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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMotivationsOne of the important longstanding theoretial questions raised by QCD isits behaviour in the perturbative Regge limit s≫ −tBased on theoretial grounds, one should identify and test suitableobservables in order to test this peuliar dynamisPSfrag replaements
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsHow to test QCD in the perturbative Regge limit?What kind of observable?perturbation theory should be appliable:seleting external or internal probes with transverse sizes ≪ 1/ΛQCD(hard γ∗, heavy meson (J/Ψ, Υ), energeti forward jets) or by hoosinglarge t in order to provide the hard sale.governed by the "soft" perturbative dynamis of QCDPSfrag replaements
p→ 0and not by its ollinear dynamisPSfrag replaements
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsHow to test QCD in the perturbative Regge limit?
Some examples of proessesinlusive: DIS (HERA), di�rative DIS, total γ∗γ∗ ross-setion (LEP,ILC)semi-inlusive: forward jet and π0 prodution in DIS, Mueller-Naveletdouble jets, di�rative double jets, high pT entral jet, in hadron-hadronolliders (Tevatron, LHC)exlusive: exlusive meson prodution in DIS, double di�rative mesonprodution at e+e− olliders (ILC), ultraperipheral events at LHC(Pomeron, Odderon)

4 /36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsThe spei� ase of QCD at large sQCD in the perturbative Regge limitSmall values of αS (perturbation theory applies due to hard sales) an beompensated by large ln s enhanements. ⇒ resummation of
P

n(αS ln s)n series (Balitski, Fadin, Kuraev, Lipatov)
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsOpening the boxes: Impat representation γ∗ γ∗ → γ∗ γ∗ as an exampleSudakov deomposition: ki = αi p1 + βi p2 + k⊥i (p2

1
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2
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2
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation Resultshigher order orretionsHigher order orretions to BFKL kernel are known at NLL order (LipatovFadin; Camii, Ciafaloni), now for arbitrary impat parameter
αS

P

n(αS ln s)n resummationimpat fators are known in some ases at NLL
γ∗ → γ∗ at t = 0 (Bartels, Colferai, Gieseke, Kyrieleis, Qiao)forward jet prodution (Bartels, Colferai, Vaa)
γ∗

L → ρL in the forward limit (Ivanov, Kotsky, Papa)note: for exlusive proesses, some transitions may start at twist3, for whihalmost nothing is known. The �rst omputation of the γ∗
T → ρT twist 3transition at LL has been performed only reentlyI. V. Anikin, D. Y. Ivanov, B. Pire, L. Szymanowski and S. W.Phys. Lett. B 688:154-167, 2010; Nul. Phys. B 828:1-68, 2010. 7 /36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMueller-Navelet jets: Basis Mueller Navelet jetsConsider two jets (hadron paquet within a narrow one) separated by alarge rapidity, i.e. eah of them almost �y in the diretion of the hadron�lose� to it, and with very similar transverse momentain a pure LO ollinear treatment, these two jets should be emitted bak tobak at leading order: ∆φ− π = 0 (∆φ = φ1 − φ2 = relative azimutalangle) and k⊥1=k⊥2. There is no phase spae for (untagged) emissionbetween themPSfrag replaements
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMueller-Navelet jets at LL failsMueller Navelet jets at LL BFKLPSfrag replaements jet1
jet2
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in LL BFKL (∼P
(αs ln s)n),emission between these jets

−→ strong deorrelationbetween the relative azimutalangle jets, inompatiblewith pp̄ Tevatron ollider dataa ollinear treatmentat next-to-leading order(NLO) an desribe the dataimportant issue:non-onservationof energy-momentumalong the BFKL ladder.A BFKL-basedMonte Carlo ombinedwith e-m onservationimproves dramatiallythe situation (Orr and Stirling) 9 /36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsStudies at LHC: Mueller-Navelet jetsMueller Navelet jets at NLL BFKLPSfrag replaements
jet1 NLL jet vertex
jet2 NLL jet vertex
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up to now, thesubseries αs

P
(αs ln s)nNLL was inludedonly in the exhanged

Pomeron state, andnot inside the jet vertiesSabio Vera, ShwennsenMarquet, Royonthe ommon beliefwas that these orretionsshould not be important 10/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsJet vertex: LL versus NLL
k,k′ = Eulidian two dimensional vetorsLL jet vertex:PSfrag replaements
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsJet vertex: jet algorithms
Jet algorithmsa jet algorithm should be IR safe, both for soft and ollinear singularitiesthe most ommon jet algorithm are:

kt algorithms (IR safe but time onsuming for multiple jets on�gurations)one algorithm (not IR safe in general; an be made IR safe at NLO: Ellis,Kunszt, Soper)
12/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsJet vertex: jet algorithmsCone jet algorithm at NLO (Ellis, Kunszt, Soper)Should partons (|p1|, φ1, y1) and (p2|, φ2, y2) ombined in a single jet?
|pi| =transverse energy deposit in the alorimeter ell i of parameter
Ω = (yi, φi) in y − φ planede�ne transverse energy of the jet: pJ = |p1|+ |p2|jet axis:
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsJet vertex: LL versus NLL and jet algorithmsLL jet vertex and one algorithm
k, k′ = Eulidian two dimensional vetors

PSfrag replaements
0, x

k

k, x

S(2)
J (k⊥; x) = δ

“

1− xJ

x

”

|k| δ(2)(k− kJ )

14/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsJet vertex: LL versus NLL and jet algorithmsNLL jet vertex and one algorithm
k, k′ = Eulidian two dimensional vetors

S(3,cone)
J (k′,k− k′, xz; x) =PSfrag replaements
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMueller-Navelet jets at NLL and �nitenessUsing a IR safe jet algorithm, Mueller-Navelet jets at NLL are �niteUV setor:the NLL impat fator ontains UV divergenies 1/ǫthey are absorbed by the renormalization of the oupling: αS −→ αS(µR)IR setor:PDF have IR ollinear singularities: pole 1/ǫ at LOthese ollinear singularities an be ompensated by ollinear singularities ofthe two jets verties and the real part of the BFKL kernelthe remaining ollinear singularities ompensate exatly among themselvessoft singularities of the real and virtual BFKL kernel, and of the jets vertiesompensates among themselvesThis was shown for both quark and gluon initiated verties (Bartels, Colferai,Vaa) 16/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMaster formulas
kT -fatorized di�erential ross-setion
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMaster formulas Angular oe�ients
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMaster formulas in onformal variablesRely on LL BFKL eigenfuntionsLL BFKL eigenfuntions: En,ν(k1) = 1
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ŝ

s0

«ω(m,ν)with
Cm,ν(|kJ |, xJ) =

Z

dφJ d2
k dx f(x)V (k, x)Em,ν(k) cos(mφJ)at NLL, same master formula: just hange ω(m, ν) and V 19/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsBFKL Green's funtion at NLLNLL Green's funtion: rely on LL BFKL eigenfuntionsNLL BFKLkernel is not onformal invariantLL En,ν are not anymore eigenfuntionthis an be overome by onsidering the eigenvalue as an operator with apart ontaining ∂
∂νit ats on the impat fator
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+ ᾱ2
s

"

χ1

„

|n|, 1

2
+ iν

«

− πb0

2Nc

χ0

„

|n|, 1

2
+ iν

« 

−2 ln µ2
R − i

∂

∂ν
ln

Cn,ν(|kJ,1|, xJ,1)

Cn,ν(|kJ,2|, xJ,2)

ff #

,

| {z }

2 ln
|kJ,1| · |kJ,2|

µ2
R 20/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsLL substration and s0one sums up P
(αs ln ŝ/s0)

n + αs

P
(αs ln ŝ/s0)
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsCollinear improvement at NLLCollinear improved Green's funtion at NLLone may improve the NLL BFKLkernel for n = 0 by imposing itsompatibility with DGLAP in the ollinear limitSalam; Ciafaloni, Colferaiusual (anti)ollinear poles in γ = 1/2 + iν (resp. 1− γ) are shifted by ω/2one pratial implementation:the new kernel ᾱsχ(1)(γ, ω) with shifted poles replaes
ᾱsχ0(γ, 0) + ᾱ2

sχ1(γ, 0)

ω(0, ν) is obtained by solving the impliit equation
ω(0, ν) = ᾱsχ(1)(γ, ω(0, ν))for ω(n, ν) numerially.there is no need for any jet vertex improvement beause of the absene of

γ and 1− γ poles (numerial proof using Cauhy theorem �bakward�) 22/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsNumerial implementation In pratieMSTW 2008 PDFs (available as Mathematia pakages)
µR = µF (this is imposed by the MSTW 2008 PDFs)two-loop running oupling αs(µ

2
R)We use a ν grid (with a dense sampling around 0)all numerial alulations are done in Mathematiawe use Cuba integration routines (in pratie Vegas): preision 10−2 for500.000 max points per integrationmapping |k| = |kJ | tan(ξπ/2) for k integrations ⇒ [0,∞[→ [0, 1]although formally the results should be �nite, it requires a speial groupingof the integrand in order to get stable results

=⇒ 14 minimal stable basi bloks to be evaluated numerially 23/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: symmetri on�guration (|kJ,1| = |kJ,2| = 35GeV)Cross-setionpure LLLL verties + improved ollinear NLL Green's funtionNLL verties + NLL Green's funtionNLL verties + improved ollinear NLL Green's funtion
6 7 8 9 10

0.01

0.1

1PSfrag replaements
C0

ˆ
nb

GeV2

˜
= σ

YDi�erential ross setion in dependene on Y for |kJ,1| = |kJ,2| = 35GeV.error bands=errors due to the Monte Carlo integration (2% to 5%)The e�et of NLL vertex orretion is very sizeable, omparable with NLLGreen's funtion e�ets 24/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: symmetri on�guration (|kJ,1| = |kJ,2| = 35GeV)Cross-setion: stability with respet to µR = µF and s0 hangespure LLLL verties + improved ollinear NLL Green's funtionNLL verties + NLL Green's funtionNLL verties + improved ollinear NLL Green's funtion
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: symmetri on�guration (|kJ,1| = |kJ,2| = 35GeV)Cross-setion: PDF and Monte Carlo errorspure LLLL verties + improved ollinear NLL Green's funtionNLL verties + NLL Green's funtionNLL verties + improved ollinear NLL Green's funtion
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: symmetri on�guration (|kJ,1| = |kJ,2| = 35GeV)Azimuthal orrelationpure LLLL verties + improved ollinear NLL Green's funtionNLL verties + NLL Green's funtionNLL verties + improved ollinear NLL Green's funtion
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Yerror bands = errors due to the Monte Carlo integrationdots = results obtained with Pythia (DGLAP LL MC)squares = results obtained with Herwig (DGLAP LL MC)LL → NLL verties hange results dramatiallyAt NLL, the deorrelation is very lose to LL DGLAP type of Monte Carlo 27/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: symmetri on�guration (|kJ,1| = |kJ,2| = 35GeV)Azimuthal orrelation: dependeny with respet to µR = µF and s0 hangespure LLLL verties + imp. ollinear NLL Green's fn.NLL verties + NLL Green's fn.NLL verties + imp. ollinear NLL Green's fn.
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〈cos ϕ〉 is still rather µR = µF and s0 dependentollinear resummation an lead to 〈cos ϕ〉 > 1(!) for small µR = µFbased on NLL double-ρ prodution (Ivanov, Papa) one an expet thatsmall sales are disfavored (Caporale, Papa, Sabio Vera) 28/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMotivation for asymmetri on�gurationsInitial state radiation (unseen) produes divergenies if one touhes theollinear singularity q2 → 0PSfrag replaements
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qthey are ompensated by virtual orretionsthis ompensation is in pratie di�ult to implement when for somereason this additional emission is in a �orner� of the phase spae (dip inthe di�erential ross-setion)this is the ase when p1 + p2 → 0this alls for a resummation of large remaing logs ⇒ Sudakov resummationPSfrag replaements
pJ,1

pJ,2 29/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsMotivation for asymmetri on�gurationssine these resummation have never been investigated in this ontext, oneshould better avoid that regionnote that for BFKL, due to additional emission between the two jets, onemay expet a less severe problem (at least a smearing in the dip region
|p1| ∼ |p2|)PSfrag replaements
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pJ,2this may however not mean that the region |p1| ∼ |p2| is perfetlytrustable even in a BFKL type of treatmentwe now investigate a region where NLL DGLAP is under ontrol 30/36



Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: asymmetri on�guration (|kJ,1| = 35GeV, |kJ,2| = 50GeV)Cross-setionpure LLLL verties + improved ollinear NLL Green's funtionNLL verties + NLL Green's funtionNLL verties + improved ollinear NLL Green's funtion
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: symmetri on�guration (|kJ,1| = 35GeV, |kJ,2| = 50GeV)Azimuthal orrelation: 〈cos ϕ〉 pure LLLL verties + imp. ollinear NLL Green's fn.NLL verties + NLL Green's fn.NLL verties + imp. ollinear NLL Green's fn.
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: asymmetri on�guration (|kJ,1| = 35GeV, |kJ,2| = 50GeV)Azimuthal orrelation: 〈cos 2ϕ〉pure LLLL verties + imp. ollinear NLL Green's fn.NLL verties + NLL Green's fn.NLL verties + imp. ollinear NLL Green's fn.
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: asymmetri on�guration (|kJ,1| = 35GeV, |kJ,2| = 50GeV)Azimuthal orrelation: dependeny with respet to µR = µF and s0 hangespure LLLL verties + imp. ollinear NLL Green's fn.NLL verties + NLL Green's fn.NLL verties + imp. ollinear NLL Green's fn.
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsResults: asymmetri on�guration (|kJ,1| = 35GeV, |kJ,2| = 50GeV)Ratio of azimuthal orrelations 〈cos 2ϕ〉/〈cos ϕ〉pure LLLL verties + imp. ollinear NLL Green's fn.NLL verties + NLL Green's fn.NLL verties + imp. ollinear NLL Green's fn.
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Introdution A full NLLx example: Mueller-Navelet jets Pratial implementation of the omputation ResultsConlusionWe have performed for the �rst time a omplete NLL analysis ofMueller-Navelet jetsthe orretion due to NLL jets orretions have a dramati e�et, similarto the NLL Green funtion orretionsfor the ross-setion:it makes the predition muh more stable with respet to variation ofparameters (fatorization sale, sale s0 entering the rapidity de�nition,Parton Distribution Funtions)it is lose to NLO DGLAP (although surprisingly a bit below!)the deorrelation e�et is very small:it is very lose to NLO DGLAPit is very �at in rapidity Yit is still rather dependent on these parameterspure NLL BFKL and ollinear improved NLL BFKL leads to similar resultsollinear improved NLL BFKL faes some puzzling behaviour for theazimuthal orrelationexept for 〈cos 2ϕ〉/〈cos ϕ〉, there is almost no di�erene between NLLBFKL and NLO DGLAP based observablesMueller Navelet jets are thus probably not suh a onlusive observable tosee the perturbative Regge e�et of QCDto ompare with data, a serious study of Sudakov type of e�ets is stillmissing, both in DGLAP and BFKL approahes 36/36
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