
M1 General Physics
Major PNU

Particles

Classical theory of fields

We first consider, in the first two sections, a Lagrangian L(φ, ∂µφ) for a scalar field, which
does not depend explicitly on the space-time position.

1 Energy-momentum tensor
1. Using the transformation (see the notation used in the lectures)

δxµ(x) = constant = δxµ,
δφ = 0 ,

(1)

show that this transformation allows one to construct a conserved current

T µν =
δL

δ(∂µφ)
∂νφ− gµνL (2)

called energy-momentum tensor.

2. By analogy with the momentum in classical mechanics, defined as

p =
∂L

∂q̇
, (3)

define the field momentum.

3. Express T 0ν in terms of Π, ∂νφ and L.

4. Consider in particular T 00 and comment, in analogy with the hamiltonian of classical
mechanics H = pq̇ − L.

5. Provide an integral expression of the total energy of the field, and more generally of its
total 4-momentum.
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2 Angular-momentum tensor
1. Consider a Lorentz transformation Λ, close to identity, written as

Λµν = gµν + ωµν , (4)

with ‖ω‖ � 1. Show that

ωµν + ωνµ = 0 . (5)

2. Count the number of independent real parameters which are necessary to encode ω, and
comment.

3. Using the transformation (see the notation used in the lectures)

δxν(x) = ωνµxµ ,
δφ = 0 ,

(6)

show that

Jµ,νρ = (xνT µρ − xρT µν) (7)

is conserved.

4. Write the total angular momentum of the field.

5. From the conservation of the current (7), deduce that the energy-momentum tensor is
symmetric.

3 Extension to fields with a spin
A scalar field transforms under Lorentz transformations as

φ −→ φ′ with φ′(x′) = φ(x) for x′ = Λx, where Λ ∈ L. (8)

In the more general case where the field is not scalar, one should specify the representation
D the field belongs to.
We recall that, E being a R or C-vector space of dimension n, a real or complex represen-
tation of a group G is defined has a morphism between the group and the bijective linear
transformations of E, denoted has GL(E), i.e.

∀g ∈ G,D(g) ∈ GL(E)

with ∀g1, g2 ∈ G,D(g1g2) = D(g1) ◦D(g2) (9)
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or, if n is finite, using matrix notations for the operator D(g),

∀g1, g2 ∈ G, D(g1g2) = D(g1)D(g2) . (10)

In the case of the Lorentz group, considering a real representation S of finite dimension n,
i.e.

∀Λ1,Λ2 ∈ G, S(Λ1Λ2) = S(Λ1)S(Λ2) . (11)

the field, which has now n components labeled by a letter a, transforms as

φa −→ φ′
a with φa(x

′) = S(Λ)abφb(x) for x′ = Λx, where Λ ∈ L . (12)

Thus, the Lorentz transformation affects both the space-time coordinates x and the field
components.
The matrix S(Λ) of the representation can be expanded for Λ close to identity, see (4), as

S(Λ) = I + iωµνLµν (13)

so that the transformation law (8) for a Lorentz transformation close to identity is now

φ′
a(x

′) = φa(x) + iωµν(Lµν)abφb(x) (14)

where Lµν is antisymmetric in µ↔ ν because of the antisymmetry of ωµν , i.e.

δφa(x) = iωµν(Lµν)abφb(x) . (15)

1. Write the conserved corresponding current in the form

Jµ,νρ = Jµ,νρorbital + Jµ,νρspin (16)

where Jµ,νρorbital has been obtained in Eq. (7), and give the expression of Jµ,νρspin .

2. Discuss the symmetry of the energy-momentum tensor.
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