ ) (—aye +a,,e"")

<smce Eq.[16] : —iz.p D ialp’ | Oip = / 2P ZPQE (ape™"P — alein) )

- [ 55 (= aat-me B - ail ) - o Gae) - a7 )

"
Difference with starting point of previous calculation: /£, — ; i3 -
()

e The third term of H is proportional to,

/d%m \" /\/2 2E, /\/2 52E, Q/dgx(d e 4 ale ) (ay e + dly e )
7T 7T

=m /d3 2E (a(p)a(—p)e 22" + a(p)al (p) + &' (P)a(p) + a' (pal (—p)e* 't .

Differences with starting pomt of previous calculation:

VEw = E 02 1= —m2, a(p0) — —a(p0).

= / di”x((%V )

= [ g ) (@l 5+ a1 )+ (Pa@) + (-t )
——

E
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= 2it= [y % (a0 )+ 20 Paip) )

4. Hamiltonian commutator relations.- By using Equation (I), demonstrate that the two follow-
ing relations on commutators, involving the Hamiltonian operator, are correct.

(@) [H,ay] = —Ey ay.
() [H,a),] = By ).

(a)
00 2 5 [0 B |aal () + G, a)
Eq.[19]
1/pr[@ﬂ<m A7)+ [a(p), a()] ' (7
2 ap), alp)}
63 (p—p) =0 (Eq.[18])
+ (7 [a(p), <»H<@<@M@]
=0 (Eq.[18]) —53) (p—p))
= —%(Ep'&w) + Eyag)) = —Ey a(p’)
(b)

d%E[«H(@ at(9)] + a(p), al ()] &' ()

I |
N = N =

=0 (Eq.[18]) 5B (p—p")
015 @), )]+ 619, ' 7))
86 (F—p) =0 (Eq [181)
= %(E,,@T(ﬁ) +a' () Ey)
~ B, ()
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