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Motivations

One of the important longstanding theoretial questions raised by QCD is

its behaviour in the perturbative Regge limit s≫ −t
Based on theoretial grounds, one should identify and test suitable

observables in order to test this peuliar dynamis
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where the t−hannel exhanged state is the so-alled hard Pomeron
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How to test QCD in the perturbative Regge limit?

What kind of observable?

perturbation theory should be appliable:

seleting external or internal probes with transverse sizes ≪ 1/ΛQCD

(hard γ∗
, heavy meson (J/Ψ, Υ), energeti forward jets) or by hoosing

large t in order to provide the hard sale.

governed by the "soft" perturbative dynamis of QCD
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p→ 0

and not by its ollinear dynamis
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m = 0

m = 0
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=⇒ selet semi-hard proesses with s≫ p2T i ≫ Λ2
QCD where p2T i are

typial transverse sale, all of the same order.
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How to test QCD in the perturbative Regge limit?

Some examples of proesses

inlusive: DIS (HERA), di�rative DIS, total γ∗γ∗
ross-setion (LEP,

ILC)

semi-inlusive: forward jet and π0
prodution in DIS, Mueller-Navelet

double jets, di�rative double jets, high pT entral jet, in hadron-hadron

olliders (Tevatron, LHC)

exlusive: exlusive meson prodution in DIS, double di�rative meson

prodution at e+e− olliders (ILC), ultraperipheral events at LHC

(Pomeron, Odderon)
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The spei� ase of QCD at large s

QCD in the perturbative Regge limit

Small values of αS (perturbation theory applies due to hard sales) an be

ompensated by large ln s enhanements. ⇒ resummation of

∑

n(αS ln s)n series (Balitski, Fadin, Kuraev, Lipatov)

A = +




 + + · · ·




 +




 + · · ·




+ · · ·

∼ s ∼ s (αs ln s) ∼ s (αs ln s)2

this results in the e�etive BFKL ladder
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e�etive vertex

=⇒ σh1 h2→anything
tot =

1

s
ImA ∼ sαP(0)−1

with αP(0)− 1 = C αs (C > 0) Leading Log Pomeron

Balitsky, Fadin, Kuraev, Lipatov
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Opening the boxes: Impat representation γ∗ γ∗ → γ∗ γ∗ as an example

Sudakov deomposition: ki = αi p1 + βi p2 + k⊥i (p21 = p22 = 0, 2p1 · p2 = s)

write d4ki =
s
2
dαi dβi d

2k⊥i (k = Eul. ↔ k⊥ = Mink.)

t−hannel gluons have non-sense polarizations at large s: ǫ
up/down
NS = 2

s p2/1

PSfrag replaements
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higher order orretions

Higher order orretions to BFKL kernel are known at NLL order (Lipatov

Fadin; Camii, Ciafaloni), now for arbitrary impat parameter

αS

∑

n(αS ln s)n resummation

impat fators are known in some ases at NLL

γ∗ → γ∗
at t = 0 (Bartels, Colferai, Gieseke, Kyrieleis, Qiao; Balitski, Chirilli)

forward jet prodution (Bartels, Colferai, Vaa; reently: Caporale, Ivanov,

Murdaa, Papa, Perri; Chahamis, Hentshinski, Madrigal, Sabio Vera)

γ∗
L → ρL in the forward limit (Ivanov, Kotsky, Papa)

note: for exlusive proesses, some transitions may start at twist 3

The �rst omputation of the γ∗
T → ρT twist 3 transition at LL has been

performed only reently

I. V. Anikin, D. Y. Ivanov, B. Pire, L. Szymanowski and S. W.

Phys. Lett. B 688:154-167, 2010; Nul. Phys. B 828:1-68, 2010.

suessful phenomenologial appliation to H1 and ZEUS data for ρ−meson

eletroprodution

I. V. Anikin, A. Besse, D. Y. Ivanov, B. Pire, L. Szymanowski and S. W.

Phys. Rev. D 84 (2011) 054004

�rst dipole model suitable for saturation e�ets studies at twist 3

A. Besse, L. Szymanowski and S. W. Nul. Phys. B 867 (2013) 16;

arXiv :1302.1766 [hep-ph℄

see Talk by A. Besse
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Mueller-Navelet jets: Basis

Mueller Navelet jets

Consider two jets (hadron paquet within a narrow one) separated by a

large rapidity, i.e. eah of them almost �y in the diretion of the hadron

�lose� to it, and with very similar transverse momenta

in a pure LO ollinear treatment, these two jets should be emitted bak to

bak at leading order: ∆φ− π = 0 (∆φ = φ1 − φ2 = relative azimutal

angle) and k⊥1=k⊥2. There is no phase spae for (untagged) emission

between them
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Mueller-Navelet jets at LL fails

Mueller Navelet jets at LL BFKL
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Multi-Regge kinematis

(LL BFKL)

in LL BFKL (∼∑
(αs ln s)

n
),

emission between these jets

−→ strong deorrelation

between the relative azimutal

angle jets, inompatible

with pp̄ Tevatron ollider data

a ollinear treatment

at next-to-leading order

(NLO) an desribe the data

important issue:

non-onservation

of energy-momentum

along the BFKL ladder.

A LL BFKL-based

Monte Carlo ombined

with e-m onservation

improves dramatially

the situation (Orr and Stirling)
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Studies at LHC: Mueller-Navelet jets

Mueller Navelet jets at NLL BFKL
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Quasi Multi-Regge kinematis (here for NLL

BFKL)

up to now, the

subseries αs

∑
(αs ln s)

n

NLL was inluded

only in the exhanged

Pomeron state, and

not inside the jet verties

Sabio Vera, Shwennsen

Marquet, Royon

the ommon belief

was that these orretions

should not be important
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Master formulas

kT -fatorized di�erential ross-setion

x1

x2

↓ k1, φ1

↓ k2, φ2

kJ,1, φJ,1, xJ,1

kJ,2, φJ,2, xJ,2

dσ

d|kJ,1| d|kJ,2|dyJ,1 dyJ,2
=

∫

dφJ,1 dφJ,2

∫

d2k1 d
2k2

×Φ(kJ,1, xJ,1,−k1)

×G(k1,k2, ŝ)

×Φ(kJ,2, xJ,2,k2)

with Φ(kJ,2, xJ,2,k2) =
∫
dx2 f(x2)V (k2, x2) f ≡ PDF xJ = |kJ |√

s
eyJ
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Master formulas

Angular oe�ients

Cm ≡
∫

dφJ,1 dφJ,2 cos
(
m(φJ,1 − φJ,2 − π)

)

×
∫

d2
k1 d

2
k2 Φ(kJ,1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ,2, xJ,2,k2).

m = 0 =⇒ ross-setion

dσ

d|kJ,1|d|kJ,2|dyJ,1 dyJ,2
= C0

m > 0 =⇒ azimutal deorrelation

〈cos(mϕ)〉 ≡ 〈cos
(
m(φJ,1 − φJ,2 − π)

)
〉 = CmC0
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Master formulas in onformal variables

Rely on LL BFKL eigenfuntions

LL BFKL eigenfuntions: En,ν(k1) =
1

π
√

2

(
k2
1

)iν− 1
2 einφ1

deompose Φ on this basis

use the known LL eigenvalue of the BFKL equation on this basis:

ω(n, ν) = ᾱsχ0

(
|n|, 1

2
+ iν

)

with χ0(n, γ) = 2Ψ(1)−Ψ
(
γ + n

2

)
−Ψ

(
1− γ + n

2

)

(Ψ(x) = Γ′(x)/Γ(x), ᾱs = Ncαs/π)

=⇒ master formula:

Cm = (4− 3 δm,0)

∫

dν Cm,ν(|kJ,1|, xJ,1)C
∗
m,ν(|kJ,2|, xJ,2)

(
ŝ

s0

)ω(m,ν)

with Cm,ν(|kJ |, xJ) =

∫

dφJ d2
k dx f(x)V (k, x)Em,ν(k) cos(mφJ)

at NLL, same master formula: just hange ω(m, ν) and V
( although En,ν are not anymore eigenfuntions)

one may improve the NLL BFKL kernel by imposing its ompatibility with

DGLAP in the (anti)ollinear limit (poles in γ = 1/2 + iν plane)

Salam; Ciafaloni, Colferai

note: NLL verties are free of γ poles
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Numerial implementation

In pratie: two odes have been developed

A Mathematia ode, exploratory

D. Colferai, F. Shwennsen, L. Szymanowski, S. W.

JHEP 1012:026 (2010) 1-72 [arXiv:1002.1365 [hep-ph℄℄

jet one-algorithm with R = 0.5

MSTW 2008 PDFs (available as Mathematia pakages)

µR = µF (in MSTW 2008 PDFs); we take µR = µF =
√
|kJ,1| |kJ,2|

two-loop running oupling αs(µ
2
R)

we use a ν grid (with a dense sampling around 0)

we use Cuba integration routines (in pratie Vegas): preision 10−2
for

500.000 max points per integration

mapping |k| = |kJ | tan(ξπ/2) for k integrations ⇒ [0,∞[→ [0, 1]

although formally the results should be �nite, it requires a speial grouping

of the integrand in order to get stable results

=⇒ 14 minimal stable basi bloks to be evaluated numerially

rather slow ode
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Numerial implementation

A Fortran ode, ≃ 20 times faster

B. Duloué, L. Szymanowski, S.W.

JHEP 05 (2013) 096 [arXiv:1207.7012 [hep-ph℄℄

Chek of our Mathematia based results

Detailled hek of previous mixed studies (NLL Green's funtion + LL jet

verties)

Allows for kJ integration in a �nite range

Stability studies (PDFs, et...) made easier

Comparison with the reent small R study of D. Yu. Ivanov, A. Papa

Azimuthal distribution

More detailled omparison with �xed order NLO: NEW CONCLUSIONS

Problems remain with ν integration for low Y
(for Y < π

2αsNc
∼ 4). To be �xed!

We restrit ourselves to Y > 4.
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Integration over |kJ |

Experimental data is integrated over some range, kJmin

≤ kJ = |kJ |

Growth of the ross setion with inreasing kJmax

:
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σ (nb)

kJmax

(GeV)

90% σmax

⇒ need to integrate up to kJmax

∼ 60 GeV

A onsisteny hek of stability of |kJ | integration have been made:

onsider the simpli�ed NLL Green's funtion + LL jet verties senario

the integration

∫∞
kJ min

dkJ an be performed analytially

omparison with integrated results of Sabio Vera, Shwennsen is safe
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Integration over |kJ |

Energy-momentum onservation issues

BFKL does not preserve energy-momentum onservation

This violation is expeted to be smaller at higher order in perturbation

theory, i.e. NLL versus LL

In pratie: avoid to use all the available ollider energy:

YJ,i ≪ cosh−1 xi E
kJ,i

→ A lower kJ means a larger validity domain : a kJ as small as possible is

preferable

With only a lower ut on kJ , one has to integrate over regions where the

BFKL approah may not be valid anymore : kJ = 60 GeV → YJ,i ≪ 3.7

For this reason it would be nie to have a measurement with also an upper

ut on transverse momentum, kJmin

≤ kJ ≤ kJmax

note: large ross-setions ⇒ narrow bining in kJ is only a detetor issue

CMS: kJmin

= 35 GeV

Going down to 20 GeV would probably require a dediated trigger

note that:

kJ integration redues the Y domain between jets

xi integration weighted by PDFs redues the Y domain between jets
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Cheks: �xed R versus small R limit

Comparison between the exat R and approximated small R treatments

e.g. : |kJ,1| = 30GeV, |kJ,2| = 35GeV
√
s = 7 TeV
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small R approximation: see D. Yu. Ivanov, A. Papa
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Cross-setion
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C0 [nb] = σ

Y

pure LL

LL vertex + NLL Green fun.

LL vertex + NLL resum. Green fun.

NLL vertex + NLL Green fun.

NLL vertex + NLL resum. Green fun.

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

35GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

error bands = errors due to the Monte Carlo integration (2% to 5%)

NLL vertex orretion very sizeable ∼ NLL Green's funtion e�ets

Energy-momentum onservation not satis�ed by BFKL-like approahes ⇒
validity restrited to YJ,i ≪ cosh−1 xi E

kJ,i
: Y = Y1 + Y2≪ 8.4 for x ∼ 1/3
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Cross-setion: stability with respet to s0 and µR = µF hanges

(full NLL approah)
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Cross-setion: PDF errors

Relative variation of the ross setion: other PDF sets versus MSTW 2008

(full NLL approah)
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(very similar values for the LL omputation)
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0 < Y2 < 4.7
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉
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pure LL

LL vertex + NLL Green fun.

LL vertex + NLL resum. Green fun.

NLL vertex + NLL Green fun.

NLL vertex + NLL resum. Green fun.

35GeV < |kJ,1| < 60GeV

35GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

LL → NLL verties hange results dramatially: 〈cosϕ〉 now �at and large

The (anti)ollinear resummation e�ets are not very sizable at full NLL

this is a good sign of stability of this full NLL-BFKL treatment
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉:
more on the (anti)ollinear resummation e�ets

|kJ,1| = |kJ,2| = 35GeV 0 < Y1, Y2 < 4.7
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pure LL

LL verties + NLL Green's fun.

LL verties + NLL resum. (n = 0) Green's fun.
NLL verties + NLL Green's fun.

NLL verties + NLL resum. (n = 0) Green's fun.

pure LL

LL verties + NLL Green's fun.

LL verties + NLL resum. (all n) Green's fun.
NLL verties + NLL Green's fun.

NLL verties + NLL resum. (all n) Green's fun.
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉: PDF errors

Relative variation of 〈cosϕ〉: other PDF sets versus MSTW 2008

(full NLL approah)
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Y

35GeV < |kJ,1| < 60GeV

35GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

〈cosϕ〉 is muh less sensitive to the PDFs than the ross setion

(at LL 〈cosϕ〉 does not depend on the PDFs at all)
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉:
stability with respet to s0 and µR = µF

(full NLL approah)
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉:
omparison of our full NLL predition with CMS data
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data from

CMS-PAS-FSQ-12-002,

presented at DIS 2013
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Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉
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0 < Y1 < 4.7

0 < Y2 < 4.7

LL → NLL verties hange results dramatially

The (anti)ollinear resummation e�ets are not very sizable at full NLL

this is a good sign of stability of this full NLL-BFKL treatment
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉:
stability with respet to s0 and µR = µF

(full NLL approah)
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉:
omparison of our full NLL predition with CMS data
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation: PDF errors

Relative variation of

〈cos 2ϕ〉
〈cosϕ〉 : other PDF sets versus MSTW 2008

(full NLL approah)
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|kJ,1| = |kJ,2| = 35GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

〈cos 2ϕ〉/〈cosϕ〉 is muh less sensitive to the PDFs than the ross setion
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉 :
stability with respet to s0 and µR = µF

(full NLL approah)
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Very good stability in the range 5 < Y < 8
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉 :
omparison of our full NLL predition with CMS data
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal orrelation 〈cos 3ϕ〉 and 〈cos 3ϕ〉/〈cos 2ϕ〉 :
preditions and omparison with CMS data
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal distribution

Computing 〈cos(nφ)〉 up to large values of n gives aess to the angular

distribution

1

σ

dσ

dφ
=

1

2π

{

1 + 2

∞∑

n=1

cos (nφ) 〈cos (nφ)〉
}

This is a quantity aessible at experiments like ATLAS and CMS
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal distribution
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35GeV < |kJ,1| < 60GeV

35GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

NLL vert. + NLL Green's fun. NLL vert. + NLL resum. Green's fun.

Full NLL treatment predits :

Less deorrelation for the same Y
Slower deorrelation with inreasing Y

36/48



Introdution MN jets at full NLLx Implementation Results Conlusion

Results: symmetri on�guration (|kJ,1 min| = |kJ,2 min| = 35GeV)
√
s = 7 TeV

Azimuthal distribution: stability with respet to s0 and µR = µF
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integrating on the bin:

6 < Y = Y1 + Y2 < 9.4

NLL vert. + NLL Green's fun. NLL vert. + NLL resum. Green's fun.

The predited ϕ distribution within full NLL treatment is stable
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�guration (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)
√
s = 7 TeV

Cross-setion: �xed order NLO versus BFKL
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NLL vertex + NLL Green fun.

NLL vertex + NLL resum. Green fun.

Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

Suh an asymmetri on�guration is required by �xed order approahes, whih

are unstable for symmetri on�gurations.

dots = based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Cross-setion: �xed order NLO versus BFKL NLL

Inluding unertainties
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Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

Putting (almost) the same sale, exatly the same uts, we get a

notieable di�erene between �xed order NLO and NLL BFKL for

4.5 < Y < 8.5: σNLO > σNLLBFKL

This result is rather stable w.r.t s0 and µ hoies.
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉: �xed order NLO versus BFKL
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for typial CMS bins:

35GeV < |kJ,1| < 60GeV
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0 < Y1 < 4.7

0 < Y2 < 4.7

dots = based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)

40/48



Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cosϕ〉: �xed order NLO versus NLL BFKL

Inluding unertainties
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Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

Putting (almost) the same sale, exatly the same uts, we get a

di�erene between �xed order NLO and NLL BFKL for 4.5 < Y < 8.5
This di�erene is washed-out beause of s0 and µ dependeny:

〈cosϕ〉NLO ∼ 〈cosϕ〉NLLBFKL
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉: �xed order NLO versus BFKL
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for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

dots = based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉: �xed order NLO versus NLL BFKL

Inluding unertainties
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Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

Putting (almost) the same sale, exatly the same uts, we get a

di�erene between �xed order NLO and NLL BFKL for 4.5 < Y < 8.5
This di�erene is washed-out beause of s0 and µ dependeny:

〈cos 2ϕ〉NLO ∼ 〈cos 2ϕ〉NLLBFKL
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉: �xed order NLO versus BFKL

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 4  5  6  7  8  9

PSfrag replaements

〈cos 2ϕ〉/〈cosϕ〉

Y

pure LL

LL vertex + NLL Green fun.

LL vertex + NLL resum. Green fun.

NLL vertex + NLL Green fun.

NLL vertex + NLL resum. Green fun.

Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

dots = based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cos 2ϕ〉/〈cosϕ〉: �xed order NLO versus NLL BFKL

Inluding unertainties
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50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

�xed order NLO and NLL BFKL di�er for 4.5 < Y < 8

〈cos 2ϕ〉NLO

〈cosϕ〉NLO
>
〈cos 2ϕ〉NLLBFKL

〈cosϕ〉NLLBFKL

This result is rather stable w.r.t s0 and µ hoies.
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cos 3ϕ〉/〈cos 2ϕ〉: �xed order NLO versus BFKL
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Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

dots = based on the �xed order NLO parton generator Dijet (thanks to M. Fontannaz)
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Introdution MN jets at full NLLx Implementation Results Conlusion

Results: asymmetri on�g. (|kJ,1 min| = 35GeV , |kJ,2 min| = 50GeV)

√
s = 7 TeV

Azimuthal orrelation 〈cos 3ϕ〉/〈cos 2ϕ〉: �xed order NLO versus BFKL

Inluding unertainties
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Dijet = �xed order NLO

for typial CMS bins:

35GeV < |kJ,1| < 60GeV

50GeV < |kJ,2| < 60GeV

0 < Y1 < 4.7

0 < Y2 < 4.7

�xed order NLO and NLL BFKL di�er for 5.5 < Y < 8

〈cos 3ϕ〉NLO

〈cos 2ϕ〉NLO
>
〈cos 3ϕ〉NLLBFKL

〈cos 2ϕ〉NLLBFKL

This result is rather stable w.r.t s0 and µ hoies.
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Introdution MN jets at full NLLx Implementation Results Conlusion

Conlusion

We have deepen our omplete NLL analysis of Mueller-Navelet jets

The e�et of NLL jets orretions is dramati, similar to the NLL Green

funtion orretions

For the ross-setion:

makes predition muh more stable with respet to variation of parameters

(fatorization sale, sale s0 entering the rapidity de�nition, PDFs)

sizeably below �xed order NLO

Surprisingly small deorrelation e�et:

very lose to �xed order NLO for 〈cosϕ〉 and 〈cos 2ϕ〉
very �at in rapidity Y
still rather dependent on these parameters

Collinear improved NLL BFKL and pure NLL leads to very similar result

when summing over n

The ϕ distr. is very strongly peaked around 0 and stable w.r.t. Y

For 〈cos 2ϕ〉/〈cosϕ〉 and 〈cos 3ϕ〉/〈cos 2ϕ〉 the di�erenes between NLL

BFKL and �xed order NLO are sizable, and stable w.r.t. to sale hoies

The preditions for these ratios are onsistent with the reent CMS data

VERY FRESH NEWS: an unnatural sale like µR = µF = 8
√
|kJ,1| |kJ,2|

provides a rather good desription for all 〈cosϕ〉, 〈cos 2ϕ〉, 〈cos 3ϕ〉, all
ratios 〈cos 2ϕ〉/〈cosϕ〉, 〈cos 3ϕ〉/〈cos 2ϕ〉 and for the azimuthal

distribution

1
σ

dσ
dϕ

for 5 . Y . 8 [BACKUP℄
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Results with an �unnatural� sale µF

Our predition at NLL BFKL versus CMS data: 〈cosnϕ〉
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Results with an �unnatural� sale µF

Our predition at NLL BFKL versus CMS data:

〈cos 2ϕ〉/〈cosϕ〉 and 〈cos 3ϕ〉/〈cos 2ϕ〉
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Results with an �unnatural� sale µF

Our predition at NLL BFKL versus CMS data:

1
σ

dσ
dϕ
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Here Y = Y1 + Y2 is integrated over the range [6, 9.4] with 0 < Yi < 4.7 .
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Can Mueller-Navelet jets be a manifestation of multiparton interations?

+

MN jets in the single partoni model MN jets in MPI
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Can Mueller-Navelet jets be a manifestation of multiparton interations?
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single P ladder two P ladders interferenes

saling: sαP (??) s2αP
??

The twist ounting is not easy for MPI kinds of ontributions at small x

k⊥1,2 are not integrated ⇒ MPI may be ompetitive, and enhaned by

small-x resummation

Interferene terms are not governed by BJKP (this is not a fully

interating 3-reggeons system) (for BJKP, αP < 1⇒ suppressed)
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Jet vertex: LL versus NLL

k,k′ = Eulidian two dimensional vetors

LL jet vertex:

PSfrag replaements

0 k

k

NLL jet vertex:

PSfrag replaements

0

k

k′ k− k′

k′
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Jet vertex: jet algorithms

Jet algorithms

a jet algorithm should be IR safe, both for soft and ollinear singularities

the most ommon jet algorithm are:

kt algorithms (IR safe but time onsuming for multiple jets on�gurations)

one algorithm (not IR safe in general; an be made IR safe at NLO: Ellis,

Kunszt, Soper)
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Jet vertex: jet algorithms

Cone jet algorithm at NLO (Ellis, Kunszt, Soper)

Should partons (|p1|, φ1, y1) and (p2|, φ2, y2) ombined in a single jet?

|pi| =transverse energy deposit in the alorimeter ell i of parameter

Ω = (yi, φi) in y − φ plane

de�ne transverse energy of the jet: pJ = |p1|+ |p2|
jet axis:

Ωc







yJ =
|p1| y1 + |p2| y2

pJ

φJ =
|p1|φ1 + |p2|φ2

pJ

PSfrag replaements

parton1 (Ω1, |p1|)

parton2 (Ω2, |p2|)
one axis (Ωc) Ω = (yi, φi) in y − φ plane

If distanes |Ωi − Ωc|2 ≡ (yi − yc)
2 + (φi − φc)

2 < R2
(i = 1 and i = 2)

=⇒ partons 1 and 2 are in the same one Ωc

ombined ondition: |Ω1 − Ω2| <
|p1|+ |p2|

max(|p1|, |p2|)
R
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Jet vertex: LL versus NLL and jet algorithms

LL jet vertex and one algorithm

k,k′ = Eulidian two dimensional vetors

PSfrag replaements

0, x

k

k, x

S(2)
J (k⊥;x) = δ

(

1− xJ

x

)

|k| δ(2)(k− kJ )
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Jet vertex: LL versus NLL and jet algorithms

NLL jet vertex and one algorithm

k,k′ = Eulidian two dimensional vetors

S(3,cone)
J (k′,k− k′, xz;x) =

PSfrag replaements
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k, x

S(2)
J (k, x) Θ

([
|k−k

′|+|k′|
max(|k−k′|,|k′|)Rcone

]2

−
[
∆y2 +∆φ2

]
)
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Mueller-Navelet jets at NLL and �niteness

Using a IR safe jet algorithm, Mueller-Navelet jets at NLL are �nite

UV setor:

the NLL impat fator ontains UV divergenies 1/ǫ

they are absorbed by the renormalization of the oupling: αS −→ αS(µR)

IR setor:

PDF have IR ollinear singularities: pole 1/ǫ at LO

these ollinear singularities an be ompensated by ollinear singularities of

the two jets verties and the real part of the BFKL kernel

the remaining ollinear singularities ompensate exatly among themselves

soft singularities of the real and virtual BFKL kernel, and of the jets verties

ompensates among themselves

This was shown for both quark and gluon initiated verties (Bartels, Colferai,

Vaa)
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BFKL Green's funtion at NLL

NLL Green's funtion: rely on LL BFKL eigenfuntions

NLL BFKLkernel is not onformal invariant

LL En,ν are not anymore eigenfuntion

this an be overome by onsidering the eigenvalue as an operator with a

part ontaining

∂
∂ν

it ats on the impat fator

ω(n, ν) = ᾱsχ0

(

|n|, 1
2
+ iν

)

+ ᾱ2
s

[

χ1

(

|n|, 1
2
+ iν

)

− πb0
2Nc

χ0

(

|n|, 1
2
+ iν

){

−2 lnµ2
R − i

∂

∂ν
ln

Cn,ν(|kJ,1|, xJ,1)

Cn,ν(|kJ,2|, xJ,2)

}]

,

︸ ︷︷ ︸

2 ln
|kJ,1| · |kJ,2|

µ2
R
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LL substration and s0

one sums up

∑
(αs ln ŝ/s0)

n + αs

∑
(αs ln ŝ/s0)

n
(ŝ = x1 x2 s)

at LL s0 is arbitrary

natural hoie: s0 =
√
s0,1 s0,2 s0,i for eah of the sattering objets

possible hoie: s0,i = (|kJ |+ |kJ − k|)2 (Bartels, Colferai, Vaa)

but depend on k, whih is integrated over

ŝ is not an external sale (x1,2 are integrated over)

we prefer

s0,1 = (|kJ,1|+ |kJ,1 − k1|)2 → s′0,1 =
x2
1

x2
J,1

k2
J,1

s0,2 = (|kJ,2|+ |kJ,2 − k2|)2 → s′0,2 =
x2
2

x2
J,2

k2
J,2



























ŝ

s0
→ ŝ

s′0
=

xJ,1 xJ2
s

|kJ,1| |kJ,2|

= eyJ,1−yJ,2 ≡ eY

s0 → s′0 a�ets

the BFKL NLL Green funtion

the impat fators:

ΦNLL(ki; s
′
0,i) = ΦNLL(ki; s0,i) +

∫

d2k′ ΦLL(k
′
i)KLL(k

′
i,ki)

1

2
ln

s′0,i
s0,i

(1)

numerial stabilities (non azimuthal averaging of LL substration)

improved with the hoie s0,i = (ki − 2kJ,i)
2

(then replaed by s′0,i after numerial integration)

(1) an be used to test s0 → λ s0 dependene
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Collinear improvement at NLL

Collinear improved Green's funtion at NLL

one may improve the NLL BFKL kernel for n = 0 by imposing its

ompatibility with DGLAP in the ollinear limit

Salam; Ciafaloni, Colferai

usual (anti)ollinear poles in γ = 1/2+ iν (resp. 1− γ) are shifted by ω/2

one pratial implementation:

the new kernel ᾱsχ(1)(γ, ω) with shifted poles replaes

ᾱsχ0(γ, 0) + ᾱ2
sχ1(γ, 0)

ω(0, ν) is obtained by solving the impliit equation

ω(0, ν) = ᾱsχ
(1)(γ, ω(0, ν))

for ω(n, ν) numerially.

there is no need for any jet vertex improvement beause of the absene of

γ and 1− γ poles (numerial proof using Cauhy theorem �bakward�)

this an be extended for all n
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Motivation for asymmetri on�gurations

Initial state radiation (unseen) produes divergenies if one touhes the

ollinear singularity q2 → 0
PSfrag replaements

pJ,1

pJ,2

p3

q

they are ompensated by virtual orretions

this ompensation is in pratie di�ult to implement when for some

reason this additional emission is in a �orner� of the phase spae (dip in

the di�erential ross-setion)

this is the ase when p1 + p2 → 0

this alls for a resummation of large remaing logs ⇒ Sudakov resummation

PSfrag replaements

pJ,1

pJ,2
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Motivation for asymmetri on�gurations

sine these resummation have never been investigated in this ontext, one

should better avoid that region

note that for BFKL, due to additional emission between the two jets, one

may expet a less severe problem (at least a smearing in the dip region

|p1| ∼ |p2|)
PSfrag replaements

pJ,1

pJ,2

this may however not mean that the region |p1| ∼ |p2| is perfetly
trustable even in a BFKL type of treatment

we now investigate a region where NLL DGLAP is under ontrol
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